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Abstract

We consider the problem of synthesizing the controllers that are optimal with respect
to a quality criterion based on Robust Linear Temporal Logic (rLTL). We address
such problems by formulating it as a two-player game, called rLTL game. We show
that the current algorithms for rLTL games do not compute optimal controllers.
They assume the environment to always act antagonistically, which is often a non-
realistic assumption. So is there a way of satisfying the specification “better” if the
environment is not antagonistic? In order to solve this inefficiency, we develop two
new notions of strategies. The first notion is that of Adaptive strategies, which, in
response to the opponent’s bad choices (i.e., suboptimal choices), adapts to ensure
optimality w.r.t. the current stage. The second notion is that of Strongly adaptive
strategies, which is a stronger version of the first one that also maximizes the
opportunities for the opponent to make bad choices. We show that the computability
problem for both types of strategies is not harder than the classical one and can be

solved in doubly-exponential time.
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Chapter 1

Introduction

Nowadays, formal methods are being used extensively in the verification of safety-
critical software and hardware. It has been used to verify air traffic control, autopilots,
medical equipment, CPU designs, and many other systems. Moreover, temporal
logics are being applied to formal methods in computer science since 1970. Now
temporal logics are widely used for specifying complex reactive (i.e., dynamic,
concurrent, distributed) systems. In this thesis, we address the problem of synthesizing
optimal controllers for the systems with specifications expressed in Robust Linear
Temporal Logic (rLTL).

Robust LTL was introduced by Tabuada and Neider, 2016 to capture the concept of
robustness in temporal logics. The difference between “minor” and “major” violations
of a formula cannot be distinguished in a two-valued semantics. For example,
consider the formula ¢ = [Jp for some atomic proposition p, which demands that p
holds at all positions of a word. Clearly, ¢ is violated even if p does not hold at only a
single position, which is a very minor violation. However, the two-valued semantics
of LTL does not distinguish between this case and the case where p does not hold
at any position, which is a major violation. To distinguish (these) various degrees
of violations, rLTL adopts a 5-valued semantics. The set of truth values for rLTL is
B4 = {1111,0111,0011,0001,0000} and the values are in the following order:

1111 > 0111 > 0011 > 0001 > 0000.

Intuitively, 1111 corresponds to true, and the rest to different shades of false. For the
above example, consider the robust version of the formula, i.e., ¢ is written as 1 p,

then, the five truth values distinguish the various degree of violations of the property:
¢ The value is 1111 if p holds at all positions (no violation).

¢ The value is 0111 if p holds eventually always, i.e., p holds at all but finitely

many positions.
¢ The value is 0011 if p holds at infinitely many positions.
¢ The value is 0001 if p holds at finitely many positions.

¢ The value is 0000 if p does not hold at any position.
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We focus on the problem of synthesizing the most robust controllers, i.e., the
optimal controllers w.r.t. the natural ordering on By in a finite state space. Such
problems can be formulated as finite-state graph-based games between the environment
and the controller, called rLTL games. For example, consider a game played between
two players: Player 0 (controller) and Player 1 (environment), as shown in Figure 1.1.
Player 1’s vertices are shown as squares, and Player 0’s vertices are shown as circles.
Each vertex is labeled by a set of propositions, e.g., Vertex 4 is labeled by propositions
pand g.

0

~O- O

{r} {q} {pr.q} {a}

FIGURE 1.1: AnrLTL game

Suppose a token is initially placed at Vertex 0. At any stage, if the token is in
a vertex of Player i, i € {0,1}, then he has to move the token to a neighboring
vertex along an edge. An infinite play is an infinite path in the graph starting
from 0, whose labels induce an infinite word consisting of sets of propositions, e.g.,
the play 012323. .. induces to word {p}{q}{p,9}{9}{p,9}{q} - .. Suppose the rLTL
specification is [1p for Player 0, which means he wants p to hold at all positions of
(the word induced by) the infinite play (which is not possible in this game). Then he
would prefer a play where p holds eventually always (e.g., 0122 .. .) over a play where
p holds at infinitely many positions (e.g., 012323 . . .) Similarly, he would prefer a play
where p holds at infinitely many positions over a play where p holds at finitely many
positions (e.g., 01233.. ..). Hence, Player 0’s objective is to maximize the value of [1p
on the play. Since reactive synthesis performs a worst-case analysis, the environment
is considered antagonistic, and the objective of Player 1 is to minimize the value of
the formula on any play.

However, the classical controllers computed by Tabuada and Neider are not
optimally robust. It only performs the worst-case analysis and assumes that the
environment always makes the best moves possible, which is not very realistic. In
order to solve this inefficiency, we introduce two new notions of strategies: Adaptive
strategies and Strongly adaptive strategies. The first one is a strategy that adapts its
moves to ensure optimality once the environment has made a bad move (by "bad",
we mean the moves which are not optimal). We give an algorithm that computes
an adaptive strategy for a player in an rLTL game in doubly-exponential time by
reducing the problem to solving Parity games (Calude et al., 2017). As we know
that the currently known algorithms for the classical synthesis problems for the
controllers with an LTL specification also take doubly-exponential time, we conclude

that computing adaptive strategies are not harder than computing the standard ones.
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The second notion is a stronger version of the first one that also maximizes the
chances of the environment making bad moves. However, such a strategy may not
even exist in some cases. We show that the existence of a strongly adaptive strategy
can be decided in doubly-exponential time. Moreover, we give a doubly-exponential
time algorithm that computes a strongly adaptive strategy (if one exists at all) by
reducing it to a series of Parity games and Obliging games (Chatterjee, Horn, and
Loding, 2010). Hence, computing a strongly adaptive strategy is also not harder than

the classical synthesis problems.



Chapter 2

Robust Linear Temporal Logic

In this chapter, we describe the syntax and semantics of Robust LTL and how it is
different from classical LTL. We then show that LTL and rLTL are equally expressive.
Moreover, we show an effective translation from LTL to rLTL formulas and vice versa.
Finally, for a given rLTL formula ¢ and a set of values B, we show that a generalized
Biichi automaton recognizing all the infinite words on which the value of ¢ belongs
to B can be constructed.

In reactive systems, the specifications are usually of the form ¢ = ¢. The
specification ¢ represents the environment assumption under which the system
guarantees i needs to be ensured. However, the specification is equivalent to —¢ V ¢
in LTL, which means the system can behave arbitrarily even when the environment
assumption is minorly violated. For example, consider the specifications ¢ = Cp
and y = [gq for some atomic propositions p, 4. Then the specification (Jp = g
is satisfied even if p does not hold only at a single position and g does not hold at
any position. Hence, Tabuada and Neider introduced a robust version of LTL, called
Robust LTL, in which a small violation of ¢ leads to (at most) a small violation of .
We will see how rLTL preserves robustness once we have described the syntax and

semantics of it.

2.1 Syntax

We fix some finite non-empty set P of atomic propositions. The syntax of rLTL is
similar to the syntax of LTL with the only difference being the use of dotted temporal
operators. More precisely, the rLTL formulas are inductively defined as follows:

e each p € PisanrLTL formula, and

¢ if ¢ and ¢ are rLTL formulas, soare =¢, ¢ Vi, p Ap, ¢ = ¢, O p, Rp and U ¢;

where the temporal operators ©, R , and U correspond to “next”, “release” and
“until”, respectively.

Additional temporal operators are [] ¢ and < ¢, which correspond to “always”

and “eventually”, respectively, and these can be recovered from the operators U and
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R as follows:

[l = false R ¢
O@=true Ug

The conjunction operator V and implication operator = can be derived from
negation — and disjunction A in LTL. Similarly, the temporal operator R can also be
derived from the until operator U and negation —. However, this is not possible in
rLTL since it is a 5-valued semantics. Therefore, these operators are directly included

in the syntax definition.

2.2 Semantics

For an infinite word w = wow; ... € (27)¥ and i € N, let w(i) = w; denotes the i-th
symbol of w; and w; = w;w;y ... denotes the (infinite) suffix of w starting at position
i

The rLTL semantics is a mapping V, called valuation, that maps an infinite word
w € 27 and an rLTL formula ¢ to an element of By. For 1 < k < 4, let Vi (w, ¢) be the
kth entry of V(w, ¢), i.e.,

V() = (Vi(w, ), Va(w, @), Vi(w, @), Vi(w, ) ).

Then V is inductively defined as follows.
* For an atomic proposition p € P, it is defined classically as in LTL:

~ [0000 if p ¢ w(0)
M) viw.p) = {1111 if p € w(0)

e For logical connectives, it is defined using da costa algebra (Priest, 2009):

0000 ifa=1111

2) V(w,~¢) = V(w,¢), wherea =
@ Vi ~¢) (10, @); where {1111 otherwise
(®) V(w,pV ) =max{V(w,g), V(w,y)}

@) V(w9 Ay) = min {V(w,¢),V(wy)}

1111 ifa<b
B) V(w, ¢ =) =V(w,¢) — V(w,p); wherea — b = {

b otherwise

Note that the negation operator treats 1111 as true and other values as (different
shades of) false as we have discussed in Chapter 1, i.e., it maps 1111 to false and

other values to true in a sense.
* For temporal operators, it is a generalization of LTL semantics:

6) V(w,0¢) = V(w, ¢)
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(7) V(w, 9 Ry) = (infj=o Wi, sup, infj>r Wa, infio sup . Ws, sup;.., Wa); where

Wi = max (Vk(wj.l,kb)/ sup Vi(w;., (P)>

0<i<j

(8) V(w, pU) is defined such that

Vileo, 90 ) = supmin (Vi(eo, ), inf V(o))
j>0 <i<j

¢ Semantics for additional temporal operators can also be generalized as follows:

(9) V(w,E¢) = (igg Vi(wi., ¢),supint Va(wi_, @), infsup Va(wi_, ¢),sup Va(w;., <P)>

j>0 12 120 > i>0

(10) V(w, & ¢) = (sup Vi(w;., ¢),sup Va(w;_, ¢),sup Va(w;., ¢),sup Vi(w;_, fp))

i>0 i>0 i>0 i>0

Then we can see that for the formula [ p, the valuation V(w, [ p) can be expressed
in terms of LTL valuation W by

V(w,@p) = (W(w,Op), W(w,OOp), W(@,O0 p), Wi, Op) ).

This evaluates to different values in B4 distinguishing various degree of violations
as we have seen in Chapter 1. Now consider the specification [[]p = [1g as we have
seen at the beginning of this chapter and assume it evaluates to 1111 for some infinite
word. Let us see how the system behaves in response to various degrees of violation
of environment assumption.

e If p holds at all positions, then [p evaluates to 1111, hence by Equation (3),
[1g also evaluates to 1111, which means g holds at all positions. Therefore, the
desired behavior of the system is retained when the environment assumption
holds with no violation.

e If [p is minorly violated and p holds eventually always, then []p evaluates to
0111 and then by Equation (3), [1q evaluates to 0111 or higher. Hence, g also
needs to hold eventually always.

e Similarly, if p holds at infinitely (finitely) many positions, then g needs to hold

at infinitely (finitely) many positions.

Hence, the semantics of [1p = [q captures the robustness property as desired.
If Clp = [dgq evaluates to b < 1111, then [ p evaluates to a higher value than b,
whereas [:1g evaluates to b. So, the desired system guaranty is not satisfied. However,
the value of [1p = [g still describes which weakened guarantee follows from the
environment assumption.
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2.3 Expressivenes

As we know that, rLTL is an extension of LTL. Moreover, in this section, we show
that the LTL semantics of a formula containing no implication can be recovered from
the first bit of the rLTL semantics. Conversely, each bit of the valuation function for
an rLTL formula ¢ can be expressed by evaluating an LTL formula ¢;, obtained by a
straightforward rewriting of the formula ¢. Hence, we conclude the following result.

Theorem 2.1. LTL and rLTL are equally expressive. Moreover, the translation from LTL to

rLTL and vice versa are effective.

A direct corollary is that for any decidable problem for LTL, the corresponding
problem for rLTL is also decidable.

2.3.1 From LTL torLTL

Recall that Vi (w, @) represents the kth bit of the rLTL valuation V(w, ¢). Let 7 :
B; — B be a function defined by 7y (ay,a2,a3,a4) = ax. Then we can see that V3
is actually the composite function 711 o V. Then we show that V; is indeed an LTL

valuation for a formula containing no implication.
¢ For an atomic proposition p € P:

71(0000) =0 if p & w(0)

1) Vi(w,p) =
1) Vi(w, p) {nl(nn):l if p € w(0)

* For logical connectives, we can evaluate in the following way:
2) Vi(w,—p) =m (W) =1-Vi(w, ¢)
(3) Va(w, oV ) = 1 (max (V(w, ), V(w, ) ) = max (Vi(w, ), Va(w, )
@) Vi(w, A g) = 71 (min (V(w, 9), V(w,9)) ) = min (Vi(w, 9), Vi(w,9) )

* For temporal operators, it directly follows from the semantics:

(5) Vi(w,©¢) = Vi(w1., ¢)
(6) Vi(w, R ¢) = infmax (Vi(wy., ), sup Vi(wi.,g))

j20 0<i<j
(7) Vi(w, U y) = sup min <V1(Wj,,,lp),01§r}£j Vi(wi., 9))

(8) Vi w,Eg) = inf Vi (w;., )

(9) Vi(w, & ¢) = sup Vi(wi., ¢)

i>0

Note that V4 (w, ¢) = 1if and only if V(w, ¢) = 1111.
As we know that ¢ = 1 is equivalent to =¢ V ¢ in LTL, we can rewrite any LTL
formula into a formula containing no implication. Suppose W be the LTL valuation.
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Then, given an LTL formula ¢, we can construct an rLTL formula ¢’ such that for any
infinite word w, we have

W(w, ¢) = 1if and only if V(w, ¢') = 1111.

Therefore, we have shown that rLTL is as expressive as LTL.

2.3.2 From rLTL to LTL

To show that LTL is also as expressive as rLTL, given an rLTL formula ¢, we construct
four maps L for all 1 < k < 4 that maps each rLTL ¢ formula to an LTL formula
such that for any infinite word w, we have

Vi(w, ¢) = W(w, L(¢)) foralll <k <4.

The maps Li : 1 < k < 4 can be constructed inductively as follows:
(1) Ly(p) = p for every atomic proposition p and forall 1 < k < 4.
(2) Ly(—¢) = -Li(¢) forall1 < k < 4.

(3) Li(pV ) = L(¢) V Ly(p) forall 1 < k < 4.

4) Lk(gﬂ/\ IIJ) = Lk(gﬂ) A Lk(l/J) foralll <k <4.

(5) La(¢ = ¢) = La(¢) = La(9); and

Li(¢ = ¢) = (Li(¢) = Li($)) A Liya(@ = ¢) forall 1 <k < 3.

(6) Li(O©

(7) Li(pRy) = Li(@) R L1(9);

L(¢Ry) = OOLa(9) VO La();
Liy(¢Ry) =0 La(e) VO La(y);
(pRy) =
( )

@) =OLi(g) forall1l <k < 4.

Li(pRy) = O La(p) VO La(p).
(8) Ly(pU4) = Ly(¢) ULk(y) forall 1 < k < 4.

) Lil@e) =0Li(¢); L(He)=<0L2(e);
L;([EHe) =00 Ls(e); La(@ge) = O Lale)-

(10) Ly(&O @) = O Lk(g) forall1 <k < 4.

It is easy to verify that the function has the desired property indeed.

2.3.3 From rLTL to Generalized Biichi Automata

We know that for any LTL formula, a (generalized) Biichi automaton can be constructed
that recognizes the infinite words satisfying the formula. A similar Biichi automaton
can also be constructed for rLTL formulas. Before going into details, let us first briefly
summarize the definition of Biichi automata.
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Definition 2.1 (Biichi Automata). A non-deterministic Biichi automaton is a tuple
B = (Q,X%,q0,A, F) consisting of a finite, non-empty set Q of states, a finite alphabet
Y, an initial state g9 € Q, a transition function A C Q x ¥ — Q, and an accepting set
FCQ.

The run of the non-deterministic Biichi automaton 5 ona word w = wowy ... € %
is an infinite sequence of states p = qoq1... € QY starting at qp and satisfying
(gi,wi, qiy1) € Afor all i € IN. We denote the set of states occurring infinitely often
during p by Inf(p) = {g € Q | Vi € N, Jj > isuchthatg; = g}. A run p is called
accepting if the run visits a state of F infinitely often, i.e., Inf(p) N F # @. The language
of a Biichi automaton 5, denoted by L(B), is the set of all infinite words for which an
accepting run of B exists.

A generalized Biichi automaton B = (Q, X, qo, A, F) is a variant of Biichi automaton
with only difference being its accepting condition, i.e., a set of accepting sets F C
29, A run p is accepting if it visits a state of every set F € F infinitely often, i.e.,
Inf(o) NF # @ forall F € F.

The translation of LTL formulas into generalized Biichi automata is based on the
expansion rules, by which it tracks the value of a given formula and its subformulas
at each position of an infinite word. The size of such automata depends on the closure
of that formula, which is formally defined next.

Definition 2.2 (closure). The closure of an rLTL formula ¢, denoted by cl(e), is
inductively defined as follows:

1) d(p) = {p}

@) d(=¢) ={~¢} U cl(¢)

©) cdleVvy)={eVyp}uU c(p)U c(yp)
@ c(pAyp) ={pAyp}U ce)U d(y)
®) c(p=¢) ={p= 9} U clp)U d(y)
(6) cl(©¢) ={O¢}U cl(e)

(7) cd(¢Ryp) = {9pRyp} U cl(@) U cl(y)
®) c(eUy) ={pUyp}U cl(p) U cl(p)
©) d(@e¢) = {He} U cle)

(10) (S ¢) = {O @} U cl(e)

Given an LTL formula ¢, the construction of translation of LTL into Biichi automata
given by Baier and Katoen, 2008, results in an automaton of size O(|cl(¢)| - 2/<(9)]).
Since rLTL has 5-valued semantics, following a similar method, Tabuada and Neider,
2016, have shown that, given an rLTL formula ¢, a similar Biichi automaton of
size O(|cl(¢)] - 519#)) can be constructed. Formally, the following result has been
obtained.
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Theorem 2.2. Given an rLTL formula ¢ and a set of values B C By, one can construct a
generalized Biichi automaton By, with 519)l + 5 states and 4 - |cl(p)| accepting sets that
recognizes the set of infinite words on which the value of ¢ belongs to B, i.e.,L(B,) = {w €
(2P)« : V(w, ¢) € B}.

Complexity results for model checking and reactive synthesis of rLTL follow from
this construction. We also use this construction for the synthesis of adaptive strategies

in the next chapter.
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Chapter 3

rLTL Games

In this chapter, we present a slightly modified version of the rLTL game introduced by
Tabuada and Neider, 2016. We motivate our work with a few examples of games. We
analyze what a classical strategy does in an rLTL game and why that is not optimal.
Then we present adaptive strategies and describe why these are better than the
classical ones. Furthermore, we also present strongly adaptive strategies and describe
their importance and existence. We also show that both types of strategies can be
computed in doubly-exponential time and hence are not harder than the classical

ones.

3.1 Definitions and Notations

We consider infinite-duration two-player games over finite graphs with rLTL specifications
as introduced by Tabuada and Neider, 2016 with a minor modification, where Player 0
with given specification ¢ prefers the value 1111 over 0111 and prefers the value 0111
over 0011 and so on. Intuitively, if a player has a winning condition ¢, he will try

his best to get a play that satisfies the formula ¢. If that is not possible, he will try

his best to satisfy a violated version of the formula ¢. For example, if ¢ = [p for
some proposition p, then the player will try to satisfy [(Jp, and if that is not possible

for this game, he will try to satisfy <> p. If that is also not possible, then he will try

to satisfy [1<> p and so on.

Definition 3.1 (rLTL Games). An rLTL game is pair & = (G, ¢) consisting of

* a finite, labeled game graph G = (V,E,A) where V is a finite set of vertices
that is partitioned into two disjoint sets Vp, Vi C V, E C V x V is a directed
edge relation,and A : V — 2% is a function labelling each vertex with atomic

propositions; and
e anrLTL formula ¢ over P.

For n > 0, let P" denote the set of paths in G of length n (in particular P* =
V,Pl =E ). P* will denote the set of all finite paths in G and P“ the set of all infinite
paths.

An rLTL game is played by two players, Player 0 and Player 1, who construct a
play p = vov; ... € P¥ by moving a token along the edges of the game graph. A play
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0 = oY . .. induces an infinite word A(p) = A(vg)A(v1) ... € (27)%, and the value
of the play, V(p) is the value of the formula ¢ on A(p). Player 0’s objective is to

maximize the value, while Player 1’s objective is to minimize it.

Strategies

A strategy for Player i, i € {0,1}, is a function ¢ : P* N V*V; — V, which assigns
to each possible finite path au ending in u € V; a neighbour o(au) € N(u), where
N(u) = {v: (u,v) € E} is the set of outgoing neighbours of u. It prescribes the next
move of Player i depending on the finite play played thus far.

For a strategy ¢ of Player i, a finite or an infinite play p = vgv; ... is said to be a
o-play, if whenever v; € V;, vj11 = o(vov1 ... 7;).

A play prefix or a finite play is a finite path p € P* in the graph. For a play
prefix p = vov; ...v, and a strategy ¢ for Player i, any finite or infinite play p =
PUn4+1Un42 - . . is said to be a o-continuation of p if it satisfies the following: if vy € V;
then vy 1 = o(vov; ... vk) for all k > n. Note that the prefix p does not have to be
consistent with the strategy o.

In the original paper on robust LTL by Tabuada and Neider, 2016, a doubly-
exponential time algorithm is given that solves the classical rLTL synthesis problem,
which is equivalent to solving the following problem.

Problem 3.1. Given an rLTL game & with an initial vertex vy and a value b, synthesize

a strategy o (if one exists) for each player such that every o-play has value b.

3.2 Adaptive Strategies

In this section, we start by presenting a motivating example and a classical strategy
for Player 0 in that game. We describe why that strategy is not optimal and what
would be a better one. We then formalize the definition of adaptive strategies and
give a doubly-exponential algorithm to compute it.

3.2.1 Motivating Example

Consider the game arena G in the Figure 3.1 (Player 1’s vertices are shown as squares
and Player 0’s vertices are shown as circles) with rLTL specification ¢ = [-]p as shown
in the figure.

Suppose the token is initially placed at Vertex 0. Considering Player 1 plays his
best moves, the best possible scenario for Player 0 in this game is to enforce a play
where p holds at infinitely many positions. As the classical problem only considers
the worst-case analysis, a classical strategy for Player 0 is to try to visit Vertex 2
infinitely often. That can be done by moving the token along one of the following
edges every time the token reaches his vertices: {0 — 1,3 — 2;4 — 1}. As we
can see that, if Player 1 makes a bad move by moving along 1 — 4, then Player 0
can force the play to eventually just stay at Vertex 5, and hence, p holds eventually
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FIGURE 3.1: A motivating example for adaptive strategies

always. However, the above classical strategy for Player 0 moves it back to Vertex 0
from which p might not hold eventually always. Therefore, a better strategy for
Player 0 is to move along 4 — 5 if the token reaches Vertex 4 to get a play where p
holds eventually always; otherwise, try to get a play where p holds at infinitely many
positions as earlier by moving along 0 — 1 and then 3 — 2 repeatedly. We call such a
strategy adaptive. Intuitively, it adapts its moves to achieve the best possible outcome
after each bad move of the environment. We formalize this shortly.

3.2.2 Definition

Consider strategies o, T for Player 0, Player 1 respectively and let p = vyv; ... v, be a
play prefix. Let the play p5: = pv, 11052 . . . be the o, T-continuation of p, given by

o(vov1 ... 0;) ifv, € V)
Uit1 =

T(vov1 ... 0;) ifv; ey foralli > n.

Let VP(0, T) denotes the value V(o5 ).

We say that a strategy o for Player 0 enforces truth value b from a play prefix p, if
we have VP(o, T) = b for every strategy T for Player 1. Similarly, we say a strategy T
for Player 1 enforces truth value b from a play prefix p, if we have VP(c, ) < b for
every strategy o for Player 0.

We also say Player i can enforce a value b from some prefix if he has a strategy
that enforces the value b from that prefix.

For example, consider the game given in Figure 3.1 with the rLTL specification
[p. Using the analysis given in Section 3.2.1, we can see that Player 0 can enforce
0011 and 0001 from the prefixes 014 and 012, respectively, by moving the token along
{0 — 1,4 — 5,3 — 2}. Itis easy to check that these are the best values Player 0 can
enforce from those prefixes. Therefore, we are interested in a strategy that enforces
the best possible value from each play prefix. Formally, the following is the type of

strategy we are interested in.

Definition 3.2 (Adaptive Strategies). In an rLTL game, a strategy o, for Player 0
is adaptive if from any play prefix p, no strategy for Player 0 enforces a better truth
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value than oy, that is, if some strategy o for Player 0 enforces a truth value of b from
p, then 0, also enforces the value b from p.

A similar notion can be defined for Player 1.

3.2.3 Computation

We are interested in the following problem.
Problem 3.2. Given an rLTL game &, synthesize adaptive strategies for each player.

The notion of Parity games is a vital part of our algorithm to solve Problem 3.2. So
let us first briefly summarize the definitions and useful properties of Parity automata
and Parity games.

Parity Automata

Parity automata are similar to Biichi automata with a different accepting condition.

The following is the formal definition of the deterministic version of Parity automata.

Definition 3.3 (Parity Automata). A deterministic Parity automaton is a tuple C =
(Q,Z%,90,0,Q) consisting of a finite, non-empty set Q of states, a finite alphabet X,
an initial state go € Q, a transition function § : Q x £ — Q, and a priority function
Q:Q — {0,1,...,d} mapping each state to an integer priority, which defines the
acceptance conditions.

The run of the deterministic Parity automaton C on a word w = wow, ... € Z¢
is an infinite sequence of states p = gog1... € QY starting at g9 and satisfying
d(qi,w;i) = qi+1 for all i € N. A run p is accepting if the highest priority that occurs
infinitely often in the states of p is even. The language of a Parity automaton C,
denoted by L(C), is the set of all infinite words for which an accepting run of C exists.

The main result on Parity automata that we use in our algorithm is as follows.

Theorem 3.1 (Varghese, 2014). Given a generalised (non-deterministic) Biichi automaton B
with n states and k accepting sets, a deterministic Parity automaton C with O(n!(n — 1)!k™)
states and 2n priorities can be constructed such that L(C) = L(B).

Parity Games

Parity games were introduced by Emerson, 1985 to solve the u-calculus model
checking problem. The following is the formal definition of such games.

Definition 3.4 (Parity Games). A Parity game is a game played over a game graph
G = (V,E,Q), where the finite set V of vertices is partitioned into V; and V;, which
are Player 0’s and Player 1’s vertices, respectively; E C V x V is directed edge relation;

and priority function Q) : V. — {0,1,...,d} assigns each vertex to an integer priority.



Chapter 3. rLTL Games 15

Similar to rLTL games, a play p = vyv; . .. in a Parity game is constructed by the
two players, and a play p is winning for Player 0 if the highest priority that occurs
infinitely often in the vertices of p is even. Such winning conditions are called Parity
conditions.

Strategies are defined as it is for rLTL games. Given an initial vertex vy, a strategy
o is winning for a player if all o-plays starting from vy are winning for that player,
and the winning region for a player is the set of vertices from which he has a winning
strategy. A strategy o is positional if for any two play prefix p; and p, ending in same
vertex, 0(p1) = 0(p2). One of the main properties of Parity games is memoryless

determinacy which is formalized as follows.

Theorem 3.2 (Emerson and Jutla, 1991). For any Parity game &, there exists positional
strategies oy and o for Player 0 and Player 1, respectively, such that o; is a winning strategy
from any vertex of the winning region of Player i.

We are interested in solving Parity games, which is equivalent to solving the

following problem.

Problem 3.3. Given a Parity game &, determine the winning regions and positional

winning strategies for each player.

The problem of solving Parity games is in NP. However, we are only interested in
a particular case of Parity games, which can be solved in polynomial time as stated in

the following theorem.

Theorem 3.3 (Calude et al., 2017). A Parity game & with n vertices and k priorities can be
solved in O(n°) time if k < 1g(n).

Now to synthesize an adaptive strategy for Player 0 in an rLTL game & =
(G = (V,E, A), ¢), we use the construction of generalized Biichi automaton given in
Chapter 2 in the following four steps.

1. We first construct generalized (non-deterministic) Biichi automata BZ such that
L(BY) = {w € (2P)¥ : V(w, ¢) = b} forall b € By.

2. We determinize each Bg, to get a deterministic Parity automaton C é’, = (Qb 2P, qg, 8°, Qb)

with same language.

3. We construct five Parity games &’ with the vertex set V x QU by taking the
product of the game graph G and the Parity automaton C f,’, forall b € By.

4. We apply standard techniques to solve each game &' and determine the winning
set win(®") and winning strategy o, for Player 0.

5. We compute an adaptive strategy o, for Player 0 as follows: for any vgv; ... v; €
P¥, we compute the corresponding paths starting from (v, g}) of the form
(v0,45)(v1,45) - - - (vk, q7) in each game graph of " and determine the maximum
value b € By such that (v, 4?) € win(®’) and follow the corresponding
winning strategy ¢;, for the next move.
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Let us now sketch these steps.

Step 1. Using the construction given in Section 2.3.3, we obtain the generalized
non-deterministic Biichi automata Bé’a such that L(Bi’,,) ={w e (2P)¥ : V(w, ¢) = b}
for all b € By. The automaton BZ has n = 5/99)| + 5 states and at most 4|cl(¢)|
acceptance sets where |cl(¢)| denotes the closure of the formula ¢.

Step 2. We determinize each BZ, to get a deterministic Parity automaton Cé; =
(Q",27,45,6%, QF) with O(n!(n — 1)!k") states and 2n priorities (by Theorem 3.1).

Step 3. We construct the (unlabelled) product game graph G = (V?, E?) of the
game graph G = (V, E, A) and the Parity automaton Cfl’, = (Qb,273, qg, 5t Qb ) such
that V? = V x Qf and

((v,9),(,q)) € E’ & (v,v') € Eand ¢°(g,A(v)) = 4.

Then, we construct the function QO that assigns the priorities to the vertices such that
0b(v,q) = Q(q). The desired Parity games are then &’ = (G?, Q0).

An induction over the length of plays in &' shows that Player 0 wins a play
o' = (vo,q5)(v1,4%) ... if and only if the value of the play p = vgv; . . . is greater than
or equal to b in the game &.

Also given a path p = vyv1 ... 7k in G, there is a unique path of the form p’ =
(vo,48)(v1,4%) ... (vk, q7) in the graph GY, that is when qf’ﬂ = (g%, v;) for all 0 <
i < k —1 and hence, Player 0 has a winning strategy from the vertex (v, 47) in the
game &' if and only if Player 0 has a strategy that enforces the value b from the prefix
Vo071 . .. U in the game &.

Step 4. Then we solve these resulting Parity games &” and determine the winning
set win(®") and the winning strategy o}, for Player 0. The Parity games has 1, =
O(|V|n!(n —1)!k") states and k, = 2n priorities. Since k, < Ig(n,), by Theorem 3.3,
these can be solved in time O(n;) = O(|V]® n!5(n — 1)15k>") and the space required
is O(nplogn,logky).

Step 5. Now we compute the adaptive strategy o, as follows: for any play prefix
vov1 ... vk € PN letq? = 6%(qY,v;) foralli = 0,1,...,k—1, then (v, 4}) (v1,4%) - - - (vk, 42)
is the unique path in the graph G corresponding to the path vgo; ... vg.

Then we determine the maximum value b € By such that (v, 4?) € win(®?). Let
that maximum value be by, then Player 0 has a strategy that enforces the value by from
the prefix vgv; . .. v, and we can construct that strategy using the winning strategy
0p,- Also, for any value b > by, Player 0 can not win from the vertex (v, qz) in the
game ®’. Hence Player 0 does not have a strategy that enforces the value b from
the prefix vgv; . .. v;. Therefore, Player 0 can not enforce a value more than by from
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the prefix vov; ... vx. Hence, we set Uopf(vovl ... Ux) to be the first entry of the pair
Toy (01, 5")-

Similarly, we can compute an adaptive strategy for Player 1. Hence, an adaptive
strategy for a player in an rLTL game can be computed in doubly-exponential
time and space. Furthermore, note that adaptive strategies require memory. By
Theorem 3.2, we know that winning strategies in Parity games are memoryless, and
the Parity games we constructed in step 3 have doubly-exponential size. Therefore,
adaptive strategies require doubly exponential memory. In total, we obtain the
following result.

Theorem 3.4. Given an rLTL game & = (G = (V,E, A), @), an adaptive strategy of a player
can be computed in time O(|V|> n!>(n — 1)15k°"), where n = 514@) 45 and k = 4|cl(¢)|.
Moreover, each player has an adaptive strategy with the memory size of O(|V| n!(n — 1)!k").

3.3 Strongly Adaptive Strategies

In this section, we start by formalizing the notion of bad moves, which we need later.
Then using a modified version of Figure 3.1, we describe the importance of strongly
adaptive strategies and why we need them. Then we show that such a strategy may
not exists for some games, whereas adaptive strategies always exist. Moreover, we
give a doubly-exponential algorithm to compute a strongly adaptive strategy, if one
exists at all.

3.3.1 Bad Moves

We already have used the notion of bad moves for the example given in Section 3.2,
and the name itself is intuitive. Formally, we say a move of a player from some play
prefix p to a vertex v is bad if that player can enforces some value b from the prefix p,
but he can not enforce that value b from the prefix pv.

As we have seen in the example given in Section 3.2.1, Player 1 can move the
token from Vertex 1 to 2 and can enforce the value 0001 from the prefix 01 through
the path 0123“. Suppose he moves the token from 1 to 4 (instead of 2), then Player 0
can enforce the value 0111 by repeatedly visiting Vertex 5. Hence Player 1 no longer
can enforce the value 0001 from the prefix 014. Therefore, the move from the prefix 01

to Vertex 4 made by Player 1 is a bad move.

3.3.2 Motivating Example

Suppose we modified the arena given in Figure 3.1 by adding an edge from 0 to 2 as
shown in the Figure 3.2. Using the analysis given in Section 3.2.1, we know that the
strategy of moving the token along {0 — 1,4 — 5,3 — 2} is adaptive for Player 0.
Another adaptive strategy for Player 0 is to move along 0 — 2 directly in his first
move and then moving along 3 — 2 every time. Then the token can never reach

Vertex 4, and hence, Player 1 can never make a bad move. However, it also means
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FIGURE 3.2: A motivating example for strongly adaptive strategies

that there cannot be a play where p holds eventually always; whereas if Player 0
moves along 0 — 1, there is a chance of getting such plays (when Player 1 makes a
bad move of 1 — 4). Therefore, using the earlier strategy of moving the token to 1,
Player 0 might be able to enforce the value 0111 at some point; whereas using the
other one, he can enforce at most 0001 from any prefix of a play. Hence, the earlier
one is definitely better. Therefore, we also consider another type of strategy, which is
adaptive, as well as maximizes the chance of the environment making a bad move.
We call such a strategy strongly adaptive.

Similarly, in many games, a player may have two (or more) optimal choices to
move the token from some prefix. In such situations, that player should compare
the bad moves his opponent can make in both choices and determine the choice in
which he is more likely to get better value. To capture this, we define a new notion of
strategy called strongly adaptive strategy, which we will formalize shortly.

3.3.3 Definition

Consider an rLTL game. For any 0 < i < 4, we say the strategy o enforces truth value b
with i bad moves from a play prefix p if the followings hold: let A; be the set of plays
p = pp’ which are the continuation of play prefix p by strategy o such that p’ contains
exactly i bad moves of Player 1, then A; is non-empty and for any play p € A;, we
have V(p) > b. Note that ¢ enforces a value b with 0 bad move from some prefix p if
and only if o enforces the value b from the prefix p.

Now for a strategy ¢ of Player 0 and a play prefix p, let the enforced values e(p, o)
be a 5-tuple such that for each 0 < i < 4, ¢;(p, o) is defined as follows: itis L if o
does not enforce any value with i bad moves from the prefix p; else it is the maximum
value ¢ enforces with i bad moves from the prefix p. We define b = L for any truth
value b € By.

For example, consider the game given in Section 3.3.2. Let ¢ be the strategy of
moving the token along {0 — 1,4 — 5,2 — 3}. Formally, ¢ is the strategy for
Player 0 such that o(V*0) = 1,0(V*4) = 5 and ¢(V*2) = 3. Then as we have
discussed earlier, the maximum value ¢ enforces from any of the prefixes 0,01, 02

is 0001. However, if Player 1 makes a bad move from 01 by moving the token to
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4, then ¢ enforces 0111 from 014. Therefore, o enforces 0111 with one bad move
from 0. Hence, e(c,0) = (0001,0111, L, L, 1) (since no more bad move of Player 1
is possible). However, for any adaptive strategy ¢’ that moves the token from the
prefix 0 to 2, we have e(¢”,0) = (0001, L, L, L, 1) as Player 1 can never make a bad
move starting from 0. Therefore, ¢ is a better strategy than any adaptive strategy that
moves along 0 — 2.

Intuitively, we are interested in an adaptive strategy that gives more opportunity
to the opponent to make bad moves that ensure a better value. Moreover, to choose
between two adaptive strategies, we first compare the value they enforce with one
bad move from any prefix; if that is equal for all prefixes, then we compare the value
they enforce with two bad moves, and so on. Formally, generalizing the Definition
3.2, we are interested in the following type of strategy:

Definition 3.5. In an rLTL game, a strategy oy for Player 0 is strongly adaptive if for
any play prefix p, no adaptive strategy for Player 0 has a better enforced values than
0o, that is, for every adaptive strategy ¢ for Player 0, it holds that

€(p, 0'0) ilex e(p, U)'

Note that any strongly adaptive strategy is also adaptive by definition.

l 0
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FIGURE 3.3: AnrLTL game with no strongly adaptive strategy

3.3.4 Existence of Strongly Adaptive Strategies

We know that a strongly adaptive strategy is the best one among all adaptive
strategies. However, there is a catch in the definition, that is, such strategy may
not even exist for some games; whereas an adaptive strategy always exists. For
example, consider the arena given in Figure 3.3 with initial vertex 0. It is clear that
Player 0 can enforce the value 0011 from any prefix (0 + 1)* by eventually moving to
Vertex 3. And if at some point, Player 1 makes a bad move of 1 — 2, then Player 0 can
enforce 0111 by staying at Vertex 2 forever. Hence, any adaptive strategy for Player 0
eventually visits Vertex 3 unless Player 1 makes a bad move. Now for any i > 0,
let A; be the set of all adaptive strategy ¢ for Player 0 such that ¢((01)'0) = 3 and
o ((01)k0) = 1 for all k < i. Then clearly U;>A; is the set of all adaptive strategies for
Player 0 and for any o; € A;, 0i11 € Aiy1, we have

e((01)!,0741) = (0011,0111, L, L, L) >=jee (0011, L, L, L, L) = e((01), ;).
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Hence, the strategy c;; is better than ;. This also seems correct since Player 1 has
more opportunities to make a bad move (of moving the token from 1 to 2) if Vertex 1
is visited more times. Then for every adaptive strategy, there is a better one; hence
there does not exist a best one.

So now we are interested in the following problem.

Problem 3.4. Given an rLTL game &, synthesize, if possible, a strongly adaptive
strategy for Player 0; or determine that no such strategy exists.

3.3.5 Computation

We solve the Problem 3.4 for an rLTL game by constructing an extended arena, where
positional adaptive strategy always exists. Then we show that it is equivalent to solve
the problem for that extended arena.

Let® = (G = (V,E,A), ¢) be an rLTL game. Let C(bp = (Q",2%,45,4%, Q") be the
deterministic Parity automata such that L(Cg) = {w € (2P)¥ : V(w, ¢) = b}, and
&' be the Parity game (product of the game graph G and the Parity automaton C Z)
computed using the steps of the algorithms given in Section 3.2.3. Let win(&”) be the
winning set for Player 0 in the game &°.

Consider an extended rLTL game &' = (G’, ), where G’ is a game graph with
vertex set V x QU000 x QU001 5 ... x QU1 constructed by taking product of the game
graph G and all the Parity automata C f/’) such that

0000 ,0001 ,0011 .O0111 ,1111 0000 ,0001 0011 ,0111 _1111 /
(o1, 4700, 3%, g1, 111, g111Y), (02, g3, g3, 03711, 4311, 311) ) € E(G)

& (v1,v2) € Eand 6°(g5,A(v)) = ¢ for all b € B;

and A'(v,q%%,...,¢q"") = A(v) forallv € V,q" € Q. Tt is easy to see that there
is an one to one correspondence between paths in both games & and &'. Since the
rLTL specification and the labels are similar in both games, there is also a one to one
correspondence between strategies (adaptive strategies, strongly adaptive strategies)
in both games & and &'. So solving Problem 3.4 for the game & is equivalent to
solving it for the game &’.

Now using the analysis of the algorithm given in Section 3.2.3, we have the
followings in the rLTL game &’

* Player 0 can enforce a value b from a prefix ending in (v, %%, ..., 4"11) if and
only if (v,4%) € win(&”). Since this notion only depends on the end vertex, we
say Player 0 can enforce a value b from the vertex o = (v,4%%, ..., ¢'11) if he

can enforce b from each prefix ending in .

e win(b) = {(v,q%%,...,q"") € V(G') | (v,4°) € win(&,)} is the set of vertices
from which Player 0 can enforce the value b.
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e For any truth value b < 1111, let b + 1 be the smallest value bigger than b. Then
W(b) = win(b) \ win(b + 1) is the set of vertices from which the maximum
value Player 0 can enforce is b.

e Every bad moves of Player 1 correspond to a (unique) edge (u,v) such that
u ¢ win(b) but v € win(b) for some value b. Let call such edges bad. Then the
set of bad edges is the disjoint union of the following sets over all values b < b':

bad(b,b'") = {(u,v) € E(G') | u € W(b),v e W(V')}

(Note that for b < b, (u,v) € bad(b, V") only when u ¢ win(b') butv € win(b'))
The next lemma follows from memoryless determinacy of Parity games.

Lemma 3.1. A strategy oy for Player 0 in the game &' is strongly adaptive if and only if for
every play prefix p ending in v, it holds that

e(p,00) = max{e(v,0) | o is an adaptive strategy for Player 0 in the game &'}.

Proof. For any play prefix p, let e, (p) denotes the maximum of e(c,p) over all
adaptive strategies o. Then by definition of strongly adaptive strategies, it is enough
to show that for any two prefixes p; and p, ending in the same vertex, it holds
that e,,(p1) = em(p2). Suppose en(p1) < en(p2). Let 0; be an adaptive strategy
that maximizes the enforced values of p; over all the adaptive strategies. Then
consider another strategy ¢ for Player 0 such that for any play prefix p;p, it holds
that o(p1p) = 02(p2p) and for any other prefixes it coincides with o7. It is clear that
e(o,p) = e(0», p2). Since 0 never make a bad move and follows an adaptive strategy
eventually, it is an adaptive strategy that satisfies e(c, p) > e(071, p), which contradicts
the maximality of o5,. O

Now we can solve Problem 3.4 for Player 0 in the rLTL game &' using the

following steps.

1. For each possible enforced value t, we first recursively compute the set of
vertices V[t] containing all vertices v such that t is the maximum enforced

values of v over all adaptive strategies.

2. We then recursively compute if one exists a strategy o; for Player 0 in each
subgraph G restricted to V[t], which satisfies the followings:

(a) Parity winning condition of G" (where t = (to, t1, t2, t3,t1));

(b) If t; # L, thenlet ' be the tuple (t1, 2, t3, ts, L). Then from any play prefix,
there exists a o-play that visits a vertex v from which there is an edge to
V[f]in G’

(c) For any enforced value t” <, t' with t < t! for some i, no o;-play visits a
vertex v from which there is an edge to V[t"] in G'.
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3. If 0y exists for all possible enforced values ¢, then combine all strategies o} to get
a strongly adaptive strategy o for ®’; else, there is no strongly adaptive strategy
for &'

For step 2 of the algorithm, we use the reduction to another type of games, called
Obliging games. So, before describing the details of the algorithm, let us recapitulate
the definitions and useful results on Obliging games.

Obliging Games

An Obliging game is a two-player game introduced by Chatterjee, Horn, and Loding,
2010. It is played on an arena G with two winning conditions S and W, called strong
and weak, respectively. The objective of Player 0 is to ensure the strong winning
condition while allowing Player 1 to cooperate with him to fulfill the weak winning
condition additionally. Such winning strategies are therefore called gracious. We are
only interested in the Obliging games where the strong condition is a Parity condition,
and the weak one is a Biichi condition. Such games are called Parity/Biichi Obliging

games and a gracious strategy for such games are formalized below.

Problem 3.5. Given a Parity/Biichi Obliging game on a game graph G with Parity
condition S and Biichi condition W, synthesize a strategy ¢ for Player 0 that satisfies
the followings:

* every o-play is winning w.r.t. S,
e for every finite o-play, there is a continuation by ¢ which is winning w.r.t. W;
or determine that no such strategy exist.

The following theorem characterizes the solution of Problem 3.5 for a Parity/Btichi
Obliging game by a reduction to a Parity game using the results by Chatterjee, Horn,
and Loding, 2010. As Parity games are decidable and gracious strategy in such games
can be effectively computed.

Theorem 3.5. A Parity/Biichi Obliging game with n states, a Parity condition with 2k
priorities, and a Biichi condition can be reduced into a Parity game with O(n) states and
2k + 2 priorities. Moreover, if Player O has a gracious strategy in such Obliging games, then
he has a gracious strategy with the memory of size at most 4k.

Let us now sketch the steps of the algorithm.

Step 1. For any vertex v, let e, (v) be the maximum enforced values of v over all
adaptive strategies as in the proof of Lemma 3.1. For a tuple t of truth values, let
V[t] be the set of vertices v such that e, (v) = t. Let us fix an adaptive strategy op for
Player 0 in the game &’. Now we can recursively compute V[t] for each possible f as
follows. First of all, it is clear that
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e Fort=(1111,L1, L, 1, 1), itis easy to see that V[t] = W(1111).

e Fort = (0111,1111, L, L, 1), we claim that V[t] is the set of vertices in W(0111)
from which the set W(1111) is reachable. If e,,(v) = t for some vertex v, then
W (1111) is reachable from v. Conversely, let W(1111) is reachable from v by a
path P. Then consider a strategy ¢ which assigns each prefix p of P ending in Vj
to the vertex that occurs after p in the path P; and for other prefixes, it coincides
with ¢p. Since the strategy ¢ eventually follows an adaptive strategy and never
makes a bad move, it is also adaptive. Clearly, from vertex v, there exists a
o-play containing a bad move by Player 1. Since v € W(0111), the maximum
possible value for e, (v) is t. Hence, e, (v) = t.

e Fort= (0111, L, L, 1, 1), itis easy to see that

V[ = W(0111) \ V[(0111,1111, 1, L, 1)].

e Fort = (0011,1111, 1,1, 1), a vertex v € W(0011) belongs to v[t] iff there
exists an adaptive strategy o such thatin G/, a path from v to W(1111) exists but
no path from v to W(0111) exist. Hence, V[t] € W(0011) \ Reach; (W(0111)),
where Reach; (F) denotes the set of vertices in V(G’) from which Player 1 can
force the token to reach F. For any vertex set F, Reach; (W(0111)) is the union
of the sequence of sets (Attr} (F ))i> o With the property that from any position
of Attr} (F), Player 1 can enforce to reach F in at most i many steps and these
can be computed inductively as follows:

Attr}(F) = F
Attr} (F) = Attr} (F) | J{v € Vo(G') : N(v) C Attr} (F)}
U{v € Vi(g') : N(v) N Attrj (F) # @}

Now we consider the subgraph G; which is G’ restricted to W(0011) \ Reach; (W(0111)).
Let win(G;) be the winning set for the Parity game with arena G; and Parity
condition same as in the game G%'! and let ¢(G;) be the winning strategy for

Player 0.

As we have seen in the second case, V[t] is the set of vertices from which
bad(0011,1111) reachable in G;, since, for such vertices, the strategy that
maximizes the enforced values is the one that follows the corresponding path
and for other prefixes, it coincides with o (Gy).

e For t = (0011,0111,1111, L, 1), we can see that V[t] is the set of vertices
in W(0011) \ V[(0011,1111, L, L, 1)] from which V[(0111,1111, L, L, 1)] is
reachable.
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e Similarly, for t = (0011,0111, L, L, 1), V[¢] is the set of vertices in W(0011) \
(V[(0011,1111, L, 1, 1)] U V[(0011,0111,1111, L, 1 )] from which W(0111) is
reachable and V[(0011, L, L, 1, 1)] is the rest of vertices in W(0011).

e Similarly, V[t] can be computed for other possible values of ¢.

Step 2. Now we need to check whether there exists a strategy ¢ such that e(p, o) =
em (v) for any prefix p ending in v. It is clear from the construction that there is no edge
from a Player 0’s vertex in V[t] to V[t'] if t <., . Moreover, a strategy satisfying the
above property would never use an edge from V[t'] to V[t] if t <, t'. Hence, starting
from a vertex in V[t], unless Player 1 makes a bad move, the token stays in V[¢t].

We first show that any strategy o satisfying properties given in 2a,2b, 2c (when
restricted to V[t]) is indeed a strongly adaptive strategy. Property 2a ensure that the
strategy is adaptive. Moreover, the other two properties ensures that o enforces ¢; (if
t; # L) with i bad moves. So we recursively check (and compute if it exists) a strategy
for the game restricted to the vertex set V[t] which satisfies the required properties.

e Fort = (1111, 1,1, 1, 1), we can just use the adaptive strategy oy for the
prefixes in V[t].

e Fort = (0111,1111, 1, 1, 1), we need to check if there exists an adaptive
strategy ¢ such that for all finite o-play in V[t], there exists a continuation by o
in V[t] which visits a vertex v from which there is an edge to W(1111).

Note that if ¢ satisfies the property of visiting a vertex set F from every finite
o-play then once it reaches F from some prefix, using the same property it visits
F again. Hence, it visits the vertex set F infinitely often from every finite o-play.
The converse is also trivially true. Therefore, it is enough to check if there exists
a uniformly gracious strategy for Player 0 in the Parity/Biichi Obliging game
with arena G’ restricted to vertex set V[t], Parity condition of G and Biichi
condition {u € V[t] : Jus.t. (u,v) € bad(0111,1111)}.

e Fort = (0111,1, 1,1, 1), we can just use the adaptive strategy oy for the
prefixes in V[t].

e For t = (0011,1111, L, L, 1), it is easy to see that there does not exists an
edge from V[t] to W(0111). So, we need to check if there exists a uniformly
gracious strategy for Player 0 in the Parity/Biichi Obliging game with arena
G’ restricted to vertex set V[t], Parity condition of G%!! and Biichi condition
{u e V[t] : Jus.t. (u,v) € bad(0011,1111)}.

e Similarly, for t = (0011,0111,1111, L, 1 ), we need with bad (0111, 1111) infinitely
often. Therefore, it is enough to check if there exists a uniformly gracious
strategy for Player 0 in the Parity/Biichi Obliging game with arena G’ restricted
to vertex set V[t], Parity condition of G%!! and Biichi condition {u € V[t] : Jv €
V[(0111,1111, L, 1, 1)] s.t. (u,v) € bad(0111,0111)}.
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e Similarly, for all other tuples t, we can reduce the problem to an Obliging game,
or we can use the strategy oy.

Since the game graph G” has O(|V| n!°(n — 1)!°k") states and the parity conditions
G" requires 2n priorities, using Theorem 3.5, above Parity/Biichi Obliging games can
be reduced to Parity games with N = O(|V|n!>(n — 1)1°k°") states and K = 2n + 2
priorities. Such games can then be solved in O(N®) time and O(N log N log K) space.

Step 3. So, if such strategies exist for each V|[t], then we can combine them into a
strongly adaptive strategy for the game &', which can again be reduced to a strongly
adaptive strategy for the original game &. Else there is no strongly adaptive strategy
for the game &.

Strongly adaptive strategies also require doubly exponential memory, since the
Obliging games (and Parity games) constructed in the algorithms have doubly
exponential size, and by Theorem 3.5, gracious strategies in such Obliging games

require memory of size at most 4n. In total, we get the following result.

Theorem 3.6. Problem 3.4 for an rLTL game & = (G = (V,E, A), ¢) can be solved in time
O(|V]> n!® (n — 1)1%5k21), where n = 5!@)| 45 and k = 4|cl(¢)|. Moreover, if Player 0
has a strongly adaptive strategy in such rLTL games, then he has a strongly adaptive strategy
with the memory size of O(|V| n!®(n — 1)14k>").

Therefore, both adaptive and strongly adaptive strategies can be synthesized in
doubly-exponential time and space. As we know that the classical LTL and rLTL
synthesis algorithms also take doubly-exponential time, we conclude that adaptive

and strongly adaptive strategies are not harder to compute.
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Chapter 4

Conclusion

In this thesis, we have considered the problem of synthesizing the most robust
controller with respect to a criterion based on Robust LTL. In Chapter 2, we have
discussed the syntax and semantics of rLTL and described how robust its formulas
are. We also saw that LTL and rLTL are equally expressive.

In Chapter 3, we have focused on our main problem. We have defined a modified
version of rLTL games. With an example, we have shown why the strategies
computed by current algorithms are not optimal and why adaptive strategies are
better. Then we have given an algorithm to compute an adaptive strategy for any
player in an rLTL game using reduction to Parity games.

We have also presented an example of a strongly adaptive strategy and described
how it maximizes the chances of the opponent making a bad move. However, we
have given an example showing that such a strategy may not exist. Finally, using a
reduction to a series of Parity games and Obliging games, we have given an algorithm
that decides its existence and computes it if one exists at all.

We have shown that both the algorithm takes doubly-exponential time in the
length of the given rLTL formula, which is same as the running time of the algorithms
for classical synthesis problem of LTL and rLTL. Hence, computing both the adaptive
and strongly adaptive strategies is not harder than the classical one.
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