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Summary

The synthesis of logical controllers that guarantee desired specifications is a central prob-
lem in the design of cyber-physical systems (CPS). In practice, such guarantees rely on
assumptions about how the controller interacts with its environment. These assumptions
restrict environment behavior to make synthesis feasible, but in existing approaches they
are often overly restrictive, leading to conservative designs and limiting the range of
behaviors that systems can safely accommodate.

This thesis rethinks the role of assumptions in logical controller synthesis by empha-
sizing their permissiveness—the ability to capture a wide range of admissible environ-
ment behaviors. We study permissive assumptions in two key settings: (a) interactions
among multiple discrete components in distributed systems, and (b) interactions between
high-level logical controllers and low-level physical dynamics in hybrid systems. In both
settings, we develop theoretical and algorithmic foundations for computing and exploiting
permissive assumptions to enable new design paradigms for logical controller synthesis.

For distributed systems, we define permissiveness as capturing all cooperative behav-
iors of other components that enable a controller to satisfy its specification. We present
an algorithm for computing such assumptions in monolithic systems and extend it to dis-
tributed systems via a negotiation-based framework that iteratively constructs permissive
assume-guarantee contracts for each component. These contracts enable decentralized
synthesis and are applied to human-robot interaction, allowing robots to cooperate with
humans whenever possible and request cooperation only when necessary.

For hybrid systems, we utilize permissive assumptions on the plant model—the ab-
stract representation of physical dynamics—to address three key challenges. To enable
seamless adaptation of controllers to changing logical contexts, i.e., changes in high-
level goals or tasks, we introduce a novel synthesis framework that utilizes persistent live
groups, a class of assumptions capturing liveness properties of continuous dynamics. To
improve scalability to large or uncertain plant models, we develop universal controllers
where decisions are conditioned on branching-time assumptions called prophecies, which
are learned from representative models and efficiently verified at runtime on unseen plant
models. Finally, to enhance robustness under uncertainty or partial violations of assump-
tions on the plant model, we introduce a robust semantics for branching-time temporal
logics, enabling formal reasoning about controller behavior under such violations.

Overall, this work enables correctness-by-construction synthesis while avoiding un-
necessary conservatism, resulting in CPS that are more robust, scalable, and responsive.






Zusammenfassung

Die Synthese logischer Regelungsoftware, die das gewiinscht Verhalten eines technischen
Systems sicherstellt, ist ein zentrales Problem beim Entwurf von cyber physikalischen
Systemen. Meist basieren die resultierenden Verhaltensgarantien dann auf Annahmen
dariiber, wie das System mit seiner Umgebung interagiert. Bestehende Ansétze beruhen
jedoch oft auf sehr restriktiven Annahmen, was zu konservativen Regelungsverhalten
flihrt und das Umgebungsverhalten begrenzt was Systeme sicher tolerieren kénnen.

Diese Arbeit entwickelt einen neunen Ansatz zum logischen Reglerentwurf, indem sie
die Permissivitdt von Annahmen — das heifst die Fahigkeit ein breites Spektrum zuléssiger
Umgebungsverhalten zu modellieren — in den Vordergrund stellt. Konkret betrachten wir
permissive Annamhen in zwei zentralen Bereichen: (a) Interaktionen zwischen mehreren
diskreten Komponenten in verteilten Systemen und (b) Interaktionen zwischen tiberge-
ordneten logischen Reglern und der physikalischen Dynamik in hybriden Systemen. In
beiden Anwendungsbereichen entwickeln wir theoretische und algorithmische Grundla-
gen fir die Berechnung und Nutzung permissive Annahmen, um neue modellbasierte
Entwurfsverfahren fiir logische Regelungssoftware zur Verfiigung zu stellen.

Fiir verteilte Systeme definieren wir Permissivitét als die Fahigkeit alle kooperativen
Verhaltensweisen anderer Komponenten abzubilden die einen Reglerentwurf moéglich machen.
Wir préasentieren einen Algorithmus zur Berechnung solcher Annahmen in monolithischen
Systemen und erweitern ihn auf verteilte Systeme mittels eines verhandlungsbasierten
Ansatzes, das iterativ permissive Annahme-Garantie-Vertrige fiir jede Komponente er-
stellt. Diese Vertrdge ermoglichen dezentrale Synthese und wurden von uns in der
Mensch-Roboter-Interaktion angewendet.

Fiir hybride Systeme nutzen wir permissive Annahmen iiber das Streckenmodell—d.h.
die abstrakte logische Reprasentation der physikalischen Streckendynamik—um drei zen-
trale Herausforderungen zu bewéltigen. Um eine natlose Anpassung von REgelungssoft-
ware an sich &ndernde logische Kontexte, zu erméglichen, fiihren wir einen neuartigen
Synthese-Ansatz ein, das neuartige permissive Annahmen nutzt um Letztendlichkeit-
seigentschaften der Streckendynamik zu erfassen. Um die Skalierbarkeit auf grofse oder
nicht genau bekannte Streckenmodelle zu erweitern, entwickeln wir so genannte wuni-
verselle Regler deren Entscheidungen auf Prophezeiungen basieren, die mithilfe représen-
tativer kleiner Modelle gelernt wurden. Um die Robustheit gegeniiber Unsicherheiten
oder teilweisen Verletzungen der Annahmen iiber das Streckenmodell zu erhéhen, fiihren
wir eine robuste Semantik fiir Verzweigungszeitlogiken ein.
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Chapter 1

Introduction

Over the past decade, cyber-physical systems (CPS) are increasingly being deployed in
the real world and have become central to many modern technologies. They are now
commonly used in areas such as autonomous driving, industrial automation, and aerial
robotics. Examples include self-driving cars on roads, robots assembling products, and
drones being used for surveillance and inspection tasks. While these systems offer im-
pressive capabilities and open up new possibilities, their growing use also raises concerns
about the consequences of failures. There have been serious accidents where CPS failed
in critical ways, e.g., autonomous vehicles causing fatal accidents [3, 5], aircraft crashes
linked to software issues [1], and industrial robots causing harm to operators [192]. As
these systems become more autonomous and complex, the consequences of such failures,
both in terms of reliability and cost, become more significant.

Consequently, a fundamental challenge in CPS design is ensuring that the systems
behave correctly, i.e., they do exactly what they are designed to do. For instance, au-
tonomous vehicles must eventually reach their destinations without crashing, industrial
robots must complete their tasks without harming workers, and drones must operate
safely without colliding with buildings or people. This has led to a need for strong cor-
rectness guarantees across all possible operating scenarios. To address these challenges,
formal verification has emerged as a powerful approach that enables designers to mathe-
matically analyze and prove that a system satisfies its required specifications [175, 200].

While formal verification provides powerful tools for post-hoc analysis of correctness
of an existing system, a more proactive approach is to ensure correctness-by-construction.
These methodologies aim at the automated construction of systems that are guaranteed
to satisfy their formal specifications in all possible scenarios. This eliminates the need
for extensive post-hoc verification and allows for a more efficient design process.

Correctness-by-construction methodologies have roots in two largely independent
communities: reactive synthesis and control theory. Reactive synthesis [178] is based
on a logical specification of the system’s desired behavior, typically given as a temporal
logic formula, and aims to automatically construct a controller that satisfies this speci-
fication. In contrast, traditional control theory [183] is based on a mathematical model
of the system’s physical behavior and aims to design controllers based on this model to



ensure that the system behaves correctly in the physical world. CPS often require a com-
bination of both viewpoints, e.g., the behavior of the robot is specified using temporal
logic, while the physics of the robot’s interaction with its environment, such as walls, hu-
mans, and other robots, as well as the physics of their interaction, is described by a plant
model. This has led to many approaches [210, 56| that automatically synthesize logical
controllers that enforce the desired logical specifications while respecting the physical
behavior of the system as described by the plant model.

A common technique in such approaches is to model this interaction between the
logical controller and its environment (as described by the plant model) along with the
logical specification as a two-player graph game between the controller and the environ-
ment [178, 210, 56]. The winning condition of this game encodes the logical specification,
and a winning strategy for the controller player corresponds to a logical controller that
enforces the desired behavior. Hence, the synthesis of logical controllers in such settings
reduces to computing winning strategies in these graph games.

To be able to compute such winning strategies, most of these approaches rely on
a set of assumptions about how the controller interacts with its environment. These
assumptions are typically used to restrict the behavior of the environment in a way that
enables the synthesis of a logical controller to ensure the specification. For instance, in
the context of industrial robots, an assumption might be that human workers will not
enter the robot’s workspace while it is operating. This assumption allows the logical
controller for the robot to be synthesized without needing to account for the possibility
of human interference. In distributed systems—which is composed of multiple interacting
components—assumptions are used to restrict the behavior of other components. For
example, in a workspace shared by multiple robots, a robot may make assumptions that
nearby robots will follow certain protocols to avoid collisions. Without such assumptions,
it may be impossible to guarantee that the robot can safely navigate the workspace.
Moreover, in hybrid systems—which combine discrete logical controllers with continuous
physical dynamics—assumptions are also used on the plant model of a CPS to abstract
its continuous dynamics. For example, assumptions on the physical dynamics of a mobile
robot may include that it can always move in a straight line without slipping, allowing
the logical controller to be synthesized without needing to consider complex physical
interactions like friction or uneven terrain. Such assumptions are crucial for enabling the
synthesis of logical controllers that can ensure the desired specifications in these complex
settings.

A key property that is often overlooked in existing approaches is the permissiveness
of these assumptions. In many cases, the assumptions are overly restrictive and fail to
admit the full range of behaviors that its environment may exhibit without violating the
specification. For instance, in distributed systems, assumptions on other components
often reduce their behavior to a single fixed strategy, which limits their flexibility and
robustness. Similarly, in hybrid systems, assumptions on the plant model may fail to re-
flect the actual dynamics of the system, resulting in conservative controllers that perform
poorly in real-world conditions.

This thesis addresses these limitations by proposing novel synthesis frameworks that
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Figure 1.1: Two types of interaction in cyber-physical systems: (a) interaction between
multiple discrete components at the high-level logical layer, and (b) interaction between
the high-level logical layer and the low-level physical layer.

fundamentally rethink the role of assumptions in logical controller synthesis. The key
insight is that assumptions play a central, multifaceted role in CPS design, and their
permissiveness—a critical yet often overlooked property—which enables new design ap-
proaches that have not been explored in prior work. More specifically, we' focus on
two distinct settings where permissive assumptions can significantly enhance the design
of logical controllers: (a) assumptions in distributed logical systems, and (b) assump-
tions on the plant model in hybrid systems. These correspond to two distinct types of
interaction in CPS, as illustrated in Figure 1.1: interaction between multiple discrete
components at the high-level logical layer (shown with @), and interaction between the
high-level logical layer and the low-level physical layer (shown with @). Building on
these insights, we develop new algorithms and frameworks that compute and utilize per-
missive assumptions in both settings, leading to more flexible, robust, and efficient logical
controllers for CPS.

In distributed logical systems @), we define permissiveness as the ability to capture
all cooperative behaviors of other components that enable the controller to satisfy its
specification. This leads to more flexible and decentralized designs, where each com-
ponent can independently choose any strategy consistent with the assumptions. We
present a novel algorithm for automatically computing such permissive assumptions in

IThroughout this thesis, the pronoun of choice will be “we” (instead of “I”) as the technical results
are the outcome of many fruitful collaborations with several co-authors.



monolithic systems—systems with a single controller interacting with its environment—
modeled as two-player games. Building on this foundation, we extend our approach to
distributed systems, where each component has its own local specification, modeled as
multi-player games. This extension enables decentralized synthesis of logical controllers
through negotiation frameworks that iteratively compute and refine assumptions until
a set of permissive assume-guarantee contracts is established, one for each component,
under which all components can satisfy their local specifications. We then apply these
contracts to develop a novel framework for human-robot interaction, in which the robot
leverages its guarantees to dynamically adapt its strategy, cooperating with the human
whenever possible while requesting cooperation online only when necessary to ensure the
human fulfills their assumptions.

For hybrid systems @), we focus on the permissiveness of assumptions on the plant
model—that is, assumptions derived from the underlying physical dynamics of the CPS.
Utilizing permissive assumptions, we address three key challenges in synthesizing logical
controllers for complex systems: (i) seamless integration of logical controllers with con-
tinuous dynamics, (ii) scalability to large or uncertain plant models, and (iii) robustness
under uncertainty or partial violations of assumptions on the plant model.

First, we focus on seamless integration of logical controllers with the underlying con-
tinuous dynamics. In such systems, the logical controller needs to react to changes in
the logical context, e.g., a change in the target location of a robot, a new task assigned
to a drone, or a sudden obstacle appearing in the path of an autonomous vehicle. This
challenge is particularly pronounced as such changes are triggered by the external en-
vironment and can occur at any time. To enable seamless reactivity to these context
changes, we introduce a novel synthesis framework that utilizes a new class of assump-
tions on the plant model, called persistent live groups. Such assumptions capture rich
liveness properties of the continuous dynamics, enabling the logical controller to adapt
its strategy dynamically based on the current logical context.

Second, we tackle scalability to large plant models. Often, to capture the full range
of behaviors of the physical dynamics, the plant model needs a huge state space. Con-
sequently, the standard approaches to construct a game graph from the plant model
suffers from state explosion, making them infeasible for large-scale systems. Even more
importantly, when the plant model is uncertain or only known at runtime, then the
usual state explosion becomes even more impractical. We address this by constructing
a universal controller derived from the logical specification alone, whose decisions are
conditioned by assumptions on the plant model, called prophecies. These prophecies are
learned from a small set of representative plant models and expressed as branching-time
temporal logic formulas, which approximate the possible future branching structures of
the plant model (e.g., the ability to reach certain goal locations). This allows us to gen-
eralize the controller’s behavior across different plant models by efficiently verifying the
learned prophecies on unseen plant models at runtime, thereby improving efficiency and
scalability.

Finally, we address robustness under uncertainty or partial violations of such as-
sumptions on the plant model. Given that many assumptions on the plant model are



branching-time in nature, we leverage techniques from temporal logic to reason about
the controller’s behavior under uncertainty. In particular, we consider the setting where
assumptions on the plant model are expressed as branching-time temporal logic formu-
las. To this end, we propose a new robust semantics for branching-time temporal logics,
which allows us to formally reason about how logical controllers tolerate such uncertainty
or violations.

1.1 Contributions

Based on the two main settings outlined above, we design the theoretical and algorith-
mic foundations for computing and utilizing permissive assumptions in logical controller
synthesis. In particular, our contributions can be summarized as follows:

1.

We develop a polynomial-time algorithm for computing permissive environment
assumptions in two-player w-regular games, expressed as local edge constraints in
the game graph. These constraints capture all possible cooperative behaviors of
the environment under which the controller can satisfy its specification.

. We present negotiation-based distributed synthesis algorithms that compute per-

missive assume-guarantee contracts for each component in a multi-player game in
order to satisfy the local specifications of each component. We show that our algo-
rithm is sound and complete in case of cooperative components, and sound in case
of rational components.

. We introduce a novel framework for human-robot interaction based on assume-

guarantee contracts, where the robot can dynamically adapt its strategy to cooper-
ate with the human whenever possible and request human cooperation online only
when necessary to guarantee progress. We demonstrate the effectiveness of our
framework through simulations and a real-world case study with a robotic arm.

. We introduce a novel synthesis framework for hybrid control systems which au-

tomatically designs a novel interface between the plant and the high-level logical
controller based on a new form of assumptions on the plant model. These inter-
faces enable the resulting hybrid controllers to seamlessly react to changes in the
logical context. We further analyze the complexity of solving games under such
assumptions and provide a novel algorithm for solving them.

. We propose a universal controller synthesis framework where a generic controller

is derived solely from the logical specification, and its behavior is conditioned by
assumptions on the plant model, called prophecies, expressed as branching-time
temporal logic formulas. We show that these prophecies can be learned from a
small set of representative plant models, which generalizes to unseen plant models
via a verification step. This offers improved efficiency and explainability through
small formulas as prophecies.



6. We propose a new robust semantics for branching-time temporal logics and analyze
its expressiveness compared to existing logics. We show that standard problems
such as satisfiability, model checking, and synthesis remain in the same complexity
classes as their non-robust counterparts.

Our algorithms and frameworks build on established concepts from the reactive syn-
thesis community, such as temporal logic, w-regular graph games, and assume-guarantee
contracts. We provide the proof of correctness and complexity results for all our algo-
rithms. Furthermore, we implement these algorithms in several user-friendly, open-source
prototype tools, and evaluate their performance empirically on a range of benchmarks
from the literature. Where applicable, we also compare our implementations against ex-
isting tools to highlight the improvements in permissiveness achieved by our approaches.

The frameworks and algorithms presented in this thesis provide a principled way to
preserve correctness-by-construction while avoiding unnecessary conservatism via per-
missive assumptions. In doing so, they enable autonomous systems to operate safely
across a wider range of scenarios, to interact more effectively with dynamic and uncer-
tain environments, and to make better use of their physical capabilities. Ultimately, this
leads to the design of CPS that are not only provably correct, but also more robust,
scalable, and responsive in the real world.

1.2 Intuitive Overview of the Results

In the following, we provide a brief overview of the main results of this thesis, organized
according to the contributions mentioned in Section 1.1.

1.2.1 Permissive Assumptions in Two-Player Games

As our first contribution, we focus on the permissiveness of environment assumptions for
monolithic systems, modelled as two-player games. As mentioned before, logical con-
troller synthesis often relies on a game-theoretic formulation, modeling the interaction
between a controller and its environment as a two-player game played over a finite graph.
This graph is obtained from an abstract plant model that captures the interaction be-
tween the controller and its environment. The desired logical behaviors of the system
are specified as w-regular objectives for the controller player in the game. A solution of
such a game is a set of decisions for the controller player, i.e., a winning strategy, that
ensures satisfying the given w-regular objective over the states of the game. This winning
strategy is then used to design the logical controller for the system.

Traditionally, these two-player games are solved in a zero-sum fashion, i.e., assuming
that the environment will behave arbitrarily and possibly adversarially. Although this
approach results in robust system designs, it usually makes the environment too powerful
to allow a winning strategy for the controller to exist. However, in reality, many of the
application areas, especially in distributed systems where components are co-designed, ac-
tually account for some cooperation of the environment (e.g., other components). In this
scenario it is useful to understand how the environment needs to cooperate to allow for



a winning strategy to exist. This can be formalized by environment assumptions, which
are w-regular properties that restrict the moves of the environment player in a synthesis
game. Such assumptions can then be used as additional specifications in other compo-
nents’ synthesis problems to enforce the necessary cooperation (possibly in addition to
other local requirements) or can be used to verify existing models of the environment.

For the reasons outlined above, the automatic computation of environment assump-
tions has received significant attention in the reactive synthesis community. It has been
used in two-player games [57, 55|, both in the context of monolithic system design [65, 148|
as well as distributed system design [145, 95]. Furthermore, in the context of specification-
repair in zero-sum games, multiple automated methods for repairing environment models
exist [194, 103, 104, 152, 57].

All these works emphasize two desired properties of assumptions. They should be (i)
sufficient, i.e., enable the controller player to win if the environment obeys its assump-
tion and (ii) implementable, i.e., prevent the controller player to falsify the assumption
and thereby vacuously win the game by not even respecting the original specification.
However, in the context of synthesis of distributed systems, we argue that a third impor-
tant property is often overlooked, which is the permissiveness of the assumptions. By
permissiveness, we mean that the assumptions should retain all cooperatively winning
plays in the game, i.e., all plays that satisfy the specification if both players cooper-
ate. This notion is crucial in the setting of distributed systems, as here assumptions are
generated before the model of every component is fixed. Therefore, assumptions need
to retain all feasible ways of cooperation to allow for a solution to be discovered in a
decentralized manner. Without permissiveness, the controller synthesis problem for the
controller player may become infeasible, even though there exists a solution that satisfies
the original specification.

We address this limitation by introducing the notion of adequately permissive as-
sumptions (APAs)—assumptions that are not only sufficient and implementable, but also
permissive. We present a polynomial-time algorithm to compute APAs for two-player
games with parity objectives, which are a canonical representation of w-regular objectives
and more expressive than the classical LTL (linear temporal logic) specifications.

Our key insight is that APAs can be captured using local edge constraints on the game
graph. In particular, we show that APAs can be expressed using three simple templates
that can be directly extracted from a cooperative synthesis algorithm for the game.
This leads to a polynomial-time algorithm for computing APAs for parity games, which
is significantly more efficient than the existing approaches for computing environment
assumptions [55, 57].



Figure 1.2: Game graphs with environment (squares) and controller (circles) vertices.

Expressing APAs using Simple Templates. To appreciate the simplicity of the
assumption templates we use, let us illustrate them with some simple examples. Consider
the game graphs depicted in Figure 1.2 where the controller and the environment player
control the circle and square vertices, respectively. The game begins at some designated
initial vertex and proceeds as follows: at each step, the owner of the current vertex chooses
an outgoing edge to move to the next vertex. The game continues indefinitely, resulting in
an (infinite) play, which is a sequence of vertices visited in the game graph. The controller
player wins the game if the outcome play satisfies a given w-regular specification.

For instance, in the game depicted in Figure 1.2a, consider the specification & =
OO{p}, i-e., the play should eventually only see vertex p. Here, it is easy to observe that
the controller player can win the game by requiring the environment to disable edge e;.
This is captured by our first template type that marks e; as an unsafe edge.

In contrast, consider the game in Figure 1.2b with the same specification ® = GO{p}.
Here, the controller player can win the game by requiring the environment to disable edge
e1 only finitely often. This is captured by our second template type that marks e; as a
co-live edge.

Furthermore, consider the game in Figure 1.2c with the specification ® = OO{p}, i.e.
vertex p should be seen infinitely often. Here, the controller player wins if whenever the
source vertices of edges e; and ey are seen infinitely often, also one of these edges is taken
infinitely often. This is captured by our third template type that marks the edge-group
{e1,e2} as a live group. For more general specifications like ® = OO{q} = OO{p}, ie.
if vertex ¢ is seen infinitely often, then vertex p should be seen infinitely often, the above
live group template is generalized to a conditional live group conditioned on set {q} such
that the live group templates needs to be satisfied only when the set {q} is seen infinitely
often. We show that the combination of these templates are sufficient to capture APAs
for any parity game (and hence any w-regular games).

Computing APAs for Parity Games. We present a polynomial-time algorithm to
compute an APA for a given parity game. The algorithm is based on the following
key observation about the templates: (a) The unsafe edges can be used to stop the
environment from taking a move that leads to not satisfying the specification. This is
done by marking an edge as unsafe if it goes out of the cooperative winning region, i.e.,
the set of vertices from which both players can ensure that the specification is satisfied.
(b) The co-live edges can be used to ensure that the environment does not take a move



infinitely often that goes to the co-Biichi region, i.e., the set of vertices that has to be
visited only finitely often to satisfy the specification. (c¢) The live groups can be used
to ensure that the environment takes the right moves infinitely often (when enabled) in
order to move towards a target region. Furthermore, the conditional live groups can be
used to ensure moving towards the target region under certain conditions. With these
observations, the algorithm starts by computing the cooperative winning region and the
corresponding unsafe edges. Then, it iteratively computes the co-Biichi region and the
corresponding co-live edges. Finally, as standard methods for solving parity games are
based on the computation of attractors to reach certain target regions, the algorithm
iteratively computes the corresponding conditional live groups for such attractors.

From the above observations, one can see that for safety games, only the unsafe
edges are needed to express an APA. With a similar intuition, we also show that for
other simpler classes of games, such as Biichi (resp. co-Biichi) games, an APA can be
expressed using the combination of only unsafe edges and live groups (resp. co-live edges),
and can be directly computed as post-processing of the standard algorithms for solving
these games.

1.2.2 Negotiation Frameworks for Multi-Player Games

While Section 1.2.1 forms the basis by introducing adequately permissive assumptions
(APAs) on environment in monolithic systems, we now utilize this concept to restrict
the behavior of multiple interacting components in distributed systems (as shown in
Figure 1.1 (top)) in order to synthesize controllers for each component. In particular, we
consider the setting of distributed synthesis where each component has its own logical
specification, and the goal is to synthesize a controller for each component such that
all components satisfy their respective specifications when interacting with each other.
Although the classical distributed synthesis problem is undecidable in general [176], a
common and tractable variant assumes that the strategic interaction structure among
components is known and represented by an abstract plant model.

One common approach to solve such distributed synthesis problems is to use assume-
guarantee reasoning, where each component is synthesized under the assumption that
other components behave in a certain way. This allows to reduce the distributed synthesis
problem to computing an assume-guarantee contract for each component, which can then
be used to synthesize the component’s controller. This has lead to several works in
distributed synthesis from both the control and reactive synthesis community [60, 44, 10,
35, 98, 31, 21, 76, 127, 151, 107].

While control theory methods |76, 21] do not consider the full class of LTL specifi-
cations, reactive synthesis methods [60, 44, 10, 35, 98] do not fully utilize the available
common abstract model of the interacting systems (i.e., the plant model), leading to ei-
ther incomplete or overly restrictive contracts. In fact, several methods ignore the plant
model altogether [98, 35| leading to incompleteness even when a feasible solution exists.
Furthermore, most works restrict each component to have a single strategy or to have a
specific property, leading to overly restrictive contracts.

To address these shortcomings, we introduce novel negotiation frameworks—where
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Figure 1.3: Illustration of utilizing APAs to encode help from Player p to other players
P-, in multi-player games for rationally interacting players (left) and fully cooperative
players (right).

components iteratively negotiate the guarantees they provide to each other based on
the assumptions they receive from each other—for distributed synthesis that compute
permissive assume-guarantee contracts for each component. The key idea is to leverage
the full structure of the abstract plant model, represented by a multi-player game graph,
where each component is a player with an associated w-regular specification on the game
graph. We consider two interaction settings: (1) fully cooperative players, where each
player can rely on others to help them satisfy their specifications, and (2) rationally
interacting players, where each player is selfish and wants to satisfy their own specification
while falsifying the specifications of others as much as possible. In both cases, we encode
the assume-guarantee contract for each player as a contracted specification which are: (i)
sound: if every player satisfies their contracted specification, then the resulting combined
strategy profile is cooperatively /rationally winning, and (ii) decentralized: each player
can satisfy their contracted specification locally, i.e., irrespective of the strategies of other
players. We provide novel techniques to compute such contracted specifications using
negotiation frameworks for both fully cooperating and rationally interacting players.

The key insight of our framework is to utilize adequately permissive assumptions
(APA). Such assumptions allow encoding the cooperative (resp. the selfish) behavior of
other components in the cooperative (resp. rational) case (as illustrated in Figure 1.3),
which can then be used to iteratively refine the contracted specifications of each com-
ponent through negotiation. Furthermore, as the APAs are encoded as local edge con-
straints, this allows to have efficient algorithms for computing the contracts.

In the following, we will give some intuition behind our negotiation frameworks for
both settings with an illustrative example as depicted in Figure 1.4.

Figure 1.4: A 2-player game graph with Player 0 (circle) and Player 1 (square) vertices.
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Contracted Specifications for Rational players. In the rational setting, we con-
sider a multi-player game where each player p € P has its own specification ®, and wants
to satisfy ®, as the primary objective while falsifying the specifications of other players
®, for ¢ # p as much as possible. As mentioned earlier, the key insight is to use APAs
to encode selfish behavior of other players. Intuitively, while these rationally interacting
players are intrinsically selfish and are primed on achieving their own objective, through
this selfishness they might — accidentally — help others. Towards computing a contracted
specification over rational players, the key idea is to over-approximate the way in which
players (accidentally) help each other by letting each Player p compute an APA ¥, on
themselves to satisfy their own objective ®, (as illustrated in Figure 1.3 (left)). This
can be done by considering a two-player game where Player p is the environment player
and others are combined into one controller player, and then computing an APA on the
environment player. Intuitively, ¥, collects all restrictions on Player p strategies (i.e.,
moves they choose themselves) s.t. the resulting play can satisfy ®,, if others cooperate
(somehow). It therefore over-approximates the set of all Player p strategies which could
possibly form a rationally winning strategy profile with the other players. As a conse-
quence, the intersection of all such assumptions for other players, i.e., ¥, = /\q 2 Vo
under-approzimates the way in which other players (accidentally) help Player p. With
this, we can form a contracted specification for Player p as ¢, := ¥, A (V-, = ).
Here, the first part ¥, ensures that Player p provides all the help that others might
need from them, while the second part ¥_, = ®, ensures that Player p can satisfy their
specification whenever others help them as per ¥_,,.

With this, the main idea of the negotiation framework to compute rationally con-
tracted specifications (RCS) is to iteratively refine these assumptions (¥,), on every
player until the contracted specifications (¢,), form an RCS. If the current contracted
specifications do not form an RCS, then there exists some player Player p who cannot
satisfy their contracted specification ¢, locally and hence, needs more help from others.
So, in the next iteration, we strengthen the assumptions by re-computing the APAs for
restricted specifications that incorporates the knowledge on how other players are surely
cooperating, as W, is an under-approximation of their (accidental) help. As a result,
when the algorithm terminates, we show that the resulting contracted specifications form
an RCS. Let us illustrate this with an example.

Example 1.1. Consider the game graph in Figure 1.4 with specification &g = O0O{c¢, d, e},
i.e., the play should eventually only see vertices {c, d, e}, for Player 0 and ®; = &GO{c, e},
i.e., the play should eventually only see vertices {c,e}, for Player 1. Then first we
observe that, starting from vertex a, neither player can satisfy their specification by
themselves. Then the APA computed by Player 0 is Vg = Acopive(€aa), i-€., co-live
edge €4, should eventually not be taken. Similarly, the APA computed by Player 1 is
U1 = Aunsare(€pd) AN Acorive(€ca), 1-€., unsafe edge epg should never be taken and co-live
edge e.q should eventually not be taken. Intuitively, ¥y ensures that the play does not
get stuck in vertex a, and progress is made towards Player 0’s goal set. Similarly, ¥y
ensures that the play does not reach a region from which satisfying ®3 becomes infeasible,
and ensures progress towards vertex e happens. We note that Player 0 accidentally ends
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up helping Player 1, by trying to leave a. Hence, in the next iteration, Player p actually
can realize their contracted specification ¢, = ¥, A (V—, = ®,), which forms an RCS. _|

Contracted Specifications for Cooperative players. Similar to the rationally con-
tracted specifications, we can also compute cooperatively contracted specifications (CCS)
by utilizing APAs. Here, a player can rely on other players to help. However, in order
to give every player as much freedom as possible in (locally) choosing their strategy, we
want to reduce this help to the necessary minimum. In the iterative algorithm for com-
puting cooperatively contracted specifications every player therefore computes how other
players must help her to make her own objective ®,, realizable. Such an assumption ¥_,,
on all other players P—, can be formalized as an APA (as illustrated in Figure 1.3 (right))
in a two-player game where Player p is the controller player and others are combined into
one environment player.

Similar to the rational setting, the main idea of the algorithm to compute a CCS is
to iteratively refine these assumptions (¥,), on every player until the contracted specifi-
cations (¢p)p given by ¢, := U, A (¥, = ®,) forms a CCS. Notably, this shows that the
computation of contracted specifications for cooperating players follows the same algo-
rithmic structure as for rational players. However, the cooperative nature of the players
leads to significant differences in both the interpretation and computation of these con-
tracted specifications. In particular, when strengthening assumptions by re-computing
APAs for restricted specifications, the cooperative setting allows us to leverage additional
information—such as winning regions and co-Biichi regions computed during APA com-
putation (as mentioned in Section 1.2.1)—to directly encode the restricted specifications
as parity objectives over the same game graph. This direct encoding enables the algo-
rithm to terminate in polynomial time, in contrast to the rational setting where termina-
tion is not guaranteed due to the fundamentally different interpretation of assumptions.
Consequently, the negotiation framework for cooperative players is significantly more ef-
ficient than its rational counterpart. Let us illustrate the difference between rational and
cooperative contracted specifications with an example.

Example 1.2. Consider the game graph in Figure 1.4 with specification ®¢ = O {c},
i.e., the play should infinitely often visit vertex ¢, for Player 0 and ®; = O, el e,
the play should eventually only see vertices {c,e}, for Player 1. Again, starting from
vertex a, neither player can satisfy the specifications on their own. Then, in the rational
setting, to compute an RCS, the APA computed by Player 0 is Uo = Apve({€ac}), i-e., the
live edge e, should be taken infinitely often if source vertex a is visited infinitely often.
Similarly, the APA computed by Player 1 is ¥; = Aynsare(€bd) A Acorve(€ca), 1-€., unsafe
edge epg should never be taken and co-live edge e, should eventually not be taken, as
before. In the next iteration, Player 1 can satisfy her specification ¢ := U3 A (¥ = ®q)
by herself, but Player 0 can not satisfy ¢g := o A (V1 = ®g). Moreover, the new APAs
and specifications will remain the same in the next iterations, and hence, the algorithm
will not terminate with an RCS. In fact, for the rational setting, no RCS exists for
this game. This is because once the play reaches the vertex ¢, Player 1 can satisfy her
specification and has no incentive to help Player 0.
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However, in the cooperative setting, Player 0 computes the assumption (i.e., the help
she needs from Player 1) Uy = Aynsare(€pd) A Avve({€ec}), 1., unsafe edge epq should
never be taken and live edge e.. should be taken infinitely often if source vertex e is visited
infinitely often. Similarly, Player 1 computes the assumption ¥y = Acopive(€aq, €ap) ON
Player 0, i.e., co-live edges e,, and ey, should eventually not be taken. As a result, both
players can satisfy their respective specifications under these assumptions. Intuitively,
Player 0 brings the play to ¢ from a, and Player 1 ensures that the play does not leave
{c, e} infinitely often. Then due to ¥y, Player 1 also brings the play to c infinitely often.
Hence, both players can satisfy their respective specifications, and hence, the algorithm
terminates with a CCS. _

1.2.3 Permissive Human-Robot Interaction

While Section 1.2.2 introduced the theoretical foundations of assume-guarantee contracts
for distributed systems to enable permissive interactions among multiple components, we
now apply these contracts to facilitate permissive interactions between humans and robots
in human-robot interaction (HRI). In such domains, robots operate alongside humans
who pursue their own goals, often without explicitly revealing them. Such scenarios arise
increasingly across domains ranging from smart manufacturing and logistics to assistive
robotics in healthcare and households. Here, the robot must not only plan its actions to
satisfy its own task but also adapt online to human behavior that may be cooperative,
indifferent, or even obstructive. At the same time, HRI becomes more effective and
enjoyable when robots do not merely react to human actions, but respect and even
leverage human behavior, while providing feedback to guide humans towards cooperation
only when necessary. We address this challenge by introducing a novel framework for
HRI that utilizes the permissive assume-guarantee contracts from Section 1.2.2 to enable
robots to adapt online to human behavior while respecting the contract, and to provide
feedback based on the contract’s assumptions only when human behavior deviates from
them.

We consider the setting where the robot is assigned a high-level temporal task, ex-
pressed in linear temporal logic (LTL), and the human simultaneously pursues an un-
known strategic latent task. As an example, consider the simplified manipulation task
depicted in Figure 1.5, where a Franka robotic arm takes turns with a human to place
blocks in a 3 x 3 domain. The robot’s task is to ensure that the majority of the cells is al-
ways eventually occupied with no adjacent cells filled, while the hidden human objective
is to form a diagonal. If the domain of a logical task is restricted (as in this example), all
possible strategic interactions of the human and the robot can be encoded in a two-player
game graph. Particular states in this graph fulfil the robot’s (resp. human’s) objective
and are intended to be visited always again by the robot (resp. the human). However,
as the robot and the human are both able to move blocks, they can obstruct the sat-
isfaction of each other’s goal. Importantly, this might already happen if both have the
same goal, e.g., forming a diagonal. Here, the human can persist in forming the diagonal
south-west-to-north-east, while the robot persists to form the south-east-to-north-west
diagonal, resulting in a livelock. This problem is amplified if robot and human objectives
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Figure 1.5: A simplified gridworld block-manipulation domain where a Franka Emika
Panda robotic arm takes turns with a human to place blocks in a 3 x 3 grid. The robot
places blue blocks, while the human places red blocks. The top-left inset illustrates the
robot’s feedback to the human, suggesting the removal of the block in cell (1, 3) or (2, 2).

differ, or are even incompatible.

To solve this problem, this work introduces a novel human-robot logical interactions
(HRAI) framework which enables robots to persistently satisfy their logical tasks, while
ensuring human autonomy whenever possible and requesting cooperation only when nec-
essary. Formally, the framework builds on our permissive assume-guarantee contracts for
graph games from Section 1.2.2, which can compactly represent all cooperative behav-
ior of human and robot that guarantee satisfaction of robot tasks. In particular, when
pursuing a high-level LTL task ¢, the robot strategy (i) adapts at runtime to the human
within the strategy space allowed by the permissive contract (i.e., forming a south-west-
to-north-east diagonal as pursued by the human instead of insisting on forming the other
one) to maximize cooperation whenever possible, and (ii) provides strategic feedback
to the human required by the contract only when human behavior deviates from the
contract’s assumptions and hence, the robot’s adaptation alone cannot ensure progress
towards the satisfaction of ¢ (e.g., if the human persistently removes the middle block
obscuring to form a diagonal the robot will ask the human to stop taking this move).
This minimizes human-robot interference, maximizes cooperation and preserves human
autonomy whenever possible, while still guaranteeing the eventual satisfaction of robot
tasks if the human eventually listens to the provided feedback.

We validate our approach both in simulation and on robotic hardware. In addition to
the robotic manipulation domain implementation in Figure 1.5, we evaluate our frame-
work in the Owercooked-Al simulation environment [53], a widely used benchmark for
collaborative planning with multiple agents. In this domain, the human and the robot re-
peatedly perform cooking tasks with the objective of persistently producing soups. Each
participant is assigned an independent LTL task that encodes a recipe specification. As
in the gridworld domain, these tasks are private and not known to the other. The human
behavior is simulated by a probabilistic strategy.
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In this application scenario, the advantage of using LTL specifications over com-
monly used reachability tasks becomes apparent. As both agents should produce as
many specified soups as possible, they can actually cooperate even if their specifications
are conflicting—simply by ‘taking turns’ in producing the ‘right’ soup. We show that
this intuitive cooperative behavior autonomously emerges via the online adaptation and
feedback mechanism provided by our framework. To the best of our knowledge, the com-
plexity of the emergent HR/I behavior provided by our framework thereby vastly exceeds
the capabilities of all existing approaches [158, 159, 118, 199, 224| while providing formal
guarantees.

1.2.4 Seamless Reactivity of Hybrid Control

In contrast to Sections 1.2.1 to 1.2.3, which addresses high-level synthesis problems (Fig-
ure 1.1 (top)) over finite game graphs, this contribution focuses on controller synthesis
where the underlying system exhibits non-linear continuous dynamics (Figure 1.1 (bot-
tom)). Specifically, we consider the problem of synthesizing hybrid controllers—that are
composed of a high-level logical controller that makes logical decisions and a low-level
continuous controller that actuates the underlying continuous dynamics—that ensure the
system satisfies a given linear temporal logic (LTL) specification.

One of the key challenges in this setting is the seamless integration of the high-
level logical controller with the low-level continuous dynamics. This requires reasoning
about the continuous dynamics while ensuring that the logical specification is satis-
fied. Such problems occur for instance in the control of autonomous robots deployed in
warehouses [108|, under-water inspection [123, 124], or in rescue and evacuation scenar-
ios [83, 220]. In these applications, the robots need to strategically react to any logical
context change, e.g., a newly arriving package that needs to be re-located in the ware-
house, a leak in an oil pipeline that needs to be fixed under-water, or a door that got
closed and needs to be re-opened to reach a target in a rescue scenario. These context
changes are triggered by the external environment and can occur at any time. They
must directly result in (high-level) strategic reactions of the robots that trigger new ob-
jectives of the low-level controller which, on the other hand, is able to correctly actuate
non-trivial non-linear dynamical systems.

While many of the existing approaches to hybrid controller synthesis [30, 191, 120,
116, 221| do not even allow for such logical context changes by the external environment,
those that do (see standard literature [210, 184] for an overview and tool papers [188,
51, 117, 125, 140] for tool support) typically rely on discretization-based abstraction
techniques that exhaustively discretize the continuous dynamics of the system. This
leads to a finite plant model that can be used in high-level synthesis algorithms (e.g.,
the ones presented in Sections 1.2.1 and 1.2.2), but it introduces significant conservatism
and suffers from the curse of dimensionality.

To address this limitation, we introduce a novel synthesis framework for hybrid con-
trollers that can react seamlessly to logical context changes triggered by the external
environment, while avoiding exhaustive discretization of the continuous dynamics. The
key idea is to construct an abstract plant model from the low-level continuous dynam-
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Figure 1.6: Two abstract game graphs, with Player 0 (circle) and Player 1 (square)
vertices, to model the robot control problem: without persistent live groups (left) and
with persistent live groups (S;,Ci, T;) = (V,EN (V x {Ci}),{(T3,-)}) for each i € [1;2]
(right).

ics that also captures rich liveness properties of the low-level continuous controller, i.e.,
the ability of the low-level controller to reach certain regions if persistently applied.
We achieve this by augmenting the abstract plant model with a new class of assump-
tions, called persistent live groups, which allow the high-level logical controller to reason
about the continuous dynamics in a manner that (1) still keeps the resulting logical con-
troller synthesis game computationally tractable, and (2) enables it to react seamlessly
to changes in logical context. Note that, in contrast Sections 1.2.1 to 1.2.3, which utilize
permissive assumptions to allow for more flexible behaviors of the environment or other
logical components, here we use the permissiveness of persistent live groups to capture
rich features of the low-level continuous controller.

Persistent Live Groups for Seamless Reactivity. To illustrate the need for persis-
tent live groups in continuous control systems, consider a simple robot control scenario
where the robot must react to dynamically changing target locations. Suppose there
are two non-overlapping target regions, 77 and T, and assume the existence of low-level
controllers C7 and Cs that ensure the robot reaches T; whenever the corresponding con-
troller C; is applied persistently. The high-level synthesis problem is to design a strategy
to trigger the low level controllers C; in response to the currently activated target (sig-
naled by proposition A; set to ‘true’ by the environment), such that the target region T;
is actually reached, if the respective target is persistently activated. While the correct
strategy is obvious in this case — choose C; iff A; is true — constructing a correct abstract
plant model, i.e., a game graph, that returns this strategy and allows to conclude that
T; is actually reached under this strategy, is surprisingly cumbersome.

Two possible abstract game graphs are depicted in Figure 1.6. Starting from the
initial vertex (i.e., the one with label “init”), the game alternates between the environment
(Player 1) and the controller (Player 0). From each square vertex, Player 1, representing
the environment, moves to one of its neighboring vertices (i.e., one of the circle vertices),
whose label indicates the currently activated target (i.e., which A; is ‘true’) and whether
the robot is currently in one of the target regions 7; or in the non-target region —7". Then,
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from each circle vertex, Player 0, representing the controller, chooses which controller C;
to activate by moving to one of the neighboring square vertices. In favor of readability,
we only depict the Player 0 edges corresponding to the strategy of choosing C; iff A; is
activated.

In Figure 1.6 (left) the controller only allows the environment to activate a new
target after it reached a target location, while Figure 1.6 (right) models the more realistic
scenario that the environment might activate a different target at any point, which then
allows Player 0 to activate the other controller, even if the robot is still in =7". However,
with the additional edges in Figure 1.6 (right), Player 1 can force the play to loop between
state (=T, A;) and Cj, thereby preventing the play from ever reaching 7; even if A; is
persistently active. In the physical system, however, we know that the robot will reach T;
if C; is persistently used. Intuitively, this assumption can be expressed by a persistent live
group which models that in the source region S; = V' (complete vertex set in this case),
if Player 0 persistently chooses edges from C; = EN(V x {C;}) (representing the choice
of controller C;), then the play will eventually reach the target region T; = {(T5,-)}.

In terms of the abstraction, these persistent live groups capture the fact that progress
will eventually be made without requiring to spell this out via the state space of the
abstraction, avoiding any explicit time or space discretization. Augmenting such as-
sumptions allows to directly synthesize the correct strategy from the high-level game.
Furthermore, we show that solving such augmented games can be done in similar com-
plexity as solving the original game.

Two-layered Approach for Controller Synthesis. Utilizing such persistent live
groups, we present a novel two-layered synthesis framework for hybrid controllers that
can react seamlessly to logical context changes triggered by the external environment,
while ensuring satisfaction of a given LTL specification. In particular, starting from a
non-linear dynamical system and an LTL specification ¢, we use the following key steps.
First, we solve a high-level logical game induced by the specification. Then, we build a
top-down interface which allows us to translate strategic choices from the logical level
into certified low-level controllers that actuate these choices in the continuous dynamics.
Afterwards, we build a bottom-up interface to extract relevant information about the
dynamics of these low-level controllers into a plant model augmented with persistent live
groups. We then incorporate the augmented plant model into the logical synthesis game,
thereby resulting in a game augmented with persistent live groups. Finally, we solve the
augmented game to obtain a winning strategy for the controller player, which defines a
hybrid controller that reacts to logical context changes by switching between different
low-level controllers.

Solving Games under Persistent Live Groups. While the above framework out-
lines the overall synthesis approach, a key technical challenge is to solve the resulting
games augmented with persistent live groups. As standard algorithms for solving par-
ity games are based on attractor computations, we first show that one can compute
attractors in games under persistent live groups assumptions in polynomial time. The
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idea is to iteratively increase the set of attractor states by utilizing one of the persistent
live groups. Based on this result, one can use the standard attractor-based algorithms
(e.g., Zielonka’s algorithm [225]) to solve such augmented games. Furthermore, we also
show that one can also obtain a quasi-polynomial time algorithm for solving such games
by extending the quasi-polynomial time algorithm given by Lehtinen et al. [137] and
Parys [171] for solving parity games. This shows that parity games under persistent live
groups assumptions can be solved in quasi-polynomial time, which is the best known
complexity for solving parity games in general.

1.2.5 Universal Safety Controller with Learned Prophecies

While Section 1.2.4 presented a synthesis framework that incorporates assumptions on
the plant model to ensure seamless reactivity in hybrid systems, we now turn to another
synthesis framework that considers the problem at discrete level where the abstract plant
model is assumed to be part of the input. As mentioned earlier, the standard approaches
to logical controller synthesis in this setting typically rely on constructing a game graph
from the specification and the plant model. These approaches are, however, known to
face major scalability challenges: exploring all plant behaviors in a model can lead to
an intractable explosion in the state space during synthesis. More critically, if the plant
is only available at runtime or changes over time, traditional state exploration methods
quickly become infeasible.

These severe limitations have motivated the introduction of Universal Safety Con-
trollers (USCs) [96], which shift the focus from plant-specific synthesis to the computa-
tion of a wniversal controller derived from the specification alone, whose decisions are
conditioned by so-called prophecies, i.e., assumptions on the future behaviors of the plant
model. As a result, USCs promise two major advantages: (1) generalization: USCs pro-
vide a correct solution for all realizable plant models, and (2) computational efficiency:
by focusing on the specification, USC synthesis promises to reduce the computational
burden of utilizing a complete plant model. The latter computational benefit, however, is
only achieved if prophecies are small and concise. As prophecies describe branching-time
properties of the plant (e.g., the existence of certain paths contingent on the controller’s
actions that satisfy essential properties), Finkbeiner et al. [96] use tree automata to en-
code prophecies to capture all possible future branching structure of the plant potentially
relevant for the specification. While preserving correctness and completeness, this tech-
nique renders both prophecy synthesis and prophecy verification computationally very
intense, as tree automata are notoriously difficult to handle in practice.

Our contribution addresses this limitation of the automata-based approach by in-
troducing the first learning-based algorithm for prophecy construction. Concretely, we
obtain prophecies in computation tree logic (CTL) [69], which we learn from a small set
of representative (nominal) plant models drawn from the application domain. As CTL is
a well-established branching-time temporal logic, it allows us to express rich properties
of the plant model while being amenable to efficient learning algorithms |70]. Hence, the
resulting USC offers improved efficiency and explainability through small and concise
CTL prophecies, which remain generalizable and human-readable. Note that in contrast
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Figure 1.7: A plant that models the occupancy of processors in the load balancer example.
We use * to represent edges that are taken whenever no other edge guard is satisfied.

Sections 1.2.1 to 1.2.4, where the assumptions used are linear-time properties expressed
in LTL, here, we leverage the branching-time nature of CTL to express prophecies that
capture the necessary branching structure of the plant.

A Load Balancer Example. As a motivating example, we consider the problem of
synthesizing a simple load-balancing scheduling controller, which assigns incoming tasks
to two processing units (CPUs). The load-balancing controller is specified with the
following temporal formula:

¢ = O(task — O(asgn, V asgny)) A O—overload, (1.1)

where task models the arrival of a new task and is controlled by the environment, asgn,
assigns an incoming task to either cpu; or cpuy and is controlled by the controller, and
overload means that a task was assigned to a busy processor, which is controlled by the
plant. The specification states that there should never be an overload, i.e., the controller
should never assign a task to a processor that is already busy with another task.

Ultimately, we are interested in applying the scheduler to a concrete plant model,
such as the one described in Figure 1.7. In this particular plant model, each of the
processors is busy for exactly one time-step once assigned a task. An example of a
controller that satisfies our specification for this plant, and would typically be found by
a standard synthesis algorithm, is the round-robin controller, which alternates between
assigning new tasks to the first and second CPU. The disadvantage of this controller,
however, is that it only works correctly for our specific plant. By contrast, a universal
controller is immediately applicable to an entire set of plants.

Previous work: automata-based USC synthesis. The previous approach to uni-
versal controller synthesis, UNICON [96], takes as input only a specification: the USC
is computed independently of any specific plant. For each possible output of the con-
troller, the synthesis algorithm computes the exact condition on the plant under which
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this output is correct. In our example, both asgn; and asgn, might be correct outputs,
depending on whether the respective CPU is available, and also depending on the future
availability of the CPU. For example, if, in a hypothetical plant, cpu; would become
permanently busy if used in the first step, it would only be correct to start with asgn.,.
UNICON computes a tree automaton that recognizes exactly those plants where asgn; (or
asgny, respectively) does not lead to an immediate overload and where, additionally, a
control strategy exists for the state reached by executing asgn; (or asgn,, respectively).
The tree automaton is non-trivial and difficult to interpret; we omit depicting it here.

New approach: learning-based USC synthesis. Our new learning-based approach,
UCLEARN, takes as input both the specification and a set of nominal plants which are
representative of the plants the controller will be applied to. Similar to UNICON, the
prophecies express conditions on the plants for which a certain output should be applied.
However, instead of characterizing precisely the set of plants for which a particular output
is correct, our learned prophecies separate plants for which a control output is correct
from those where the output is incorrect. This relaxation introduces a freedom of choice
in the selection of the separating condition. The precise condition computed by UNICON
is also one of the separating conditions, but typically, there are separating conditions that
are much simpler, easier to verify, and easier to understand. We find such a condition,
expressed as a temporal formula, using a learning algorithm for CTL.

Figure 1.8 shows the controller synthesized by UCLEARN for the specification of the
load-balancing controller together with the plant from Figure 1.7 as the (single) nominal
plant. The controller has three states. The initial state gy represents the case that no
task has been received yet. Here, no_asgn is a correct decision independently of the
plant. The outputs asgn,; and asgn, are allowed as long as the respective CPU is not
busy. State ¢ represents the case that a task has been received and still needs to be
assigned to a CPU. The difference to qg is that no__asgn is no longer an option. Finally,
g2 represents the case that an overload has occurred. This will never happen with the
plant from Figure 1.7, although it might happen on plants which the synthesis algorithm
has not seen. In g2, no controller output is correct, because the specification has already
been violated.

The synthesized controller is not only correct for the given plant, it also generalizes
to other plants that have sufficient CPU availability and use busy like in our example.
UCLEARN thus produces controllers that are more general than the plant-specific con-
trollers computed by classic algorithms from reactive synthesis and supervisory control,
and simpler than the universal controllers produced by UNICON.

1.2.6 Robust Computation Tree Logic

In contrast to Sections 1.2.4 and 1.2.5, where we utilized assumptions on the plant model
to address challenges in controller synthesis, now, we turn to the problem of ensuring
the robustness of logical controllers with respect to violations of such assumptions. In
practice, it is often the case that the plant model is not entirely known at design time,
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Figure 1.8: An approximate USC with CTL prophecies. Whenever the plant satisfies the
prophecy, the controller outputs the respective variable.

and thus, assumptions made about it may be violated at runtime. It is therefore crucial
to ensure that the system behaves reasonably even when the assumptions are not fully
satisfied—enabling the system to operate reliably under more permissive and uncertain
physical behaviors.

A common method for handling robustness against violation of such assumptions
is to encode them as environment assumptions within the system’s specifications, typi-
cally using the implication . = ®,, where &, represents the environment assumption
and ®, represents the system guarantee. This formulation is similar to the one used
for contracted specifications in distributed systems in Section 1.2.2, where we employed
implications to encode the specification of a component under assumptions on other
components. While such implications pose no issue in Section 1.2.2—since the assump-
tions are, by design, implementable by the respective components—this approach has
a well-known drawback in the general case: the implication is trivially satisfied when
the environment assumption ®. is violated, regardless of the system’s behavior. Conse-
quently, the system may behave arbitrarily when the environment assumption is violated,
which is clearly undesirable in practice.

To address this, many approaches in the literature have focused on making the spec-
ifications robust to violations of the environment assumption. For instance, Bloem et
al. [36], Tarraf et al. [214], Doyen et al. [82], Ehlers et al. [85], and Tabuada et al. [212, 211]
have provided different ways of introducing robustness for specifications in Linear Tem-
poral Logic (LTL). However, all of these approaches require additional assumptions or
quantitative information from the designer, which is often tedious and hard to obtain.

This drawback has motivated Tabuada and Neider [213] to introduce a new logic,
named robust LTL (rLTL), which provides robustness without relying on any additional
assumptions or input from a designer beyond an LTL formula. rLTL achieves this by
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employing multi-valued semantics that quantify how well a system satisfies a specification
under different degrees of violations of the environment assumption. Among rLTL’s
main features are its ease of use (one simply “dots” temporal operators in existing LTL
formulas) and the fact that adding robustness does not change the asymptotic complexity
of the model checking, runtime monitoring, and synthesis problems [213, 168, 169, 19,
18, 20, 153, 153, 165]. Inspired by this logic, there have been several works introducing
robust extensions of different classes of temporal logics [168, 169, 157, 226].

However, these approaches primarily address linear-time properties, which limits their
applicability to branching-time properties that can express more complex plant behavior
(including the branching-time properties required for prophecies in Section 1.2.5). For
instance, a robot operating in a building might rely on the assumption that it can always
move from room A to room B in one time step. This assumption cannot be expressed
in LTL but can be naturally stated in branching time logic such as CTL or CTL* as:
VO(A = 30 B), meaning that from any reachable state, if the robot is in room A, there
exists a path where the robot can move to room B in the next step.

To address this gap, we develop robust extensions of CTL and CTL*, which we call
robust CTL (rCTL) and robust CTL* (rCTL*), which are inspired by the notion of
robustness in rLTL. Similar to rLTL, our new logics employ multi-valued semantics to
track the degree of violations of a specification. Furthermore, our semantics is guided
by two objectives: first, the syntax of rCTL and rCTL* is similar to CTL and CTL*,
respectively; second, the notion of robustness in these logics is intrinsic rather than ex-
trinsic, i.e., robustness does not rely on the designers to provide quantitative information
about the specification, such as the number of violations permitted, ranks, cost, etc.

Demonstration of Robustness in Branching-time Logics. To illustrate the in-
tuition behind our notion of robustness, consider a specification &, = @, for a robot
deployed in an office-like environment. As before, the environment assumption on the
plant model is &, = VO(A = 30O B), which states that from every reachable state, if the
robot is in room A, then there exists a path where it can move to room B in one time
step. The system guarantee is @, = VOT, which states that the robot should be able to
perform task 7T in all reachable states at all times. In an ideal setting, we would expect
the following robustness behavior:

e If the environment (i.e., the plant model) satisfies the assumption ®., then the
robot should satisfy its guarantee ®;.

e If the assumption ®. is temporarily violated, e.g., due to office workers obstructing
the robot’s path from room A to B for a finite amount of time, such that the
environment only satisfies V< O(A = 30 B), then the robot should eventually be
able to perform its task reliably again. That is, it should satisfy VOOT.

e If the environment violates the assumption infinitely often or eventually always,

i.e., satisfies VOO(A = 3O B) or YO(A = 30O B), then the robot should satisfy
a degraded form of the guarantee VOO T or VO T, respectively.
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Table 1.1: Summary of our results (in gray) and comparison to other logics. All problems
are complete for the respective complexity class.

Model Checking Satisfiability ~Synthesis

CTL PTIME EXPTIME  EXPTIME
rCTL PTIME EXPTIME EXPTIME
LTL PSPACE PSPACE 2EXPTIME
rLTL  PSPACE PSPACE 2EXPTIME
CTL* PSPACE 2EXPTIME 2EXPTIME
rCTL* PSPACE 2EXPTIME 2EXPTIME

We show that the semantics of rCTL and rCTL* indeed capture such a notion of robust-
ness.

Expressiveness and Complexity Results. After having introduced rCTL and rCTL*,
we analyze their expressive power and compare them to existing logics such as LTL, rLTL,
CTL, and CTL*. Our key results are that rCTL is more expressive than CTL, while
rCTL* has the same expressive power as CTL*.

We also study the complexity of the verification, satisfiability, and synthesis problems
for rCTL and rCTL*. For verification, we consider the model checking problem, which
asks whether a given system satisfies a specification expressed in rCTL or rCTL*. We
provide efficient model-checking algorithms for rCTL and rCTL* to demonstrate that
both logics can be effectively used for verification. We establish that the rCTL model
checking problem is PTIME-complete and that the rCTL* model checking problem is
PSPACE-complete, which is the same asymptotic complexity as CTL and CTL* model
checking, respectively.

Moreover, we show that the satisfiability and reactive synthesis problems for rCTL
and rCTL* specifications match the exact asymptotic complexity of their non-robust
counterparts, i.e., EXPTIME-completeness for rCTL and 2EXPTIME-completeness for
rCTL*. Thus, robustness can be added to branching-time logics “for free”. Table 1.1
shows an overview over our complexity results.

1.3 List of Publications

The contents of this thesis are based on the following publications co-authored with
several collaborators.

[11] Ashwani Anand, Kaushik Mallik, Satya Prakash Nayak, and Anne-Kathrin Schmuck.
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of Systems (TACAS 2023)
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Note that most of these publications (i.e., all except [162]) list authors in alphabetic
or randomized order (generated using an author randomization tool by https://www.
aeaweb.org/ with publicly verifiable records).

1.4 Organization of the Contents

The remainder of this thesis is organized as follows, and their inter-dependencies are
illustrated in Figure 1.9. Chapter 2 introduces the basic concepts and notations used
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throughout the thesis. All subsequent chapters build upon these preliminaries to present
our contributions (outlined in Section 1.2) in detail. Chapters 3 to 6 focus on permissive
assumptions in distributed logical systems, forming Part A of the thesis, while Chapters 7
to 9 address permissive assumptions on the plant model, forming Part B.

More specifically, Chapter 3 discusses permissive assumptions in two-player games
and presents an algorithm for computing them, which is based on work published in the
proceedings of 29th International Conference on Tools and Algorithms for the Construc-
tion and Analysis of Systems [11]. Building on these results, Chapters 4 and 5 propose
negotiation-based distributed synthesis algorithms for computing permissive assume-
guarantee contracts in multi-player games. While Chapter 4 considers rational players,
based on work published in the 30th International Conference on Tools and Algorithms
for the Construction and Analysis of Systems [166], Chapter 5 focuses on cooperative
players, based on work published in the proceedings of 27th ACM International Confer-
ence on Hybrid Systems: Computation and Control [16] and in the proceedings of 22nd
International Symposium on Automated Technology for Verification and Analysis [15].
Chapter 6 utilizes these contracts to design a novel framework for permissive human-
robot interaction, based on work which is currently under review. Part B begins with
Chapter 7, which introduces a new synthesis framework that enables seamless reactiv-
ity in hybrid systems by augmenting persistent live groups as assumptions on the plant
model, based on work published in IEEE Open Journal of Control Systems [162] and
in the proceedings of 25th International Conference on Verification, Model Checking,
and Abstract Interpretation [197]. Chapter 8 presents a universal controller synthesis
framework that leverages learned prophecies to generalize controller behavior across dif-
ferent plant models, based on work to be published in the proceedings of 40th AAAI
Conference on Artificial Intelligence [97]. Chapter 9 introduces robust semantics for
branching-time temporal logics and analyzes their expressiveness and complexity, based
on work published in the proceedings of 14th International Symposium on NASA Formal
Methods [163] and in Innovations in Systems and Software Engineering [164]. Finally,
Chapter 10 concludes the thesis and outlines potential directions for future research.
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Figure 1.9: Dependencies between the chapters in this thesis. Chapters in blue (left)
form Part A on permissive assumptions in distributed logical systems, and chapters in
green (right) form Part B on permissive assumptions on the plant model.

Chapter 2 Chapter 7

Chapter 8

Chapter 9



Chapter 2

Preliminaries

In this chapter, we introduce some notation and concepts that will be used throughout
this thesis. To specify system properties, we first define linear-time formalism such as
linear temporal logic (LTL) and w-regular languages in Section 2.2, followed by branching-
time formalism such as computation tree logic (CTL) and CTL* in Section 2.3. We
then present the notation and preliminary concepts on logical controller synthesis in
Section 2.4. Next, to solve the logical controller synthesis problem, we introduce two-
player games in Section 2.5, which are widely used to model the interaction between a
controller and its environment. Finally, we extend these concepts to multi-player games
in Section 2.5.4 to model the interaction among multiple components in a distributed
system.

2.1 Notation

Numbers and Intervals. We use R to denote the set of real numbers, R to denote the
set of non-negative real numbers, and R" to denote the n-dimensional FEuclidean space.
We use N to denote the set of natural numbers including zero. Given two natural numbers
a,b € N with a < b, we use [a;b] to denote the set {n € N|a <n <b}. For any given
set [a; b], we write i Eeven [a;b] and @ €o4q [a;b] as shorthand for ¢ € [a;b] N {0,2,4,...}
and i € [a;b] N {1,3,5,...}, respectively.

Sets. Given a set S, we use 2° to denote the power set of S, i.e., the set of all subsets
of S, and |S| to denote the cardinality of S. For two sets A and B, the Cartesian product
A x B is defined as the set {(a,b) |a € A,b € B}.

Relations and Functions. For two sets A and B, a relation R C A x B, and an
element a € A, we write R(a) to denote the set {b € B | (a,b) € R} and src(R) to
denote the set {a € A|3b€ B: (a,b) € R}. A function f : A — B denotes a mapping
from every element a € A to a unique element b € B, which we write as f(a) = b.
Given a function f : A — B and a subset A" C A, we write f(A’) to denote the set
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{be B|3Jae A" : f(a) = b}, and we write f|4 to denote the restriction of f to A’ i.e.,
flar : A” — B such that for every a € A’, f|a(a) = f(a).

Languages. Let X be a finite alphabet. A word over 3 is a finite or infinite sequence
w = apay ... of symbols from 3. The notations ¥* and ¥* denote the set of finite and
infinite words over 3, respectively, and ¥X*° is equal to X* U X¥. We write € to denote
the empty word. Given two words u € X* and v € X°°, the concatenation of u and v is
written as the word uv. For a word w € 3°°, we use the following notation:

e |w| to denote its length, where |w| = oo if w is an infinite word;

e dom(w) to denote its domain, i.e., dom(w) = [0; |w| — 1] if w is a finite word and
dom(w) = N if w is an infinite word;

e w[i] to denote the i-th symbol of w for i € dom(w);
e w[i..] to denote the suffix of w from index i on for i € dom(w);

e w|x to denote its projection onto a subset X C X, obtained by removing all symbols
in w that are not in X.

2.2 Linear-Time Properties

To specify the desired behavior of systems over time, we use various linear-time prop-
erties. These properties are often expressed using linear temporal logic (LTL) formulas
or w-automata that accept infinite traces satisfying the properties. In this section, we
introduce the basic concepts of traces, LTL, w-automata, and their equivalences.

2.2.1 Atomic Propositions and Traces

Atomic Propositions. An atomic proposition is a basic statement or variable that
can be either true or false. Throughout this thesis, we define and use different sets of
atomic propositions to specify various system behaviors and properties.

Traces. Let AP be a finite set of atomic propositions and ¥ = 2*° be the alphabet
consisting of all subsets of AP. A trace over AP is an infinite word v € ¢, where each
v[i] for ¢ > 0 is a subset of AP representing the set of atomic propositions that are true
at the i-th position of the trace. For a subset of atomic propositions AP’ C AP, we write
v|apr to denote the trace 4" obtained by restricting each position of  to the propositions
in AP, i.e., 7'[i] = ~[i] N AP’ for all i > 0.

With a slight abuse of notation, we also refer to a trace v with singleton sets at each
position, i.e., y[i] = {a;} for each i > 0, as the infinite sequence apa; ... € AP“.
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Linear-Time Properties over Traces. A linear-time property usually specifies the
desired behavior of a system over time in terms of the traces it can produce. More
precisely, a linear-time property over AP defines a set of traces over AP that satisfies the

property.

2.2.2 Linear Temporal Logic

Linear Temporal Logic (LTL) [177] is a widely used formalism for specifying linear-time
properties of systems. LTL extends propositional logic with temporal operators that
allow reasoning about the ordering of events over time in infinite traces.

Syntax. LTL formulas over a set of atomic propositions AP are given by the grammar
O :=True|a|PVT|-P|OP|PUY,

where a € AP is an atomic proposition and V¥ is an LTL formula. Here, ‘True’ denotes the
formula that is always true, ‘v’ denotes disjunction, ‘=’ denotes negation, ‘O’ denotes the
next operator, and ‘U’ denotes the until operator. In addition, the truth value ‘False’ and
standard boolean operators such as conjunction ‘A’ and implication ‘=’ can be derived
as follows: False :== = True, ® A ¥ = =(=® V =¥), and & = ¥ = -d Vv U. Moreover,
the well-known temporal operators eventually ‘C’, always 0" and weak until “W’ can be
derived as follows: &@ = TrueU®, 0% = -O—P, and PW VU = (U V) vOD.

We also use a set of LTL formulas {®1, @2, ..., P} as an LTL formula which repre-
sents the disjunction of all formulas in it.

Semantics. The semantics of LTL formulas are defined over traces. A trace vy € (2*7)
is defined to satisfy an LTL formula ® over AP, written as v = ®, recursively as follows:

e v=aifaen0]
TE®PVYiIfyEDOry EY,
v E P ify E P
yEO®if4[l.] E 9

v |E ¢ U1 if there exists ¢ > 0 such that ~[i..] = 9 and for all 0 < j < ¢, we have
Wil E e

In addition, we have the following derived semantics:
e YEPAVIifyE®and vV,
e VEP=>VifyEPory =T
o v =@ if there exists ¢ > 0 such that y[i..] = ;

e yE=0O®if for all i > 0, v[i..] E P
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e 7= oW if either v = ¢ U or for all i > 0, we have v[i..] = ¢.

An LTL formula ® over AP thus defines the set of traces over AP that satisfy @, called
the language of ® and denoted by L(®) = {y € (2*7)¥ | v | ®}.

2.2.3 w-regular Properties

We also use w-regular properties to specify linear-time properties of systems. Tradition-
ally, w-regular properties are represented using w-automata that accept infinite traces
satisfying the properties.

Formally, an w-automaton over a finite alphabet ¥ = 24F is a tuple A = (Q, qo, 6, )
which consists of

e 2 finite set of states @,
e an initial state ¢y € Q,
e a transition function §: Q x ¥ — @, and

e an acceptance condition 2 C Q“.

The unique run of A from state ¢ on some trace v € 3¥°°, denoted by run(A,q,~), is
a sequence of states p € Q> with |p| = |y| + 1, p[0] = ¢, and §(p[i],v[i]) = p[i + 1]
for all ¢ € dom(vy). A run p is accepting if p € Q. The language L£(A) is the set
of all traces « for which the unique run run(A,qo,v) is accepting. Furthermore, we
write A(q) = (@, q, J,2) to denote the automaton with the same transition function and
acceptance condition but with initial state ¢, and reachable(A) to denote the set of
states that are reachable from the initial state g in A, i.e., there exists a run p of A with
p[0] = qo and p[k] = ¢ for some k > 0.

There are various types of w-automata depending on the acceptance condition €2 used.
In this thesis, we consider these acceptance conditions to be specified using LTL formulas
over @, i.e., Q@ = L(®) for some LTL formula & over the set of atomic propositions Q.
We mainly focus on the w-regular properties defined by the following LTL specifications:

e safety specification ® = OF is given by a set F' C @ of safe states, requiring
accepting runs to only visit states in F'.

o reachability specification ® = & F is given by a set F' C @ of target states, requiring
accepting runs to visit states in F' at least once.

e DBiichi specification ® = OO F is given by a set F' C @ of target states, requiring
accepting runs to visit states in F' infinitely many times.

e co-Biichi specification ® = OO F is given by a set F' C @ of target states, requiring
accepting runs to events only visit states in F.

e generalized Biichi specification ® = N\, OO F, is given by a set {F, Fy, ..., F,}
of sets F; C @ for all 1 <4 < n, requiring accepting runs to visit states in each F;
infinitely many times.
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e parity specification ® = Parity(P) is given by a priority function P: @ — [0;d]
such that P defines a partition {P[i] | ¢ € [0;d]} of the states @ with P[i] = {q €
Q | P(¢) = i} being the states with priority . In this case, Parity(P) is defined as
follows

Parity(P) = /\ OOPl] = \/ aoPy] |,
1€6da[0;d] J€even [i+1;K]

which requires that the highest priority appearing infinitely often along the accept-
ing runs to be even.

We refer to w-automata with safety, reachability, Biichi, co-Biichi, generalized Biichi, and
parity acceptance conditions as safety automata, Biichi automata, co-Bilichi automata,
generalized Biichi automata, and parity automata, respectively.

2.2.4 LTL to w-automata

It is well-known that an LTL formula can be translated into an equivalent w-automaton
with respect to the language they define.

Proposition 2.1. For every LTL formula ® over a set of atomic propositions AP, there
exists a parity automaton A over the alphabet 2** such that L(®) = L(A). We write
LTLTOAUT(®) to denote the procedure that returns such an automaton A.

Safety LTL. An LTL specification ® is said to be safety if the language L£(®) can
be expressed by a safety automaton. With this, we also use LTLTOAUT(®) to denote
the procedure that translates a safety LTL specification ® into an equivalent safety

automaton A with £(®) = L(A).

2.3 Branching-Time Properties

While linear-time properties describe the behavior of a system along a single computation
path or trace, branching-time properties allow reasoning about multiple possible future
paths that can be taken from a given state. To formalize branching-time properties,
we use Kripke structures to model the system’s states and transitions, and we intro-
duce computation tree logic (CTL) and CTL* as temporal logics for specifying these
properties.

2.3.1 Kripke Structures

A Kripke structure IC = (S,I, R, L) over a set AP of atomic propositions consists of

e 2 finite set of states 5,

e a set of initial states I C S,
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e a transition relation R C S x S such that for all states s there exists a state s’
satisfying (s,s’) € R, and

e a labeling function £: S — 24P,

We define the size of K as |S|. The set post(s) = {s’ € S| (s,s') € R} contains all
successors of s € S. A path of the Kripke structure K is an infinite sequence p € S¥
of states such that p[i + 1] € post(p[i]) for each ¢ > 0. A trace generated by a path p
is the infinite sequence of labels L(p[0])L(p[1])--- € (2*P)*. For a state s, let paths(s)
denote the set of all paths starting from s, and let Traces(K) denote the set of all traces
generated by paths starting from initial states in I.

With this, one can also define satisfaction of linear-time properties in Kripke struc-
tures as follows: a Kripke structure K satisfies a linear-time property ®, denoted by
K = @, if all traces in Traces(K) satisfy ®.

2.3.2 Computation Tree Logic

Computation tree logic (CTL) is a branching-time temporal logic that allows reasoning
about both the states and paths in a Kripke structure.

Syntax. CTL formulas are classified into state and path formulas. Intuitively, state
formulas express properties of states, whereas path formulas express temporal properties
of paths. For ease of notation, while using CTL formulas, we denote state formulas and
path formulas by Greek capital letters and Greek lowercase letters, respectively. CTL
state formulas over AP are given by the grammar

O :u=True|a | PV |- |Ip| Ve,

where a € AP, ¥ is a state formula, and ¢ is a path formula. CTL path formulas are
given by the grammar

=00 |OUY,

where ® and ¥ are state formulas.

In addition, as in LTL, we also include the usual derived operators that define the
additional state formulas False, ® A ¥, and ® = ¥, and the additional path formulas
&, 09, and PW .

Semantics. The semantics of CTL formulas are defined with respect to a Kripke struc-
ture K = (5,1, R, L) over a set AP of atomic propositions. The satisfaction relation =
for CTL state formulas (including derived ones) is defined as follows for all states s € S:

o si=aifae L(s), for a € AP,
o s=OVVUifsEPorskEY,
e s=PAVifsE=®and s =V,
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o sl D if s £ D,

e sEP=>VifsEPors =0,

e s |= Jy if there exists a path p € paths(s) such that p = ¢,
e s =V if for all paths p € paths(s), we have p = ¢.

The satisfaction relation for CTL path formulas is defined as follows for all paths p €
paths(s):

e« pEO i I £ B,
o p = O @ if there exists ¢ > 0 such that p[i] = @,
e p =0 if for all i > 0, we have p[i] = @,

e p = ®UV if there exists ¢ > 0 such that p[i] = ¥ and for all 0 < j < 4, we have
plil = @,

o pl=PWU if either p = UV or for all ¢ > 0, we have p[i] = ®.

A CTL state formula @ is satisfied in the Kripke structure K, denoted by K = @, if for
all initial states s € I, we have s = ®.

2.3.3 CTL*

CTL* is a more expressive temporal logic that extends CTL by allowing arbitrary boolean
combinations of path and state formulas. The syntax of CTL* is more complex than that
of CTL, as it allows for nested path quantifiers and a richer set of operators.

Syntax. Unlike CTL, CTL* allows path quantifiers 3 and V to be arbitrarily nested
with temporal operators. The syntax of CTL* state formulas is the same as in CTL.
Moreover, CTL* path formulas are similar to LTL formulas. Consequently, CTL* state
formulas over AP are formed according to the grammar

s=True|a | PV | =d | Jp | Vo,

where a € AP, V¥ is a state formula, and ¢ is a path formula. CTL* path formulas are
given by the grammar

pu=@| VY| |0 | U,

where ® is a state formula, and ¢ and i are path formulas.
In addition, the usual derived operators are included in both state and path formulas
as in CTL and LTL.
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Semantics. The semantics of CTL* formulas are also defined with respect to a Kripke
structure I = (S, I, R, L) over a set AP of atomic propositions. While the satisfaction
relation for CTL* state formulas is similar to that of CTL state formulas, the satisfac-
tion relation for CTL* path formulas is similar to that of LTL formulas. Formally, the
satisfaction relation = for CTL* state formulas is defined as follows for all states s € S:

e si=aif a € L(s), for a € AP,

e s=EPVUifsEPorskEY,

sEPAVIfsE®and s =V,

s P if s = P,

sEP=VifsEPors = U,

s |= Jy if there exists a path p € paths(s) such that p = ¢,
e s |= Vo if for all paths p € paths(s), we have p | .

Similarly, the satisfaction relation = for CTL* path formulas is defined as follows for all
paths p € paths(s):

o pQif p0] @,
pEeVYifpEporpEY,
pEif plE o,

pEOwif pll.] ¢,

p E @ U if there exists ¢ > 0 such that p[i..] =1 and for all 0 < j < i, we have
pli-1 = e,

p = Oy if there exists ¢ > 0 such that p[i..] = ¢,

p = DO if for all ¢ > 0, we have p[i..] E ¢,
e pE= oW if either p = U or for all i > 0, we have p[i..] = ¢.

A CTL* state formula @ is satisfied in the Kripke structure K, denoted by K |= @, if for
all initial states s € I, we have s = ®.

2.4 Logical Controller Synthesis

Logical controller synthesis aims to automatically construct a controller that ensures
satisfaction of a given specification while obeying the dynamics of the underlying system
represented by a plant model. To formally define logical controller synthesis, we consider
three processes: a controller c, its environment e, and a plant p. The interaction among
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these processes is given by an architecture that specifies how the processes communicate
through their input and output propositions. The implementation of the plant represents
the plant model and the implementation of the controller represents the controller to be
synthesized. With this setting, let us introduce the notation and preliminaries for logical
controller synthesis.

Architectures. Given three processes {c,p,e}, an architecture over a set of atomic
propositions AP is a tuple (Ie, Oe, I¢, Oc, I, Op) consisting of the input and output propo-
sitions of each process. Throughout the thesis, we assume that the sets of output propo-
sitions of all processes form a partition of AP, i.e., Oc U Op U O, = AP, and the input
propositions of each process are output propositions of other processes, i.e., I; = it O;
for all i € {c,p,e}.

Implementations. We model an implementation for a process as a Moore machine M =
(S, s, 7,0) over its inputs I and outputs O, consisting of

e a finite set of states 5,
e an initial state sy € S,
e a transition function 7 : S x 2/ — S over inputs, and

e an output labeling function o : S — 29,

For an implementation M = (S, sg, 7, 0), we write M(s) to denote the implementation
(S, s,7,0) with the same transition and output labeling function but with initial state s.

For a finite input sequence v = agay---ag_1 € (21)*, M produces a finite path
5081 - - - 81, and an output sequence o(sg)o(s1) - - - 0(sg) € (29)* such that 7(s;, o) = 841
We write out(M,~) to denote o(s;,). Similarly, for an infinite input sequence vy € (27)«,
M produces an infinite path sps;--- and an infinite output sequence o(si)o(s1)--- €
(20)«. We write Traces(M) to denote the set of all traces v € X% such that for input
sequence |7, M produces the output sequence y|o. We say that M satisfies a linear-time
specification ¢, denoted by M = ¢, if v = ¢ holds for all trace v € Traces(M).

For simplicity, we refer to the plant implementations as plants and the controller
implementations as controllers. The set of all plant implementations and controller im-
plementations are Plants and Contrs, respectively.

Parallel Composition. The parallel composition of a controller M. = (S¢, s§, 7¢, 0%)
and a plant My = (SP, sf, 7P, oP), denoted by M || My, is an implementation (S, s, 7, 0)
over inputs O, and outputs O, U Op with

e 5§ =5°x SP
* 50 = (5§, 50),
o 7((s%sP),0) = (7°(s%, 0 UoP(sP)), TP(sP, 0 U0°(s°))) for every o € 20 and

e 0((s%,sP)) = 0°(s°) U oP(sP).
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Moore Machine to Kripke Structure. A Moore machine M = (S, sg, 7,0) over
inputs I and outputs O can be transformed into an equivalent Kripke structure K =
(S’,I,R,L) over AP = [ U O, where:

e S =5 x 2! is the set of states,

I ={(s0,0) | 0 € 2!} is the set of initial states,
e RC S xS is defined by ((s,0),(s',0")) € Rif 7(s,0) = ¢, and
o L:S — 2" is defined by L(s,0) = o Uo(s).

This ensures that the set of traces generated by the Kripke structure K is equivalent to the
set of traces produced by the Moore machine M, i.e., Traces(K) = Traces(M). Hence,
the satisfaction of branching-time specifications by Kripke structures can be directly
applied to Moore machines, i.e., for a CTL or CTL* specification ®, we define M | &
if and only if K = ®.

Product with Automaton. Given an automaton A = (Q,qo,9,) and a Moore
machine M over inputs I and outputs O with 2/YC C %, we define their product
AXx M = (Q x S,(qo,s0),8,) as a partial automaton with acceptance condition €’
given by the set of runs whose corresponding run is accepting by €2, and a partial tran-
sition function ¢ : (@ x S) x ¥ — (Q x S) such that §'((g, s),0) is defined if and only if
0N O = o(s) and in that case ¢'((q, s),0) = (6(q,0),7(s,0)).

We write Runs(.A, ¢, M) to denote the set of runs p of A from state ¢ for which there
exists a corresponding run p’ of A x M with p'[i] = (p[i], s;) for each i > 0. We write
reachable(A x M) to denote the set of states (g, s) that are reachable from the initial
state (go,so) in A x M, i.e., there exists a run p of A x M with p[0] = (qo, s0) and
plk] = (¢, s) for some k > 0.

Synthesis Problems. With the above definitions, logical controller synthesis aims to
synthesize a controller that satisfies a given specification while enforcing the dynamics
of a given plant. This can be formally defined as follows.

Problem 2.1 (Logical Controller Synthesis). Given a specification ® over an architec-
ture, and a fived plant M, € Plants, the logical controller synthesis problem is to find
a controller M. € Contrs that is correct for the plant My, i.e., M¢ || Mp = @.

A plant is said to be admissible if there exists a controller that is correct for the plant.

Reactive synthesis is a special case of logical controller synthesis where there is no
explicit plant model. More formally, the architecture in reactive synthesis consists of only
two processes, i.e., a controller ¢ and its environment e. For simplicity, we just consider
I and O to denote the input and output propositions of the controller c, respectively. In
this case, an implementation of the controller M, is a Moore machine over inputs I and
outputs O. With this setting, reactive synthesis can be defined as follows.
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Problem 2.2 (Reactive Synthesis). Given a specification ® over an architecture, the
reactive synthesis problem is to find a controller M. such that M. = ®.

We refer to reactive synthesis problem where the specification is given in LTL, CTL,
or CTL* as reactive synthesis for LTL, CTL, or CTL*, respectively.

2.5 Games on Graphs

A standard approach to solving the logical controller synthesis problem (as given in
Problem 2.1) is to reduce it to a two-player graph game between the controller and
its environment. Intuitively, the game graph models all possible interactions between
the controller and its environment, possibly including restrictions imposed by the plant
model (as defined in Section 2.4), while the winning condition captures the desired logical
specification. Hence, solving the logical controller synthesis problem reduces to finding
a winning strategy for the controller in the corresponding game. In this section, we
recall the definitions of two-player graph games with w-regular winning conditions in
Section 2.5.1. We then formalize the key insight that both the logical controller synthesis
problem and the reactive synthesis problem (as given in Problems 2.1 and 2.2) can be
reduced to solving parity games in Section 2.5.2. We present standard results for solving
games with various w-regular winning conditions in Section 2.5.3. Finally, we extend
these definitions to multiplayer games that are used to model systems with multiple
components in Section 2.5.4.

2.5.1 Two-Player Games

Throughout the thesis, unless stated otherwise, we refer to games and game graphs as
two-player games and two-player game graphs, respectively, as formalized below.
Game Graphs. A (two-player) game graph is a tuple G = (V, E, vy, L) where

o V = VyWV; is a finite set of wertices partitioned into Player 0 vertices Vj and
Player 1 vertices V1,

o FCV xV isaset of edges,
e vy € V is the initial vertex, and

o L : V — 2" is a labeling function that assigns to each vertex a set of atomic
propositions from AP.

We say the game graph G is alternating if for every edge (u,v) € E, it holds that u € V}
implies v € V; and vice versa.

Without loss of generality, we assume that for every v € V there exists v/ € V s.t.
(v,v") € E. We write FEy and E; to denote the edges from Player 0 and Player 1 vertices,
respectively, i.e., Fg = EN(Vpx V) and E; = EN(V; x V). For a set of vertices V' C V|
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we write pre(V') = {fv e V| I € V': (v,0') € E} to denote the set of predecessors of
vertices in V' (and E(V’) to denote the set of successors as defined in Section 2.1).

Throughout the thesis, in many examples, we write e, to denote an edge (u,v) € E.
Furthermore, we sometimes drop the initial vertex vy and/or the labeling function L from
the notation of a game graph if it is not relevant in the context, i.e., we write (V, E') or
(V,E,v) or (V, E, L) instead of (V, E,vg, L).

Plays. A play is an infinite sequence of vertices p = wou; ... with (uj,uj41) € E
for all j > 0. Furthermore, a play from a vertex v is a play that starts from v, i.e.,
p = vujuy.... We collect all plays in the set plays(G) and all plays from a vertex v
in the set plays,(G). A play prefic or history h = vvy---vy is a prefix of some play
p=hvgy1... € V¥

Winning Conditions. Given a game graph G, we consider winning conditions (or
simply objectives) specified using an LTL formula ® over the vertex set V. In this case
the set of desired infinite plays is given by the semantics of ® over GG, which is an w-
regular language L(G,®) = L(P) N plays(G). If the game graph G is clear from the
context, we simply write £(®) instead of L(G, ®).

We specifically consider safety conditions [J1, reachability conditions < I, Biichi con-
ditions < I, co-Biichi conditions <>, and parity winning conditions Parity(P) for
some subset I C V and priority function P : V' — N as specified in Section 2.2.3.

We also consider various types of specifications that are specified using LTL formulas
over the set V U E, where edges e = (u,v) € E are used as syntactic sugar for u A Owv.

Games. A (two-player) game is a pair G = (G, ®) where
e (G is a game graph, and
e & is a winning condition over G.

A game with a safety, reachability, Biichi, co-Biichi, and parity winning condition is
called a safety game, reachability game, Biichi game, co-Biichi game, and parity game,
respectively.

Strategies. A strategy of Player p, p € {0,1}, is a function m,: V*V,, = V such that
for every hv € V*V,, it holds that m,(hv) € E(v). A strategy profile is a tuple (mg, 1) of
strategies, one for each player. A strategy is memoryless if it only depends on the last
vertex of the play prefix, i.e., m,(hv) = m,(v) for all hv € V*V},. In this case, we write
T Vp = V.

Given a strategy m,, we say that the play p = vovi... is a m,-play if vp_1 € V),
implies vy = mp(vg...vE—1) for all k € dom(p). A play that is both a mp-play and a
m1-play is referred to as a (mg, 71 )-play. We collect all m,-plays and (o, m1)-plays in the
sets plays(mp) and plays(mp, ), respectively. Furthermore, we write plays,(m,) and
plays, (mp, 1) for the corresponding sets of plays starting from v € V.
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Winning. Given a game graph GG and an objective ®, the following definitions capture
the standard notions of winning for ®.

e A play p is winning for ® if p € L(D).

e A Player p strategy m, is winning for ® from a vertex v, denoted by m, =, ®, if
plays,(m,) C L(®).

e A Player p strategy m, is winning for ®, denoted by 7, = @, if it is winning for ¢
from the initial vertex vg.

We collect all vertices from which Player p has a winning strategy for ® in the region
(e cv.

Furthermore, given a (two-player) game G = (G, ®), the following definitions capture
the standard notions of winning in zero-sum and cooperative settings.

e A play p is winning if p € L(®D).

e A strategy 7 is winning (for Player 0) from a vertex v if = =, ®. Such a vertex
v € V is said to be winning.

e A strategy is winning (for Player 0) if © = ®.
e A strategy is winning for Player 1 from a vertex v if m =, —=®.
o A strategy is winning for Player 1 if w = —®.

e A strategy profile (mp, 1) is cooperatively winning from a vertex v, if plays, (mp, 1) C
L(®). Such a vertex v € V is said to be cooperatively winning.

e A strategy profile (mg, 1) is cooperatively winning if it is cooperatively winning
from the initial vertex vg.

We collect all winning vertices and cooperatively winning vertices in the regions (0)®
and ((0,1)®, respectively. Furthermore, a strategy is called uniformly winning if it is
winning from all winning vertices and a strategy profile is called uniformly cooperatively
winning if it is cooperatively winning from all cooperatively winning vertices.

Restricted Game. Given a game graph G = (V, E, v, L) and a subset of vertices
U C V containing the initial vertex wvg, the restriction of G to U is defined as G|y =
(U, E', vy, L|y) where E' = EN(U x U) and L]y is the restriction of the labeling function
LtoU,ie., Lly(u) = L(u) for all u € U.

Analogously, given a game G = (G, ®) and a subset of vertices U C V' containing the
initial vertex wo, the restriction of G to U is defined as G|y = (G|, ®|y) where @[y is
the restriction of the winning condition ® to plays over U, i.e., L(®|y) = L(P) N U¥.
For instance, if ® is a parity winning condition Parity(P) for some priority function
P :V — N, then ®|y is the parity winning condition Parity(P|i7) where P|y is the
restriction of P to U, i.e., Ply(u) =P(u) for all u € U.
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2.5.2 Reductions to Parity Games

Games with arbitrary w-regular winning conditions and both the logical controller syn-
thesis problem and the reactive synthesis problem (as given in Problems 2.1 and 2.2)
with LTL specifications can be reduced to solving parity games. This is formalized in
the following paragraphs.

w-regular Games to Parity Games. It is well-known that every game with an arbi-
trary w-regular winning condition can be reduced to a parity game (possibly with a larger
vertex set) [93|. Specifically, given a game G = (G, ®) with an w-regular winning condi-
tion @, one can construct a parity game G’ = (G’, Parity(P)) with a bijection between
the plays of G and G’ such that a play p in G satisfies ® if and only if the corresponding
play p/ in G’ satisfies Parity(IP).

LTL to Parity Games. Another well-known result is that the reactive synthesis prob-
lem for LTL specifications (as introduced in Section 2.4) can be reduced to solving parity
games. More specifically, given an LTL formula ® over a set AP = I U O of atomic
propositions, one can construct an alternating parity game G = (G, Parity(P)) such that
every winning strategy for Player 0 in G corresponds to a controller that satisfies ®.

The intuition behind this reduction is as follows. An alternating game graph G =
(V, E,vp, L) captures the interaction between the controller (Player 0) and its environ-
ment (Player 1) as follows: starting from the initial vertex vy € Vi, in each step of a play,
first Player 1 chooses the propositions from AP; = I by choosing a successor vertex in Vj,
and then Player 0 chooses the propositions from APy = O by choosing a successor vertex
in V7. This is captured by the labeling function L such that it only assigns propositions
from AP;_, to vertices in V,, i.e., L(v) C APy, for every v € V,, and p € {0,1}. Hence,
every play p from the initial vertex in the game generates a trace over AP that captures
the sequence of propositions chosen by both players, i.e., the trace v generated by a play
p is defined such that v[i] = L(p[2i + 1]) U L(p[2i + 2]) for all i« > 0. With this and the
equivalence between LTL formulas and parity automata (as in Proposition 2.1), one can
construct a parity game G such that a play from initial vertex is winning in G if and only
if its generated trace satisfies ®.

Furthermore, we say a game G or game graph G is total w.r.t. AP’ C AP if for every
trace 7' over AP’, there exists a trace v generated by a play from initial vertex in G such
that v|ppr = +/. With this, we summarize the reduction from LTL formulas to parity
games as follows.

Proposition 2.2 ([156, Section 4|). Every LTL formula ® over AP = APy J APy can be
translated into a parity game G = ((V, E, vo, L), Parity(P)) with vg € Vi and L :=V,, —
28P1-p such that G is total w.r.t. AP. Moreover, a play from vo is winning in G iff its
generated trace satisfies P.

With Proposition 2.2, the problem of computing a logical controller which satisfies a
given specification ® (as in reactive synthesis setting without a plant) reduces to comput-
ing a winning strategy in a parity game G. Furthermore, a standard product construction
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(see standard books [93, 112] for details) with the plant model (as in Section 2.4) can be
used to extend this reduction to the setting with a plant. Hence, the logical controller
synthesis problem can be reduced to solving parity games.

2.5.3 Standard Results for Solving Two-Player Games

As the previous sections showed that Problems 2.1 and 2.2 reduce to solving parity
games, we now recall standard results for solving two-player games with various w-regular
winning conditions (see standard books [93, 112] for details).

Proposition 2.3. Given a game G = (G, ®) with n vertices and m edges, the winning
regions (0O)® and the cooperative winning regions (0, 1)® can be computed in time

m+n) if ® =01 is a safety condition;

m+n) if ® =1 is a reachability condition;

O(

O(

O(mn) and O(m + n), respectively, if ® =0 I is a Biichi condition;
O(mn) and O(m + n), respectively, if ® = GOT is a co-Biichi condition;

o n00gn) 4nd O((m 4 n)logd), respectively, if ® = Parity(P) is a parity condition
with d priorities.

We write SOLVESAFETY(G, I), SOLVEREACH(G, I), SOLVEBUCHI(G, I),
SOLVECOBUCHI(G, I), SOLVEPARITY(G,P) for the corresponding procedures to com-
pute winning regions (0)®, and SOLVECOOPSAFETY(G, I), SOLVECOOPREACH(G, I),
SOLVECOOPBUCHI(G, I), SOLVECOOPCOBUCHI(G, I), SOLVECOOPPARITY (G, P) for the
corresponding procedures to compute cooperative winning regions (0, 1)) ®.

While recent results improve the time complexity of solving parity games, i.e., com-
puting winning regions (0)®, to quasi-polynomial time [52, 122, 171], the classical
Zielonka’s algorithm [225] is known to perform well in practice even though its worst-case
time complexity is (’)(nd). Throughout the thesis, we use both Zielonka’s algorithm and
the quasi-polynomial algorithms to solve parity games depending on the context.

2.5.4 Multi-Player Games

While two-player games are sufficient to model the interaction between a controller and its
environment in monolithic systems, i.e., systems with a single controller interacting with
its environment, they are not well-suited to model distributed systems, i.e., systems with
multiple components that interact with each other. In such systems, each component
has its own specification, and for each component, the other components acts as its
environment. Hence, to model such systems, we need to consider multi-player games
with multiple winning conditions, one for each player, as detailed below.

41



k-Player Game Graphs. A k-player game graph is a tuple G = (V, E, vy, L) played
by k players in P = [0; k — 1], where

o V= UpeP V), is a finite set of vertices partitioned into £ sets such that V), is the set
of vertices for Player p,

e F. vy, and L are defined analogously to the two-player case.

For each p € P, we write E, to denote the edges from Player p’s vertices, i.e., E, =
E N (V, x V). Further, we write V-, and E, to denote the set {J,,V, and U, Eq,
respectively. Again, we sometimes drop vy and/or L from the notation of a game graph
if it is not relevant in the context.

Plays, play prefixes, winning conditions, and restrictions of multi-player game graphs
are defined analogously to the two-player case.

k-player Games. A k-player (multi-objective) game is a pair G = (G, (®p)pep) Where
G is a k-player game graph and each ®, is an objective for Player p over G. We call G a
parity game if all involved winning conditions are parity objectives.

Note that a two-player game (G, ®) can be seen as a special case of a k-player game
(G, (®p)pep) with k =2 and &g = @, &) = .

Strategies. A strategy of Player p, p € P, is a function m,: V*V,, — V such that for
every pv € V*V,, it holds that (v, my(pv)) € E. A strategy profile for a set of players
P’ C P is a tuple (mp)pep of strategies, one for each player in P’. To simplify notation,
we write P—, and 7, to denote the set P\ {p} and their strategy profile (my)sep\(p},
respectively. Given a strategy profile (mp),cpr, we say that a play p = wupuq... is a
(mp)pep -play if for every p € P’ and for all £ > 1, it holds that wy—; € V, implies
up = mp(ug ... Up—1).

Winning. Given a k-player game graph G and an arbitrary objective ¢, the following
definitions capture the standard notions of winning for ¢. Note that ¢ is not necessarily
the objective of any player in this case.

e A play p is winning for ¢ if p € L(p).

o A strategy profile (m,),ep for P' C P is winning for ¢ from a vertex v, denoted by
(mp)per o @, if every (mp)pep-play from v is in L(yp).

e A strategy profile (mp)peps for P C P is winning for ¢, denoted by (mp)pep = ¢, if
it is winning from the initial vertex.

We collect all vertices from which there exists a strategy profile for players in P’ that is
winning for ¢ in the region {(P')¢.

Furthermore, given a k-player game (G, (®p)pep), the following definition captures
the notion of winning in a fully cooperative setting.
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e A play p is winning if for every p € P, it holds that p € L(®)).

e A strategy profile (mp,)pep is winning from a vertex v, if (m,)pep =y ®p for every
pEP.

e A strategy profile (m,)pep is winning, if it is winning from the initial vertex.

We collect all vertices from which there exists a strategy profile that is winning in the
winning region (P)) /\peP ®,,. Furthermore, a strategy profile is called uniformly winning
if it is winning from every vertex in the winning region.

43



Part A

Assumptions in Distributed Logical
Systems

Part A of this thesis focuses on the permissiveness of assumptions in distributed logical
systems. Recall that such systems consist of multiple interacting components, each with
their own specification, where each component treats the others as its environment.
We are particularly interested in the problem of distributed synthesis—the automatic
construction of controllers for each component such that the overall system satisfies all
components’ specifications. While distributed synthesis is known to be undecidable in
general [176], a common and tractable variant assumes that the strategic interaction
structure among components (i.e., the plant model) is known and represented as a game
graph.

A common approach to solve such distributed synthesis problems to employ assume-
guarantee reasoning, where each component is synthesized under the assumption that oth-
ers behave in a certain way. This reduces the distributed synthesis problem to computing
an assume-guarantee contract for each component. While assume-guarantee reasoning
has proven useful in verification |28, 106, 105|, where all component implementations are
known, its application to synthesis typically encounters a chicken-and-egg problem: with-
out component implementations, no contracts can be obtained, and without contracts,
no compliant implementations can be synthesized. This leads existing methods to either
require centralization [98], impose strong rationality assumptions [60, 101, 44, 77, 99|,
or restrict assumptions to safety properties [146]. Most approaches also restrict each
component to a single strategy, leading to overly restrictive contracts.

This part of the thesis addresses these shortcomings by locally computing permissive
assumptions that retain as many feasible ways of cooperation as possible, allowing dis-
tributed implementations to be eventually discovered through iterative and distributed
refinement. In particular, our framework addresses not only safety—which naturally al-
lows for maximal permissiveness—but also enables certified interactive progress, which
is known to be very challenging even for verification.

To this end, Chapter 3 provides the foundation by formalizing permissive assumptions
and developing algorithms for computing them in a monolithic setting, where a single
controller interacts with its environment modeled as a two-player game.
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Building on this foundation, Chapters 4 and 5 extend these ideas to distributed
synthesis by modeling each component as a player in a multi-player game. In particular,
we develop negotiation frameworks—that iteratively negotiate the guarantees the players
provide to each other based on the assumptions they receive from each other—computing
permissive assume-guarantee contracts in the form of contracted specifications for each
player. Such contracted specifications enable each player to independently synthesize a
strategy that satisfies its own specification while allowing for permissive interaction with
the other players, i.e., without enforcing a single strategy profile for all players. While
Chapter 4 focuses on the setting where components interact rationally, Chapter 5 focuses
on the fully cooperative setting.

Finally, Chapter 6 applies these permissive assume-guarantee contracts to human-
robot interaction, where a robot must satisfy its specification while interacting with a
human in a shared environment. We demonstrate how the robot leverages its guarantees
to dynamically adapt its strategy, cooperating with the human whenever possible and
requesting cooperation online only when necessary to ensure assumptions are fulfilled.
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Chapter 3

Permissive Assumptions in
Two-Player Games

In this chapter, we address the problem of computing permissive assumptions in mono-
lithic systems, i.e., system with a single controller interacting with its environment. As
discussed in Section 2.5, the synthesis problem for such systems can be naturally modeled
as a two-player game between the controller (Player 0) and its environment (Player 1).
Therefore, we focus on the problem of computing permissive assumptions for two-player
games. While existing work [57, 55] on computing assumptions in two-player games fo-
cuses on sufficiency (i.e., assumptions that allow the controller to satisfy its specification)
and implementability (i.e., assumptions that can be enforced by the environment), they
do not ensure permissiveness. In this chapter, we therefore introduce and study the
notion of adequately permissive assumptions (APAs) that are sufficient, implementable,
and permissive.

To this end, we begin by formalizing the notion of APAs for two-player games in Sec-
tion 3.1. Thereafter, we introduce various local templates to capture these assumptions
and present algorithms to compute APAs for different winning conditions in Section 3.2.
We then discuss alternative formulations of permissive assumptions in Section 3.3. Fi-
nally, we report on experimental evaluations using a prototype implementation SIMPA
in Section 3.4 and review related work in Section 3.5.

3.1 Adequately Permissive Assumptions for Synthesis

Given a two-player game G, the goal of this chapter is to compute assumptions on Player 1
(i.e., the environment), such that both players cooperate just enough to fulfill ® while
retaining all possible cooperative strategy choices. Towards a formalization of this intu-
ition, we first define winning under assumptions.

Definition 3.1. Let G = ((V, E), ®) be a game and ¥ be an LTL formula over V. Then
a Player 0 strategy 7o is winning from a vertex v in G under assumption ¥, if for every
Player 1 strategy m s.t. plays(m) € £(W¥) it holds that the unique (m, 71)-play from
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v is winning in G. We denote by ((0))® the set of vertices from which such a Player 0
strategy exists.

Let us note that Definition 3.1 slightly differs from the typical linear-time setting,
where winning under assumption would be naturally defined in terms of plays instead
of strategies (as liner-time properties are defined by a set of traces as discussed in Sec-
tion 2.2). However, the choice of our formulation of ‘winning under assumption’ is in-
spired by synthesis for distributed systems. Here, strategy of the environment (i.e., other
components) might be unknown to the controller. Our definition allows us to naturally
argue that the strategy my of Player 0 (Controller) is winning for any strategy m; that
Player 1 (Environment) may choose to satisfy the assumption. Furthermore, even though
both notions (strategy-based and play-based) are not equivalent in general, they coincide
for the class of assumptions we compute. We elaborate on this later in Section 3.3.

From the above discussion, we see that the assumption ¥ introduced in Definition 3.1
weakens the strategy choices of the environment player (Player 1). We call assumptions
sufficient if this weakening is strong enough to allow Player 0 to win from every vertex
in the cooperative winning region.

Definition 3.2. An assumption VU is sufficient for (G, ®) if (0)® D (0, 1)®.

Unfortunately, sufficient assumptions can be abused to change the given synthesis
problem in an unintended way. Consider for instance the game in Figure 3.1 (left) with
® = OO{v} and ¥ = O e;. Here, there is no strategy m; for Player 1 such that
plays(m) C L£(¥) as the controller (i.e., Player 0) can always falsify the assumption by
simply not choosing e; infinitely often from vi. Therefore, any such Player 0 strategy is
winning under assumption even if ® is violated. The assumption ¥, however, is trivially
sufficient, as (0));® = V. In order to prevent sufficient assumptions to be falsifiable
and thereby enabling vacuous winning, we define the notion of implementability, which
ensures that U solely restricts Player 1 moves.

Definition 3.3. An assumption ¥ is implementable for (G, ®) if (1)¥ = V.

An assumption which is sufficient and implementable ensures that the cooperative
winning region of the original game coincides with the winning region under that assump-
tion, i.e., (0)® = (0, 1))®. However, it does not yet ensure that all cooperative strategy
choices of both players are retained, which is ensured by the notion of permissiveness.

Definition 3.4. An assumption V¥ is permissive for (G, ®) if L(®) C L(T).

As discussed before, this notion of permissiveness is motivated by the intended use
of assumptions for compositional distributed synthesis. In the simplest scenario of two
interacting components, two synthesis tasks—one for each process—are considered in
parallel. Here, generated assumptions in one synthesis task are used as additional speci-
fications in the other synthesis problem. Therefore, permissiveness is crucial to not “skip”
over possible cooperative solutions—each synthesis task needs to keep all allowed strat-
egy choices for both players intact to allow for compositional reasoning. This scenario is
illustrated in the following example to motivate the considered class of assumptions.
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Figure 3.1: Two-player games with Player 1 (squares) and Player 0 (circles) vertices.

Example 3.1. Consider the (multi-objective) two-player game in Figure 3.1 (middle)
with two different specifications for both players, namely ®q = GO{v1,v2} and ¢ =
OOf{v1}. Now consider two candidate assumptions ¥y = GO-e; and ¥ = (OO0 =
O<Oez) on Player 1. Notice that both assumptions are sufficient and implementable
for (G, ®). However, ¥ does not allow the play {v1}* and hence is not permissive
whereas Uy is permissive for (G,®y). As a consequence, there is no way Player 1 can
satisfy both her objective ®; and the assumption ¥{, even if Player 0 cooperates, since
L(®1) N L(T[) = 0. However, under the assumption ¥y on Player 1 and assumption
U; = OO—es on Player 0 (which is sufficient and implementable for (G, ®;) if we
interchange the vertices of the players), they can satisfy both their own objectives and the
assumptions on themselves. Therefore, they can collectively satisfy both their objectives.

_|

In summary, we are interested in assumptions that are sufficient, implementable, and
permissive, which we formalize in the following definition.

Definition 3.5. An assumption VU is called adequately permissive (an APA for short)
for (G, ®) if it is sufficient, implementable and permissive.

3.1.1 Discussion on Definition 3.1

We first note some simple but interesting consequences of Definition 3.1. First, we have
anti-monotonicity, i.e, if assumption ¥ is stronger than assumption ¥y (in terms of play
inclusion), and 7y is winning under Wy, then it is also winning under ¥;. As a direct
consequence of this observation, we also have conjunctivity, i.e., if my is winning under ¥,
and 7 is winning under Ws, then 7 is winning under ¥; A Uy. Interestingly, however,
Definition 3.1 does not allow for disjunctivity, i.e., if my is winning under ¥; and mq is
winning under Ws, then it need not be winning under W, vV Ws. This last observation is
illustrated by the following example.

Example 3.2. Consider the game graph in Figure 3.2 with the specification ® = OO{a}
(which requires the play to eventually only see vertex a). Then consider the assumptions
Uy = —eg UQOe; (when edge ¢ is taken for the first time, the next edge should be e;)
and Wy = —eg UQOey (when edge eq is taken for the first time, the next edge should be
e2). Notice that there is only one Player 1 strategy 71, i.e., the one that never uses edge
eo, satisfying either assumption. So, any mi-play eventually only visits vertex a, and
hence, is winning. Therefore, any Player 0 strategy is winning under either assumption.
In particular, consider the strategy mg that only uses edge e;. Then 7 is winning under
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Figure 3.2: Example game graph with Player 0 (circle) and Player 1 (square) vertices
illustrating non-disjunctivity of winning under assumption, as explained in Example 3.2.

assumption ¥; for each i. However, mg is not winning under ¥ := ¥; V ¥y = true. To
see this, note that assumption W can be satisfied by any Player 1 strategy, in particular,
the strategy m; that always uses ey from state a. It is easy to see that the combination
of 7 with 7 yields the play (abc)® that satisfies ¥ but not ®. Hence, 7 is not winning
under assumption ¥ = ¥y VvV Uy, _l

3.2 Computing Adequately Permissive Assumptions

In this section, we present our algorithm to compute adequately permissive assumptions
(APA) for parity games, which are canonical representations of w-regular games (as dis-
cussed in Section 2.5.2). For a gradual exposition of the topic, we first present algorithms
for simpler winning conditions, namely safety (Section 3.2.1), Biichi (Section 3.2.2), and
co-Biichi (Section 3.2.3), which are used as building blocks while presenting the algorithm
for parity games (Section 3.2.4).

3.2.1 Unsafe edges for Safety Games

Recall that a safety game is a game G = (G, ®) with ® := [/ for some I C V, and a play
is winning for @ if it never leaves I. Hence, it is not hard to see that APAs for safety
games only need to disallow every Player 1 move that leaves the cooperative winning
region in G. This is formalized by safety templates in the following theorem that uses
the cooperative winning region computed by the algorithm SOLVECOOPSAFETY from
Section 2.5.3.

Theorem 3.1. Let G = (G,01) be a safety game and Win = SOLVECOOPSAFETY(G, I).
Let S = {(u,v) € E| (ue ViNnWin) A (v ¢ Win)} be the set of unsafe edges, then the
safety template defined by them as

AUNSAFE(S) = D/\eGS —e, (3.1)

is an APA for the game G. We denote by ASSUMPSAFE(G,I) the algorithm computing
S as above, which runs in time O(m + n), where n = |V| and m = |E.

Proof. First, note that as the runtime of .S is dominated by the runtime of the procedure
SOLVECOOPSAFETY, which runs in time O(m + n), the algorithm ASSUMPSAFE(G,I)
runs in time O(m + n).
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Now, we show that ¥ = Ayysare(S) is an APA assumption for safety games by proving
sufficiency, implementability and permissiveness below.

» Implementability. As Win is the cooperative winning region, from every Player 1
vertex u € Win, there is a way to stay inside Win, i.e., there is an edge (u,v) € E
such that v € Win. Hence, for every Player 1 vertex u, there is an edge e which is not
unsafe, i.e., e € S. Furthermore, as S only contains Player 1 edges, it is easy to see that
Aunsare(S) is implementable by Player 1, if he does not take the edges in S ever.

» Sufficiency. For sufficiency of the assumption, consider the strategy mg for Player 0:
at a vertex v € Win, plays the transition that keeps the play in Win, and for other
vertices, plays arbitrarily. The strategy is well-defined, since if at v € Win, there is no
such transition, v would not be in Win, by definition. We will show that 7 is winning
under ¥ from every vertex in Win = (0,1)01.

Let vg € Win. Let 7 be an arbitrary strategy of Player 1 such that plays(m;) C
L(Aunsare(S)) and let p = vovr... be the unique (mp,71)-play from vg. Then p €
L(Aunsare(S)). It remains to show that p € £(O1).

Suppose p ¢ L(OI), i.e. p visits a vertex in V' \ I. As Win C I, p must also visit
a vertex in V' \ Win, i.e., v; € Win for some i. W.lo.g. assume that i is the smallest
such index, that is, for all j < 4, v; € Win. Hence, v;_1 € Win but v; € Win. As 7
only chooses edges that keep the play in Win, it must be the case that v;_; is a Player 1
vertex. Then by definition, (v;—1,v;) € S, which is a contradiction to the assumption
that p € L(Aunsare(S)). Hence, p € £(OI).

» Permissiveness. Now for the permissiveness, let p € £(OI). Suppose that p &
L(Ayxsars(S)). Then some edge (v,v’) € S is taken in p. Then after reaching v/, p still
satisfies the safety condition. Hence, by correctness of SOLVECOOPSAFETY, v/ € Win,
but then (v,v') € S, which is a contradiction. Hence, p € L(Ayxsare(9))- O

3.2.2 Live Groups for Biichi Games

Recall that a Biichi game is a game G = (G, ®) where ® = O I for some target region
I CV, and a play is winning for & if it visits the target region [ infinitely often. Similar
to the safety games, an APA for Biichi games would also need to disallow every Player 1
move that leaves the cooperative winning region in G. In addition, an APA for Biichi
games should also ensure that Player 0 can reach I from every vertex in the cooperative
winning region. More specifically, from a subset of vertices in the cooperative winning
region, where Player 0 can not move towards I without Player 1’s cooperation, APA
should ensure that Player 1 always eventually takes the edges towards I in order to
ensure progress. This can be formalized using so-called live group templates.

Definition 3.6. Let G = (V, E) be a game graph. Then a live group H = {ej}j>0 is
a set of edges e; = (s;,1;) with source vertices src(H) := {s;},5,. Given a set of live
groups H = {Hi}izoa we define a live group template as ;

Ave(H) = /\D(}src([—[i) = OO H,. (3.2)

>0
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Algorithm 3.1 AssuMpPBUCHI(G, I)

Input: G = (V =V, U Vi, E), Biichi objective ® =01, for I CV

Output: Assumption ¥ on Player 1

Win - soLvECoorBUCHI(G, I)

S < ASSUMPSAFE(G, Win)

G < Glwin, I < I N'Win > All vertices are cooperatively Biichi winning
H +—AssumMPLIVE(G, I)

return (S, H)

procedure AssuMPLIVE(G, I)
U« IH«+0
while U # V do
U < SOLVEREACH(G,U)
10: H+ En((V\U)xU)
11: H—HU{H}
12: U<+ UUsre(H)

13: return H

The live group template says that if some vertex from the source of a live group is
visited infinitely often, then some edge from this group should be taken infinitely often.
We will use this template to give the assumptions for Biichi games.

Remark 3.1. We note that a closely related work by Chatterjee et al. [57] used live
edges in their environment assumptions. Live edges are singleton live groups and are
thereby less expressive. In particular, there are instances of Biichi games, where there is
no permissive live edge assumption, but there is a permissive live group assumption', e.g.,
in Figure 1.2¢, the live edge assumption O ex AOO ea @s sufficient but not permissive,
whereas the live group assumption O sre(H) = OO H with H = {e1, e} is an APA.

Computing APAs for Biichi games. Before presenting the algorithm, let us high-
light that an APA should not use live group templates to ensure that Player 1 always tries
to make progress towards the target region I. It is only needed whenever Player 0 can
not make progress without Player 1’s cooperation, as explained in the following example.

Example 3.3. Consider the game in Figure 3.1 (right). Here marking e; as a live
group would indeed force Player 1 to make progress towards I, making it a sufficient
assumption. However, it is not permissive as the play (vav1v9)¥ € L(®) but not in the
language of the assumption. Here the permissive assumption would be ¥ = True, as
Player 0 doesn’t need any cooperation from Player 1 to reach I. _

lje., assumptions that use live group templates.
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Building on the preceding definitions and intuitions, we now present Algorithm 3.1,
which computes an APA for Biichi games. As discussed, unsafe edges are needed to en-
sure the play remains within the cooperative winning region. So, the algorithm first
computes the cooperative winning region Win in Algorithm 3.1 using the procedure
SOLVECOOPBUCHI(G, I) from Section 2.5.3. Then, the safe group S is computed via
ASSUMPSAFE(G, Win), which identifies all unsafe edges of Player 1 that must be avoided
to stay within the cooperative winning condition. With the game now restricted to the
cooperative winning region Win, the algorithm finds ways to ensure progress towards the
target region I. To achieve this, the procedure ASSUMPLIVE is used to iteratively identify
the live groups necessary for reaching the target region. ASSUMPLIVE maintains a set U
of vertices from which the target region can be reached using the current live groups. In
each iteration, U is updated by adding vertices from which Player 0 can reach I without
any cooperation from Player 1, by solving a reachability game SOLVEREACH(G, I) (in
Algorithm 3.1) using the procedure from Section 2.5.3. For vertices outside U, the pro-
cedure identifies live groups as the (Player 1) edges leading into U (in Algorithm 3.1).
The new live group H is then added to the set of live groups, and U is further updated
by including the sources of this live group (in Algorithm 3.1). This process repeats until
all vertices are included in U, ensuring that from every vertex in the cooperative winning
region, Player 0 can reach the target region I with the help of the computed live groups.
Let us illustrate the algorithm using an example before stating its correctness.

Example 3.4. Consider the Biichi game in Figure 3.3 with target region I = {vs}.
We begin by computing the cooperative winning region Win = {vg, v1, v2,v3,v4} using
SOLVECOOPBUCHI(G, I) (in Algorithm 3.1), as there is no way to reach I from vs even
with cooperation. So, we mark the edge e4 going from v4 to vs as unsafe. Next, we
restrict the game to Win and compute the live groups using ASSUMPLIVE. Initially,
we set U = I = {vsz}. In the first iteration, Player 0 cannot reach U from any vertex
(other than v3) without any cooperation from Player 1. Hence, we identify the first live
group Hy; = {eg,e3}, which are the edges from Player 1 vertices vy and vy to U (in
Algorithm 3.1). We then update U to U = {v2,v3,v4} (in Algorithm 3.1). In the second
iteration, Player 0 can reach U from v; without any cooperation from Player 1, as Player 0
can move from v; to vy directly. Hence, we first update U to U = {v1,v9,v3,v4} (in
Algorithm 3.1). Next, we identify the second live group Hy = {e; }, which is the edge from
Player 1 vertex vg to U (in Algorithm 3.1). We then update U to U = {vg, v1,ve, v3,v4}
(in Algorithm 3.1). Since now U = Win, the algorithm terminates. The resulting APA

Figure 3.3: A Biichi game with Player 0 (circle), Player 1 (square) vertices, and target
region {vs}. The dotted edges are the unsafe edges and the similarly colored thick edges
form live groups.
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is U = Aynsare(S) A ALwe(H), where S = {es}, and H = {Hy, Ho} with H; = {eg, e3}
and Hy = {e1}. _

We now state and prove the correctness of Algorithm 3.1.

Theorem 3.2. Given a game G = (G, ®) with game graph G = (V, E) and Biichi winning
condition ® = OO I, Algorithm 3.1 terminates in time O(m + n), where n = |V| and
m = |E|. Furthermore, let (S,H) be the output of the procedure AsSSUMPBUCHI(G,I),
then ¥ = Aynsare(S) A Apve(H) is an APA for the game G.

Proof. We first show that the algorithm terminates. It is enough to show that the
procedure ASSUMPLIVE terminates. Since in Algorithm 3.1, the game graph is restricted
to cooperative winning region Win, we need to show that in the procedure, U = V = Win
eventually holds. Let U; be the value of U after the I-th iteration of AssumpPLIVE(G, I),
with Uy = I. Since vertices are only added to U (and never removed) and there are only
finitely many vertices, it must be the case that Uy C Uy C ... C U, = Up41 for some
m € N.

Since the U,, C Win holds trivially, we only need to show that Win C U,,. Suppose
this is not the case, i.e. v € Win \ U,,. Since v € Win, both players cooperatively can
visit I from v. Then there is a finite path h = vgvy - - - v with vy € I and vy = v. But
since I = Uy C U,,, and v & U,y,, h enters Uy, eventually. Let [ be the largest index such
that v; & U, but vi11 € Up,.

Then if v; € Vp, it would be added to U in Algorithm 3.1 of (m + 1)-th iteration,
in which case Uy, # U,,+1. Else if vy € V1, it would be added to U in Algorithm 3.1 of
(m + 1)-th iteration since vi1 € Uy, in which case Uy, # Up,y1. In either case, we get a
contradiction. Hence, v € U,,, implying Win = U,,. Hence, the procedure ASSUMPLIVE,
and hence Algorithm 3.1, terminates.

Furthermore, as the procedure SOLVECOOPBUCHI takes O(m + n) time and the
intermediate steps also take linear time, the procedure ASSUMPLIVE runs in O(m + n)
time.

We now show that the assumption obtained is indeed an APA for the game G, by
proving implementability, sufficiency, and permissiveness.

» Implementability. As in proof of Theorem 3.1, for every Player 1 vertex, there
will be edges that are not in S. Furthermore, as ASSUMPLIVE is only used on the
game restricted to the cooperative winning region, the live groups H do not contain any
unsafe edge. Hence, by choosing edges not in S, we can ensure that the Ayysaps(S)
is implementable by Player 1. Moreover, we note that the live groups H computed
in Algorithm 3.1 contains only Player 1 edges, i.e., src(H) C Vi. That is because, if
v € Vo N sre(H), then there is an edge from v to U, and hence v € U already by
Algorithm 3.1. Hence, the assumption is easily implementable if Player 1 plays one of
these live group edges infinitely often, when the sources are visited infinitely often.

» Sufficiency. Again, let U; and m be as defined earlier. Define X; := U; \ U;_; for
1 <1< m,and Xy =Uy=1. Then every vertex v € Win is in X; for some [ € [0; m].
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Consider the strategy mg for Player 0: at a vertex v € Vy N X;, she plays the
SOLVEREACH(G, U;_1) strategy to reach U;_; (as these vertices are added in Algo-
rithm 3.1), and for other vertices, she plays arbitrarily. We show that 7 is winning under
assumption ¥ from all vertices in the cooperative winning region Win = {0, 1)< 1.

Let vg € Win. Let w1 be an arbitrary strategy of Player 1 such that plays(m) C £(V),
and p = vgv; ... be the unique (g, m1)-play from vy. Then p € L(V). It remains to show
that p € L(D).

Suppose p € L(®), i.e. inf(p) NI = 0. Note that p never leaves Win due to safety
template. Let 0 < k < m be the least index such that inf(p) N X # 0. From the
assumption, k > 0. Let v € inf(p) N Xj.

If v € Vp, by the definition of 7, every time p reaches v, it must reach Uy_1, contra-
dicting the minimality of k. Else if v € V;, then by the definition of H, infinitely often
reaching v implies infinitely often reaching SOLVEREACH(G, Ui_1). But again the play
visits Ug_1 by arguments above, giving a contradiction.

In either case, we get a contradiction, and hence, p € L(®), and vy € (0)) 4 P.

» Permissiveness. Now for the permissiveness of the assumption, let p € L(®). Sup-
pose that p & L(¥).

Case 1: If p & L(Aunsare(9)), then some edge (v,v") € S is taken in p. Then after
reaching o', p still satisfies the Biichi condition. Hence, v € Win = (0,1) O I, but
then (v,v") € S, which is a contradiction.

Case 2: If p & L(ALve(H)), then 3H € H computed in the [-th iteration such that
p visits src(H) C U; \ SOLVEREACH(G, U;_1) infinitely often, but no edge in H is taken
infinitely often. Since p € L(®), it must visit I C Uy C U;—1 € SOLVEREACH(G, U;_1)
infinitely often. By construction, H contains all edges from U; \ SOLVEREACH(G, U;_1)
to SOLVEREACH(G, U;_1), and hence, p must take edges in H infinitely often. This is a
contradiction and hence, p € L(). O

3.2.3 Co-Live Edges for Co-Biichi Games

Recall that a co-Biichi game is a game G = (G, ®) where & = O for some I C V), and
a play is winning for @ if it eventually stays in the target region I. Hence, in addition to
reaching the target region I, an APA for co-Biichi games should also ensure that Player 1
can eventually stay in I. This can be achieved by ensuring that Player 1 takes a certain
set of edges only finitely often, which is formalized using so-called co-liveness templates.

Definition 3.7. Given a game graph G = (V| F) and a set of co-live edges D C E, we
define a co-liveness template as

Acouve(D) = <>I:|/\e€D —e. (3.3)

The co-liveness template says that the co-live edges in D can be taken only finitely
often. We will use this template, along with the safety templates, to construct an APA
for co-Biichi games.
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Algorithm 3.2 AssumpCoBUCHI(G, I)

Input: G=(V=WUV,E),ICV

Output: Assumption ¥ on Player 1

Win + soLvECoorCoOBUCHI(G, I)

S < ASSUMPSAFE(G, Win)

G < Glwin, I < I N'Win > All vertices are cooperatively co-Biichi winning
D < AssuMpCOLIVE(G, I)

return (S, D)

procedure AssuMpPCOLIVE(G, )
U < SOLVECOOPSAFETY(G, I) >UCI
D+ EiN (U xV\U)
while U # V do

10: D+ DU (E;N(pre(U) x V\U))

11: U<+ UuUpre(U)

12: return D

Computing APAs for co-Biichi games. The key idea is to compute the region U
from which both players can guarantee that the play remains within the target region I.
An APA is then constructed so that the safety template ensures the play stays in the
cooperative winning region and the co-liveness templates ensure that the play does not
go away from I infinitely often.

With this intuition, we present Algorithm 3.2, which computes an APA for co-Biichi
games. Similar to Algorithm 3.1, the algorithm first computes the cooperative winning
region Win in Algorithm 3.2 using the procedure SOLVECOOPCOBUCHI(G, I) from Sec-
tion 2.5.3, and identifies the unsafe edges S. With the game graph restricted to Win,
it then computes the co-live edges D via the procedure ASSUMPCOLIVE. As previously
stated, AsSSUMPCOLIVE first computes the region U from which both players can ensure
the play stays in I (in Algorithm 3.2) using the procedure SOLVECOOPSAFETY(G,I)
from Section 2.5.3. Using this, it initializes co-live edges D with the Player 1 edges from
U to outside U (in Algorithm 3.2). This ensures that Player 1 eventually prevents the
play from leaving U. Then, it iteratively adds to D all Player 1 edges from the predeces-
sors of U to outside U (in Algorithm 3.2), until no more predecessors can be added to
U. These additional co-live edges ensure that Player 1 does take the play away from U
infinitely often. Before proving the correctness of the algorithm, let us illustrate it using
an example.

Example 3.5. Consider the co-Biichi game in Figure 3.4 with target region I = {vg, vs3}.
We begin by computing the cooperative winning region Win = {vg, v1, v2,v3,v4} using
SOLVECOOPCOBUCHI(G, I) (in Algorithm 3.2), as there is no way to reach I from vs
even with cooperation. So, we mark the edge e4 going from vy to vs as unsafe. Next,
we restrict the game to Win and compute the co-live edges using AssuMPCOLIVE. We
first compute the region U from which both players can ensure that the play stays in I,

55



Figure 3.4: A co-Biichi game with Player 0 (circle), Player 1 (square) vertices, and target
region {vy,v3}. The dotted edges are the unsafe edges and the dashed edges are the co-
live edges.

using SOLVECOOPSAFETY(G, I) (in Algorithm 3.2). In this case, we have U = {vg, v3}.
Next, we initialize the co-live edges D = {ej, e} with the Player 1 edges from U to
outside U (in Algorithm 3.2). Then, in the first iteration of the while loop, we add to D
the Player 1 edge es from the predecessor vy of U to outside U (in Algorithm 3.2), and
update U to U = {v1, v, v3,v4} (in Algorithm 3.2). In the second iteration, we add to D
the Player 1 edge eg from the predecessor vy of U to outside U (in Algorithm 3.2), and
update U to U = {wvg, v1, v2, v3,v4} (in Algorithm 3.2). Since now U = Win, the algorithm
terminates. The resulting APA is ¥ = Ayysare(S) A Acouve(D), where S = {e4}, and
D = {60,61,62,63}. _|

We now state and prove the correctness of Algorithm 3.2.

Theorem 3.3. Given a game G = (G, ®) with game graph G = (V, E) and co-Biichi win-
ning condition ® = SOOI, Algorithm 3.2 terminates in time O(m+n), where n = |V| and
m = |E|. Furthermore, let (S, D) be the output of the procedure AssumpCoBUCHI(G, I),
then U = Apynsare(S) A AcoLve(D) is an APA for the game G.

Proof. We first show that the algorithm terminates. Since we restrict the graph to the co-
operative winning region in Algorithm 3.2, We show that the procedure AssuMpPCOLIVE(G, U)
terminates when all the vertices of the game graph are cooperatively winning for the co-
Biichi objective ® = GO We claim that U = V' = Win, eventually.

Let U; be the value of the variable U after [-th iteration of the while loop, with
Uy = SOLVECOOPSAFETY (G, I). Since vertices are only added in U, Uy C U; C ... C
Up, = Upy1 for some m € N. Suppose V' & U, then there exists v € V\U,,. Since
v € Win, there is a play p = vvyvs ... from v to Uy and stays there forever. Then consider
the largest index [ such that v; € U,,, but v;y1 € U,,. Note that this index exists because
Uy C Up,. But then v; would be added to U in Algorithm 3.2 of (m + 1)-th iteration, i.e.
Up, # Upy1, which is a contradiction. Hence, v € U,,, implying Win = U,,. Hence, the
procedure AssuMPCOLIVE, and hence Algorithm 3.2, terminates.

Furthermore, as the procedures SOLVECOOPCOBUCHI takes time O(m + n) and the
intermediate steps take linear time, the overall algorithm terminates in time O(m + n).

Now, we show that the assumption obtained is indeed an APA for the game G, by
proving implementability, sufficiency, and permissiveness. Again, let U; and m be as
defined earlier. Define X; := U;\U;_; for 1 <1 < m, and Xy = Uy. Then every vertex
v € Win is in X for some [ € [0;m].
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» Implementability. We again observe that the sources of the co-live edges in D are
Player 1’s vertices and by construction, each source has at least one alternative edge
that is neither co-live nor unsafe. Hence, they can be easily implemented by Player 1,
by taking those edges only finitely often, and then eventually only taking the alternative
edges.

» Sufficiency. Consider the following strategy my for Player 0: at a vertex v € XgN Vg,
she takes edge (v,v’) € E such that v' € Xy, at a vertex v € X; NV}, for | € [1;m], she
plays the SOLVEREACH(G, U;_1) strategy to reach U;_1, and for all other vertices, she
plays arbitrarily.

Let vg € Win. Let m; be an arbitrary strategy of Player 1 such that £(m) C L(WV),
and p = vguy ... be the unique (7, m1)-play from vy. Then p € L(V). It remains to show
that p € L(®).

Since p € L(Aunsare(S)), p never leaves Win. Now suppose p € L(P), i.e. inf(p) N
(Win\ I) # 0. Let 1 < k < m be the least index such that inf(p) N X} # 0, and let
v € inf(p) N X.

Consider the case k > 1. If v € Vj, then by definition of 7, every time v is visited, p
must visit Ug_1, contradicting the minimality of k. If v € Vi, by definition of co-liveness
template D, Player 1 must eventually stop taking edges that does not lead to Uj_1,
contradicting the fact that v € inf(p).

Suppose k = 1. By previous argument, p also visits X infinitely often. Hence, some
edge from X to outside Xy must be taken infinitely often in p. Since my never takes
such edges, it must be that some edge in D (added in Algorithm 3.2) is taken infinitely
often in p, contradicting the fact that p € L(W).

In both cases, we get a contradiction, and hence, p € L(®). So, vy € (0))P.

» Permissiveness. Let p = vgv; ... such that vy € Win and p € £(P). Suppose that
p&L(Y).

Case 1: If p & Aunsare(S). Then the same argument as in the Biichi case gives a
contradiction.

Case 2: If p € Acorve(D), that is I(u,v) € D, such that p takes (u,v) infinitely
often. By the definition of D, v € Win \ Uy. As Uy is the region where both players can
cooperatively stay inside I, it must be the case that p visits outside I infinitely often.
Hence, p & L(®), giving a contradiction. So p € L(WV). O

3.2.4 Conditional Live Groups for Parity Games

Recall that a parity game G = (G, ®) is defined over a priority function P: V' — [0; k] such
that P defines a partition {P[¢] | 7 € [0;d]} of the vertices V with P[i] = {v € V | P(v) = i}
being the vertices with priority 7. In this case, ® = Parity(P) requires that the highest
priority appearing infinitely often along a winning play to be even.

As seen in the previous sections, for games with simple winning conditions which
require visiting a fixed set of edges infinitely often or only finitely often, a single assump-
tion (conjoined with a simple safety assumption) suffices to characterize APAs, as there
is just one way to win. However, in general parity games, there are usually multiple ways
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Algorithm 3.3 ASSUMPPARITY(G,P)

Input: G=(V,E), P:V —{0,1,...}
Output: Assumption ¥ on Player 1
Win <— SOLVECOOPPARITY(G, P)
S < ASSUMPSAFE(G, Win)

G <+ Glwin, P < Plwin

(H, C) +— AssumpCONDLIVE(G, P)
D + AssumPCOLIVE(G,V \ C)
return (S, D, H)

7. procedure ASSUMPCONDLIVE(G, P)

80 H<+ 0;C« 0

9: while G # 0 do

10: d + max{i | P[i] # 0}

11: if d is odd then

12: W_4 < SOLVECOOPPARITY (G |\ p(q}, P)

13: C%CU(V\Wﬁd)

14: else

15: Wy < sOLVECOOPBUCHI(G, P[d]), W_4 «+ V \ Wy
16: for all i €,44 [0;d] do

17: H + HU (Wyg NP[i], AssuMPLIVE(G|w,, Pli + 1] UP[i + 3] - - - UP[d]))
18: GFG|Wﬂd ,P%P’Wﬁ

19: P[0] + P[0] UP[d], P[d] + 0

20: return (H, C)

of winning: for example, in parity games with priorities {0, 1,2}, a play will be winning
if either (i) it only infinitely often sees vertices of priority 0, or (ii) it sees priority 1
infinitely often but also sees priority 2 infinitely often. Intuitively, winning option (i) re-
quires the use of co-liveness assumptions as in Section 3.2.3. However, winning option (ii)
actually requires the live group assumptions discussed in Section 3.2.2 to be conditional
on whether certain states with priority 1 have actually been visited infinitely often. This
is formalized by generalizing live group templates to conditional live group templates.

Definition 3.8. Let G = (V| E) be a game graph. Then a conditional live group over G
is a pair (R,H), where R C V and H is a set of live groups. Given a set of conditional
live groups H, we define a conditional live group template as the LTL formula

Acono(H) == /\(R,H)EH @OCR = Awnve(H)). (3.4)

The conditional live group template for (R, H) says that if the condition set R is
visited infinitely often, then the live group template for H must hold.

Computing APAs for parity games. With the generalization of live group assump-
tions to conditional live group assumptions, we actually have all the ingredients to define
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an APA for parity games as a conjunction of safety, co-liveness, and conditional live
group assumptions. Intuitively, we use (i) unsafe edges to prevent Player 1 to leave the
cooperative winning region, (ii) co-live edges for each winning option that requires seeing
a particular odd priority only finitely often, and (iii) a conditional live group for each
winning option that requires seeing an even priority infinitely often if certain odd priority
have been seen infinitely often.

With the above intuition, we present Algorithm 3.3, which computes an APA for
parity games. As in Algorithms 3.1 and 3.2, the algorithm first computes the cooperative
winning region Win in Algorithm 3.3 and the corresponding unsafe edges to allow Player 0
to remain within this region. Then, it uses the procedure ASSUMPCONDLIVE on the game
restricted to Win to compute the conditional live groups and the co-Biichi set, i.e., the
region which should not be visited infinitely often in order to satisfy the parity objective.

The procedure ASSUMPCONDLIVE iteratively considers the highest remaining prior-
ity d in the game. If this priority d is odd, it identifies regions W_4 where cooperatively
winning is possible without visiting vertices of this priority infinitely often (in Algo-
rithm 3.3), and adds its complement to the co-Biichi set C (in Algorithm 3.3). If the
highest priority d is even, the algorithm computes the region Wy where cooperatively
winning is possible by visiting vertices of priority d infinitely often (in Algorithm 3.3).
For this region, it computes conditional live group assumptions, which includes, every
odd priority as the condition set with the corresponding live groups to visit higher even
priorities. Then, the procedure restricts the game to the remaining region W_,4, and
restarts from Algorithm 3.3.

Once AssSUMPCONDLIVE is complete, the algorithm calls ASSUMPCOLIVE(G, V '\ C)
in Algorithm 3.3 to compute the co-live edges to allow Player 0 to ensure not visiting C
infinitely often. Finally, the algorithm combines the safety, co-liveness, and conditional
live group assumptions to obtain an APA. Before we state the main theorem of this
contribution, let us illustrate the algorithm with an example.

Example 3.6. Consider the example depicted in Figure 3.5. In Algorithm 3.3, we begin
with computing the cooperative winning region Win of the entire game, to find that
from vertex wvg, there is no way of satisfying the parity condition even with Player 1’s
cooperation, i.e., Win = {wvg,...,v5}. So we mark the edge e5 from v5 to vg to be an
unsafe edge, restrict the game to G = G|wj, and run ASSUMPCONDLIVE on the new

€4
e Pl
3d 1 5 % 4 3

Figure 3.5: A parity game with Player 0 (circle) and Player 1 (square) vertices, where
a vertex with priority 7 is labelled below with 7. The dotted edges are the unsafe edges,
the dashed edges are the co-live edges, and every colored vertices with thick similarly
colored edges forms a conditional live group.
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game.

In the new restricted game G, the highest priority is d = 5, which is odd, hence we
execute Algorithm 3.3. Now a play would be winning only if eventually the play does
not see vy any more. Hence, in Algorithm 3.3, we find the region W_5 = {vg, ..., vs,v5}
of the restricted graph G|y\pj5) (only containing nodes v; with priority P(v;) < 5)) from
where we can satisfy the parity condition without seeing vs. We add V' \ W_5 = {v4}
to the co-Biichi set C in Algorithm 3.3, which we want to ensure visiting only finitely
many times. We compute the co-live edges for this set (in Algorithm 3.3) once we have
completed the conditional live group computation.

Once we have taken care of vg, we only need to focus on satisfying parity without
visiting vq within W_5. This observation allows us to further restrict our computation to
the game G = G|w_, in Algorithm 3.3 and update the priorities to only range from 0 to
4 in Algorithm 3.3. In our example, Algorithm 3.3 does not change anything. We then
re-start from the beginning of the while loop in Algorithm 3.3.

In the restricted graph, the highest priority is 4 which is even, hence we execute
Algorithm 3.3. One way of winning in this game is to visit P[4] infinitely often, so we
compute the respective cooperative winning region Wy in Algorithm 3.3. In our example
we have Wy = W_5 = {vg,...,v3,v5}. Now, to ensure that from the vertices from which
we can cooperatively visit P[4] and win, we have to make sure that every time a lower
odd priority vertex is visited infinitely often, a higher priority is also visited. This can be
ensured by conditional live group as computed in Algorithm 3.3. For every odd priority
i <4, (ie, for i = 1 and i = 3) we have to make sure that either 2 or 4 (if i = 1) or 4
(if i = 3) is visited infinitely often. The resulting live groups H; = (R;, Hf) collect all
vertices in Wy with priority ¢ in R; and all live groups allowing to see even priorities j
with ¢ < 7 < 4 in Hf, where the latter is computed using the procedure ASSUMPLIVE
to compute live groups. The resulting live groups for ¢ = 1 (blue) and ¢ = 3 (red) are
depicted in Figure 3.5 and given by ({v1}, {{e1}}) and ({vo}, {{e2},{e1}}), respectively.

At this point we have W_4 = (0. With this the game graph computed in Algo-
rithm 3.3 becomes empty, and the procedure terminates with the current conditional
live group set and the co-Biichi set C = {vs}. Finally, we compute the co-live edges
needed to ensure visiting the co-Biichi set only finitely often. This is done by executing
AssuMpPCOLIVE(G, V' \ C) in Algorithm 3.3, which computes co-live edges e3 and e4. In
a different game graph, the reasoning done for priorities 5 and 4 above can also repeat
for lower priorities if there are other parts of the game graph not contained in Wy, from
where the game can be won by seeing priority 2 infinitely often. The main insight into the
correctness of the outlined algorithm is that all computed assumptions can be conjoined
to obtain an APA for the original parity game. _

With Algorithm 3.3 in place, we can now state the main result of this contribution,
i.e., the correctness of the procedure ASSUMPPARITY.

Theorem 3.4. Given a game G = (G, ®) with game graph G = (V, E) and parity winning
condition ® = Parity(P), Algorithm 3.3 terminates in time O(n*), where n = |V|.
Furthermore, let (S, D,H) be the output of the procedure ASSUMPPARITY(G,P), then
U = Aunsars(S) A Acorrve(D) A Aconp(H) is an APA for G.
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Proof. We prove sufficiency, implementability and permissiveness below and then analyze
the complexity of Algorithm 3.3. Let us write C to denote the set C obtained after the
procedure AsSUMPCONDLIVE is completed in Algorithm 3.3.

» Implementability. We note that by construction and by the implementability
AssuMPCOLIVE and ASSUMPSAFE, from every vertex, there is an alternative edge that
is neither unsafe nor co-live. Hence, Aynsare(S) A AcoLve(D) is implementable. Again,
by construction of the co-Biichi set C, no edge in any conditional live group is unsafe or
co-live. Hence, considering the live groups of the conditional live groups individually, by
implementability of the live group assumptions, Player 1 can choose the live group edges
(whenever the sources are visited), since they are controlled by Player 1. Therefore, the
assumption ¥ is implementable.

» Sufficiency. Note that every vertex in the cooperative winning region Win either
belongs to the co-Biichi set C or belongs to Wy in Algorithm 3.3 for some unique even
priority d. Depending on where the play currently is, we define a Player 0 strategy mg as
follows:

> For vertices in the co-Biichi set C, by the implementability of the AsSUMPCOLIVE
procedure, there is a winning strategy 7§ for Player 0 under the assumption of
AssumMPCOLIVE(G, V\C) obtained in Algorithm 3.3 (in addition to the safety assumption
Aunsars(S)). If the play is in C, then my uses the winning strategy 7§.

> Similarly, for vertices in Wy for some unique even priority d, we know that Wy
is the cooperative winning region for OO P[d] (in the restricted game) since Wy =
SOLVECOOPBUCHI(G, P[d]) as in Algorithm 3.3. Hence, by implementability of ASSUMPLIVE,
for every odd priority ¢ < d, there is a winning strategy Wg’i for Player 0 under the as-
sumption of ASSUMPLIVE(G|w,, P[i + 1]JUP[i + 3] - - -UP[d]) as obtained in Algorithm 3.3
(in addition to the safety assumption Aynsars(S)). If the play is in Wy, then 7o switches
between the winning strategies Wg’i for every odd priority ¢ < d in the order of increas-
ing 7, i.e., first uses 773’1, then when the play is repeated at a vertex in Wy, it uses 713’3,
and so on.

> For every vertex in V' \ Win, 7y plays arbitrarily.

Now, we will show that 7y is winning under the assumption W for all vertices in
the cooperative winning region Win = SOLVECOOPPARITY(G,P). Let vy € Win. Let
71 be an arbitrary strategy of Player 1 such that plays(m) C £(V), and let p be the
unique (7, 71)-play from vg. It remains to show that p € L(®), i.e., the highest priority
occurring infinitely often in p is even.

Since p € L(Ayxsare(5)), it must hold that p stays in the cooperative winning region
Win. By the definition of 7§ and since p € L(Acorve(D)), p does not visit C infinitely
often. Furthermore, by construction of the regions Wy, p cannot switch between different
Wy regions infinitely often. Hence, p eventually stays in W, for some unique even prior-
ity d. Then, by the definition of Tr(c)l’l and since p € L(Aconp(H)), if p visits a vertex with
an odd priority i < d infinitely often, then it also visits a vertex with an even priority
je{i+1,i+2,...,d} infinitely often. Therefore, p € L(P).

» Permissiveness. Now for the permissiveness of the assumption, let p € L(®).
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Using the similar arguments as in the proof of Theorem 3.2, we can show that p €
E(AUNSAFE(S))'

Furthermore, let us first show that p visits the co-Biichi set C only finitely many
times, i.e., p € L(<OO-C). Suppose not, then by construction, for some odd i, a vertex
v € V\ W, is visited infinitely often. Note that p can not be winning by visiting an
even priority j > ¢, since otherwise v would have been in SOLVECOOPBUCHI(G, P[j]) as
from v we can infinitely often visit P[j], and hence would have been removed from G for
the next recursive step. As p is winning, it does not visit P[¢] infinitely often without
visiting a higher even priority infinitely often, but then v would be in W_4, which is a
contradiction. Therefore, p visits C only finitely many times, and hence, is winning for the
co-Biichi condition GO(V \ C). Then, by permissiveness of Algorithm 3.2, p must satisfy
the assumption computed by AssSUMPCOLIVE(G,V \ C). Hence, p € L(Acorive(D)).

It only remains to show that p € L(Aconp(H)). Suppose not, then for some even
j and odd i < j, p visits W; N P[i] infinitely often but does not satisfy the live group
assumption ASSUMPLIVE(G', P[i + 1]UP[i + 3] - - - UP[j]), where G’ = G|w,. Due to the
construction of the set W, it is easy to see that once p visits Wj, it can never visit V'\ W.
Hence, eventually p stays in the game G’ and visits IP[i] infinitely often. Since p € L(®),
it also visits some vertices of some even priority > 4 infinitely often, and hence, it satisfies
OO(Pli + 1JUP[i + 3] - - -UP[j]) in G’. Since AssUMPLIVE(G', P[i + 1]JUP[i + 3] - - -UP[5])
is a permissive assumption for (G',0(P[i + 1) UP[i + 3] --- UP[j])), the play p must
satisfy AsSUMPLIVE(G',P[i + 1] UP[i + 3] - - - UP[j]), which contradicts the assumption.

» Complexity analysis. The runtime of the algorithm is dominated by the runtime
of AssuMPCONDLIVE. In every iteration of the while loop in AssuMPCONDLIVE, its
runtime is dominated by the O(n) many calls to ASSUMPLIVE. Hence, every iteration
of the while loop takes time O(n(m + n)). As there can be at most n iterations of the
while loop, the total running time of the algorithm is O(n?(m + n)) = O(n?). O

3.3 Alternative Definition of Winning Under Assumptions

We continue our discussion on the alternative definition of winning under an assumption
from Section 3.1.1. As mentioned earlier, both strategy-based and play-based defini-
tions are equivalent for the class of assumptions we consider, even though they are not
equivalent in general. To formalize this, we start by giving an alternative play-based
formulation of winning under assumption from Definition 3.1.

Definition 3.9. Let G = ((V, E), ®) be a game and ¥ be an LTL formula over V. Then
a Player 0 strategy 7 is winning from v in G under assumption ¥, if my =, (¥ = @),
i.e., every play p € plays,(mp) either fails to satisfy the assumption ¥ or satisfies the
specification ®.

It is easy to observe that a strategy my that is winning under assumption by Defini-
tion 3.9 is also winning under assumption by Definition 3.1. However, the other direction
is not true in general, as shown by the following example.
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Example 3.7. Consider the same game as in Example 3.2, i.e., the game in Figure 3.2
with specification ® = SO{a). Also, consider the assumption Wy = —egUQe; as in
Example 3.2. Then by the same arguments as before, the strategy mg, which only uses
edge e, is winning under ¥y by Definition 3.1. However, note that the play (abc) is a
mo-play and satisfies W1 but does not satisfy ®. Hence, 7y is not winning under ¥y by
Definition 3.9. _|

Interestingly, the class of assumptions we compute in this work does not allow for
examples of the sort presented above. Intuitively, this is due to the fact that these
assumptions are implementable by Player 1 and realizable by a combination of local
templates. These assumptions can therefore be enforced by only restricting the moves
of Player 1. This implies that for any mp-play p that complies with the assumption,
there does exist a strategy m; satisfying the assumption, which results in p. Hence, any
strategy mo which is winning under assumption for by Definition 3.1 is also winning under
assumption by Definition 3.9. This is formalized in the following proposition.

Proposition 3.1. Given a parity game G, let ¥ be an APA computed by Theorem 3.4.
Then, a Player 0 strategy is winning from v under ¥ by Definition 3.1 if and only if it
1s winning from v under W by Definition 3.9. Furthermore, this implies that for such
assumptions W, it holds that {(0)),® = (O)(V = ®).

Proof. Suppose a Player 0 strategy mg is winning from v under assumption ¥ by Def-
inition 3.9. Then every play p € plays,(m) either fails to satisfy the assumption ¥
or satisfies the specification ®. Hence, plays,(mg) C L(®) U L(—=¥). Now, let m be a
Player 1 strategy s.t. plays(m) C £(¥). Then, the unique (mp, 71 )-play from v belongs
to the set:

plays,(mo) Nplays(m) C (L£(®) U L(-V)) N L(T)
= (L(®)NL(Y)) U (L(—=T) N L(D))
= L(P) N L(D)
C L(D).

Hence, 7 is also winning under assumption ¥ by Definition 3.1.

Now, for the other direction, suppose 7 is winning from v under assumption ¥ by
Definition 3.1. Let p € plays,(m). If p & L(V), then we are done. Suppose p € L(¥),
then we have to show that p € L(®). We claim that there exists a Player 1 strategy
such that plays(m) C £(¥) and p is m1-play. Then, by Definition 3.1, as p is the unique
(mp, m1)-play from v, it is winning, i.e., p € L(®), and hence, we are done.

Now we only need to prove the claim. As V¥ is an implementable assumption, there
exists a Player 1 strategy 7] such that plays(nj) C L(¥). Let p = vovy---. Now, let
w1 be another Player 1 strategy such that for every play prefix h € V*V7, it is defined as
follows:

mi(h) =

U, if h = vguy -+ Vp_1
7j(h) otherwise.
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Then, clearly, p is a m-play. Now, let p’ € plays(m), then it is enough to show that
p e L(V). If p =p e L(T), then we are done. Suppose not and let h’ be the maximal
prefix of p’ that is also a prefix of p (which can also be empty). By construction, the
moves taken after the prefix b’ in p’ are compliant with 7j. As the conditional live group
templates and co-liveness templates are tail properties and are independent of prefixes,
p satisfies those templates of assumption . Furthermore, as h' is a prefix of p € L(¥)
and the moves taken after b’ in p’ are compliant with 77, the play p’ can not contain any
unsafe edges marked by assumption W. Therefore, p' € L(P). O

3.4 Experimental Evaluation

We have developed a C+-+-based prototype tool SIMPA [4] that computes Sufficient,
Implementable, and Permissive Assumptions for Biichi, co-Biichi, and parity games
as presented in Section 3.2. We first compare SIMPA against the closest related tool
GIST [57, 61] in Section 3.4.1. Subsequently, we demonstrate that SIMPA generates
small and meaningful assumptions for the well-known 2-client arbiter synthesis problem
given by Piterman et al. [174] in Section 3.4.2.

10000
1000 o el o o SIMPA GIST
L R _~ [ Mean time 64.8s | 1079.0s

= ) " b
B 10 ades T Non-timeout 64.85 | 209.2s
5] 1 aet,e ® L mean time
0.1 .Eﬁ - Timeouts (1hr) 0 (0%) | 59 (26%)
0.01 .-.l* No aSSEllgptIOD 0 (0%) 20 (9%)
001 01 1 10 1pp | &cnerate

Figure 3.6: Running times of SIMPA vs Table 3.1: Summary of the experimental re-
GIST (in seconds, log-scale) sults

3.4.1 Performance Evaluation

We compare the effectiveness of our tool against a re-implementation of the closest related
tool called GIST [61], which is no longer available from the authors?. The tool GIST
originally implements the algorithm proposed by Chatterjee et al. [57] (as discussed
in Remark 3.1) to compute sufficient and implementable assumptions (in the sense of
Definitions 3.2 and 3.3) for parity games. The assumptions computed by GIST consist of
unsafe edges and live edges (i.e., singleton live groups). Thus, the assumptions computed
by GIST are not necessarily permissive. Furthermore, as live edges are not expressive
enough to capture sufficient assumptions for all parity games (see Figure 1.2b for a simple

2The link provided in the paper is broken, and the authors informed us that the implementation is
not available. Thus, we re-implemented the algorithm described in the original paper [57].
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example where there is no sufficient assumption that can be expressed using live edges),
GIST sometimes even fails to compute any sufficient assumption, as we will see later in
this section.

We made a small modification to the termination condition of GIST for a fair com-
parison with our tool SIMPA. The original termination condition of GIST computes
assumptions only enabling a particular initial vertex to become winning. However, for
the experiments, we run GIST until one of the cooperatively winning vertices is not
winning anymore. Since GIST starts with a maximal assumption and keeps making it
smaller until a fixed initial vertex is not winning anymore, our modification makes GIST
faster as the modified termination condition is satisfied earlier. As our tool does not
depend on any fixed initial vertex and the dependency on the initial vertex makes GIST
slower, this modification allows a fair comparison.

We compared the performance and the quality of the assumptions computed by
SIMPA and GIST on a set of parity games collected from the SYNTCOMP bench-
mark suite [119]. For computing assumptions using both SIMPA and GIST, we set a
timeout of one hour. All the experiments were performed on a computer equipped with
Intel (R) Core (TM) i5-10600T CPU @ 2.40GHz and 32 GiB RAM.

We provide a summary of the experimental results in Table 3.1. In addition, Figure 3.6
shows a scatter plot, where every instance of the benchmarks is depicted as a point,
with the X and Y coordinates representing the running time for SIMPA and GIST (in
seconds), respectively. We see that SIMPA is computationally much faster than GIST
in every instance (all dots lie above the lower red line)—most times by one (above the
middle green line) and many times even two (above the upper orange line) orders of
magnitude. Moreover, GIST fails to compute any assumption in 20 instances (see the
row labeled ‘no assumption generated’ in Table 3.1), while SIMPA successfully computes
APAs for all instances. Furthermore, we note that in all cases where the assumptions
computed by GIST are actually APAs, SIMPA computes the same assumptions orders
of magnitude faster.

3.4.2 2-Client Arbiter Example

We consider the 2-client arbiter example given by Piterman et al. [174]. We show that
the assumptions computed by our tool SIMPA are similar but more permissive than the
assumptions used by Piterman et al. [174] to render the synthesis problem realizable.
Furthermore, we show that SIMPA is significantly faster and computes more permissive
assumptions than GIST on this example.

In this example, clients ¢ € {1,2} (Player 1) can request or free a shared resource by
setting the input variables r; to true or false, and the arbiter (Player 0) can set the output
variables g; to true or false to grant or withdraw the shared resource to/from client i.
The game graph for this example is implicitly given as part of the specification (as this is
a GR(1) synthesis problem, see [174] for details). We depict a relevant part of this game
graph schematically in Figure 3.7. Here, rectangles and circles represent Player 1 and
Player 0 vertices, respectively, and the double-lined vertices have priority 2 (are Biichi
vertices), while all other vertices have priority 1. The labels of the Player 0 states indicate
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Figure 3.7: Illustration of a relevant part of the game graph for the 2-client arbiter.

the current status of the request and grant bits, and in addition, remember if a request
is currently pending, i.e., F; = g; S (r; A g;), where S denotes the LTL operator “since”.
Labels of Player 1 vertices additionally remember the last move chosen by Player 0. We
see that all vertices with no pending requests have priority 2. It is known that there
does not exist a winning strategy in this game for Player 0 if the moves of the clients
(Player 1) are unconstrained.

Running SIMPA on this example yields only live group assumptions (as this is a
Biichi game and all vertices are cooperatively winning), which were computed in 0.01
seconds. The edges of one live group are indicated schematically by thick red arrows
in Figure 3.7. We see that this live group ensures that the play eventually moves to
vertices where Player 0 can force a visit to a Biichi vertex. The assumption used by
Piterman et al. [174] to restrict the clients’ behavior in order to render the synthesis
problem realizable is given by

U= /\(WAD ((ri # gi) = (ri = Ory)) AO((ri A gi) = OT)).

We see that our live group assumptions are similar but more permissive. For example,
when we persistently see states with label r1g7 and rags (e.g., cycling through states €
and @ in Figure 3.7), we enforce that eventually the edge labeled r173 needs to be taken.
On the other hand, the second and third conditions in ¥ (which are triggered by r1g1
and 7299, respectively) enforce that no other outgoing transition is allowed from state @
except for the one labeled with 173, which is strictly more restrictive.

We have also run GIST on this example. It took 6.44 seconds to compute live edge
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assumptions for unrestricted initial conditions, which is two orders of magnitude slower
than SIMPA. Further, in order to see @ infinitely often, GIST returns the live edges
O O and @ @ This assumption is not permissive, as there exist winning plays that
do not use either of these edges infinitely often. It turns out that an APA for this example
will unavoidably require live groups—singleton live edges, as computed by GIST, will
not suffice.

3.5 Related Work

To the best of our knowledge, we propose the first fully automated algorithm for com-
puting permissive assumptions for general w-regular games. We now discuss how related
work addresses different aspects of this problem.

Environment Assumption Synthesis. The problem of automatically computing en-
vironment assumptions for synthesis was already addressed by Chatterjee et al. [57].
However, in general, their class of assumptions does not allow the assumptions to be per-
missive (or even sufficient in many cases) as discussed in Remark 3.1 and Section 3.4.1.
Further, computing their assumptions is an NP-hard problem, while our algorithm com-
putes APAs in O(n*)-time for a parity game with n vertices. The difference in the
complexity arises because Chatterjee et al. require minimality of the assumptions. On
the other hand, we trade minimality for permissiveness which allows us to utilize coop-
erative games, which are easier to solve.

Cooperative Multi-Objective Games. When considering cooperative solutions of
multi-objective games (as in Section 2.5.4), related work either fix strategies for both
players [60, 101], assume a particularly rational behavior of the environment [44] or re-
strict themselves to safety assumptions [145]. In contrast, we do not make any assumption
on how the environment chooses its strategy.

Specification Repair. In the context of specification-repair in zerosum games, multi-
ple automated methods for repairing environment models exist [194, 103, 104, 152, 57].
Unfortunately, all of these methods fail to provide permissive repairs. A recent work
by Cavezza et al. [55] computes a minimally restrictive set of assumptions but only for
GR(1) specifications, which are a strict subclass of the problem considered in our work.
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Chapter 4

Negotiation Framework for Rational
Players

While Chapter 3 introduced permissive assumptions for monolithic systems modeled
as two-player games, we now apply these concepts to distributed systems comprising
multiple components, each with their own specifications. As discussed in Section 2.5.4,
such distributed systems can be modeled as k-player (multi-objective) games, where
each player represents a component with its own objective. In this chapter, we consider
settings where all players interact rationally, meaning that each player’s primary goal
is to satisfy their own objective and acts adversarially toward others only when doing
so does not jeopardize their own objective. This notion of rational interaction in graph
games was originally introduced by Chatterjee et al. [62] through the concept of secure
equilibria (SE), a refinement of the classical Nash equilibria [161]. Intuitively, an SE
is a Nash equilibrium with respect to lexicographically ordered objectives where each
player first aims to satisfy their own specification and, only secondarily, seeks to falsify
other players’ specifications. Thus, an SE can be interpreted as a contract between the
players that enforces cooperation: any unilateral selfish deviation by one player cannot
disadvantage the other players if they adhere to the SE. While this property makes SE
highly desirable, their main drawback is their restriction to a single strategy profile. To
address this limitation, we generalize the idea of SE to rationally contracted specifications
(RCS), a specification profile that allows each player to independently select a strategy
that satisfies their specification while ensuring that any resulting strategy profile is indeed
an SE.

The key insight we exploit here is that although these rationally interacting players
are intrinsically selfish and prioritize achieving their own objectives, their selfish behavior
may accidentally help others. We utilize APAs to over-approximate this selfish behavior
of other players (as illustrated in Figure 1.3 (left)) and provide novel negotiation frame-
works that iteratively refine the players’ assumptions to yield an RCS, thereby offering
a novel solution to distributed synthesis under rational interaction.

To this end, Section 4.1 introduces the notion of rationally contracted specifications
(RCS) for k-player games, generalizing secure equilibria to permissive specification pro-
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files for rational players. Next, Section 4.2 presents a semi-algorithm (as schematically
illustrated in Figure 4.1) for computing such RCSs in games with w-regular objectives.
We then propose optimized algorithms that yield a sound and efficient, though incom-
plete, synthesis procedure in Section 4.3. Finally, we discuss related work in Section 4.4.

4.1 Rationally Contracted Specifications (RCS)

To formalize the interaction of rational players, we use the concept of secure equilib-
ria (SE) [62], which refines the classical notion of Nash equilibria [161]. Intuitively, a
strategy profile is an SE if no player can improve their outcome (i.e., payoff defined
with respect to the satisfaction of specifications) by unilaterally changing their strategy,
where improvement is defined with respect to a preference order on outcomes. In partic-
ular, we consider the preference order where every player’s primary objective is to satisfy
their own specification and, as a secondary objective, to falsify the specifications of other
players. We begin by formalizing secure equilibria below.

Secure Equilibria. Given a k-player game G = (G, (®p)pep) and a strategy profile
(7p)pep, we define a payoff profile, denoted by payoff((mp)pep), as the tuple (val,)pyecp
such that val, = 1 if and only if (7y)pep = ®p. With this, we can define a Player ¢
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preference order <, on payoff profiles lexicographically, such that

(valy)per <q (valy)pep if and only if
—val; < valg; or

— val, = val, with (Vp € P.val, > val;) and (3p € P.val, > valy).

Intuitively, this preference order captures the idea that Player g prefers payoff profiles
where they satisfy their own specification ®, over those where they do not. Among the
payoff profiles where Player ¢ satisfies their own specification, they prefer those where
more of the other players’ specifications are falsified.

Definition 4.1 ([62]). Given a k-player game G = (G, (®,)pep), a strategy profile (mp)pep
is a secure equilibrium (SE) if for all p € P, there does not exist a strategy 7r1’) of Player p
such that payoff((mp)pep) <p payoff(m, m—p)'.

It is well known that every secure equilibrium is also a Nash equilibrium in the classical
sense (see the original work on SE [62] for details). Within this work, we primarily
consider winning secure equilibria (WSE), i.e., SE with the payoff profile (val, = 1),cp.
Since WSEs have a trivial payoff profile, they can be characterized without referring to
payoffs, as formalized next.

Definition 4.2. Given a k-player game (G, (®p)pep), a strategy profile (mp),ecp is a
winning secure equilibrium (WSE) if (i) (mp)pep = A, cp @p; and (ii) for every strategy
m, of Player p, if (), mp) & A\, ®q holds, then (m,, m,) = @, holds.

Intuitively, (i) ensures that the strategy profile satisfies all player’s objective, whereas
(ii) ensures that no player can improve, i.e., falsify another player’s objective without
falsifying their own objective, by deviating from the prescribed strategy.

Rationally Contracted Specifications. As stated in the original work on SE [62,
p.68], an SE (or a WSE) can thus be interpreted as a contract between the players
which enforces cooperation: any unilateral selfish deviation by one player cannot put
the other players at a disadvantage if they follow the SE. While this property makes SE
very desirable, their main draw-back, as most prominently pointed out by Brenguier et
al. [44], is their restriction to a single strategy profile. This, in combination with classical
engines [100, 91] for reactive synthesis (as stated in Problem 2.2) typically preferring small
and goal-oriented strategies, incentivizes “immediate punishment” of deviations from an
SE strategy profile in the final implementation.

Example 4.1. To illustrate this effect, consider the game depicted in Figure 4.2, taken
from the original paper on SE [62]. Here, an SE can be described as follows: if Player 1
always chooses v3 — t1 (forming 1) and Player 0 always chooses vy — to and tg — vs
(forming mp), then both satisfy their specifications; if Player 1 deviates by choosing

'Recall that -, represents the strategy profile (7q) qer\{p}> and hence, we use (mp, 7-p) to represent
the strategy profile that extends m—, with a strategy m, for Player p.
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1] (vs]

Figure 4.2: A two-player game with Player 1’s vertices (squares), Player 0’s vertices
(circles) where Player p’s specification ®, =<t is to visit ¢, infinitely often.

vy — to (risking falsification of ®g), then Player 0 can retaliate by choosing ty — v4
(ensuring falsification of both specifications); similarly, if Player 0 deviates by choosing
vo — vs (risking falsification of ®1), then Player 1 can retaliate by choosing vs — vy
(ensuring falsification of both specifications). Clearly, the strategy profile (mg, 1) is an
SE—in particular, a winning SE as both players satisfy their specifications when following
it. However, since the outlined retaliating strategies (7, 7]) are also part of the final
implementation generated from this SE, any play that deviates from (mg,m1) only once
causes the game to end up in a loop at vg4, resulting in neither player satisfying their
objectives. Intuitively, this way of implementing SE-based strategies makes components
act rationally by ensuring that a deviation from the contract is immediately punished.
Having the interpretation of an SE as a contract in mind, it is however very appealing
to think about the realization of this contract in the final implementation in a more
permissive way. Intuitively, in the game depicted in Figure 4.2, both players can satisfy
their specifications ®,, without the help by the other player, as long as the play does not
go to v4. In particular, whenever both players independently choose a strategy m, which
ensures that they (i) never take their edge to vs and (ii) satisfy ®, for every strategy
m-p of the other player that also never takes their edge to v4, forms an SE strategy
profile (7o, 71). These minimal cooperation obligations for an SE can be interpreted as a
specification profile (o, 1), s.t. @o := VoA (V1 = @¢) and @1 := ¥ A (Vg = P;), where
Wy = Aunsars(Ctovs)? and U1 = Ayysars(€ogu,) express the above discussed assumption
that Player p does not move to v4 from their vertex. Intuitively, ¥, captures the idea that
Player p never takes the edge to vy, and (¥;_, = ®,) captures the idea that Player p
satisfies their specification ®, assuming that the other player Player 1 — p also never
takes the edge to vs. It turns out, that this new specification profile (o, 1) has three
nice properties: (i) it is decentralized, i.e., Player p has a strategy m, that satisfies ¢, in
a zero-sum sense, (i.e., no matter what the other player does), (ii) it is sound, i.e., every
strategy profile (mp, 71), where Player p’s strategy m, satisfies ¢, (in a zero-sum sense) is
a winning SE, and (iii) it is mazimal meaning it does not lose any cooperative solution,
ie.,, g APy = g A 1. Conceptually, this allows us to move from deviation-punishment
in SE-based implementations to a distributed, assume-guarantee based realization of SE.
_

Based on the insights gained from Example 4.1, we now generalize this idea of moving

2Recall that we use ey, to denote the edge from u to v.
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from a single SE strategy profile to a more permissive specification profile that allows
each player to locally and fully independently pick a strategy that is winning for their
specification. To formalize this, we define the notion of rationally contracted specifications
(RCS) that collects potentially infinitely many secure equilibria into a specification profile
as follows.

Definition 4.3. Given a game (G, (®p)pcp), a specification profile (¢p)pep is said to be
a rationally contracted specification (RCS) if it is both

(i) decentralized: it holds that vy € (p)) ¢, for all p € P;

(i) sound: any (mp)pep With m, = ¢, is a WSE.
In addition, RCSs are called mazimal?® if L(Npep op) = LIN\pep Pp)-

Intuitively, decentralization ensures that every player can independently realize their
specification ¢, from the initial vertex vg. Further, soundness ensures that any such local
realization results in a WSE. Finally, maximality ensures that the transformation of the
specifications (®,)pep to an RCS (pp)pep does not lose any winning play. Therefore, such
RCSs allow all players to have more permissive behavior while still ensuring the rational
interaction of players.

4.2 Computing RCS in Multi-Player Games

This section proposes an iterative semi-algorithm? of negotiation (as intuitively out-
lined before and illustrated in Figure 4.1) to compute RCS by utilizing the concept of
adequately permissive assumptions (APA) from Chapter 3. The main idea is to over-
approximate the way in which players (accidentally) help each other by letting each
Player p compute an APA W, on themself (as illustrated in Figure 1.3 (left)). Recall
that such an APA ¥, collects all restrictions on Player p strategies (i.e., moves they choose
themself ) s.t. the resulting play can be winning for @, if others cooperate (somehow). It
therefore over-approximates the set of all Player p strategies which could possibly form a
WSE with the other players. As a consequence, the intersection ¥, = /\qyfp v, under-
approzimates the way in which other players (accidentally) help Player p. In order to
refine this approximation, the next computation round can now use the APAs of other
players when computing new local APAs.

In order to properly formalize this idea, we first need to adapt the definition of APAs
for multi-player games in Section 4.2.1 and show how to refine them iteratively with the
help of other players’ APAs in Section 4.2.2. Finally, we present the semi-algorithm to
compute RCS in Section 4.2.3.

4.2.1 APAs for Multi-Player Games

Adapting from Definitions 3.2 to 3.5, we define APAs on a player in a multi-player game
as follows.

3We have not included maximality into the definition of RCS as we will later see in Chapter 5 that
there exist contracted specifications which are not maximal.
4A semi-algorithm is an algorithm that is not guaranteed to halt on all inputs.
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Definition 4.4. Given a k-player game graph G = (V, E,vg) and a specification @, we
say that an assumption W, is an adequately permissive (APA) on Player p for ® if it is

(i) sufficient: (P-p)(V, = ®) = (P)P
(ii) implementable: (p)¥, = V; and
(iii) permissive: L(W¥,) D L(P).

Note that, due to equivalence between Definition 3.1 and Definition 3.9 as discussed
in Section 3.3, the sufficiency condition here indeed captures the generalization of the
original sufficiency definition in Definition 3.2 to multi-player games. Here, the intuition
behind an APA is that even if a player can not realize a specification ®, they should
at least satisfy an APA on them as it will allow them to realize ® if the other players
are willing to help (sufficiency). Further, such a behavior by Player p does not prevent
any WSE (permissiveness), and Player p can individually choose to satisfy an APA
(implementability).

It is easy to see that computing such an APA on Player p can be reduced to computing
APA on Player 1 in a 2-player game by considering Player p as Player 1 and all other
players as Player 0. We can therefore use Theorem 3.4 from Chapter 3 to compute APAs
for two-player parity games in polynomial time.

Corollary 4.1. Given a k-player game graph G = (V, E,vg) and a parity specification
& = Parity(P), an APA on Player p for ® can be computed in time O(|V|*). We write
CoMPUTEAPA(G, ®,p) to denote the procedure that returns this APA.

Remark 4.1. We note that Corollary 4.1 also provides a method to compute APAs for
games with LTL- or w-reqular specifications as such games can be converted into parity
games (possibly with an extended game graph) by standard methods (as discussed in Sec-
tion 2.5.2). Therefore, with a slight abuse of notation, we will also call the procedure
CoMPUTEAPA(G,®,p) even if ® is not a parity specification, with the understanding
that the game is always converted into a parity game first. This might incur an exponen-
tial blowup of the state space. As we call COMPUTEAPA repeatedly to compute RCS, this
blowup might cause non-termination (see Section 4.2.6 for details). In order to obtain
a (non-optimal but) terminating algorithm for RCS computation, we will mitigate this
blowup later in Section 4.3.

4.2.2 Iterative Refinement of APAs

With the above results, we can use the algorithm COMPUTEAPA on a game (G, (®})pep)
to compute APAs for each player, i.e., ¥, := COMPUTEAPA(G, ®,,p). As outlined
previously, we will iteratively refine these computed APAs (cf. Figure 4.1 (upper middle))
to finally compute the RCS. In order to do so, we want to condition the computation of the
next-round APA \I/; on the previous-round APAs of all other players ¥_,,, as any secure
strategy of players in P—,, is incentivized to comply with W_,. The most intuitive method
to do this is to simply consider ¥_, = ®, as the specification for APA computation
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in the next round. However, the way sufficiency is formulated for APAs prevents this
approach, as the implication ¥_, = ®,, is true if ¥_,, is false. As there obviously exists
a strategy profile m—, which violates W_,,, the sufficiency condition becomes meaningless
for this specification.

However, as we know that W_, are APAs, their implementability ensures that Player p
can neither enforce nor falsify them. Therefore, a new specification CID;, =V_, A D, still
puts all the burden of satisfying W_,, to players in P, and hence, implicitly constrains
the choices of P, to strategies complying with W_, for sufficiency of the new APA.
However, using <I>; = WV¥_, A ®, indeed weakens the permissiveness requirement E(\I/;) )
L(® ANV_y), ie., the new APA W) needs to be more general than the specification @,
only when the assumption ¥_, holds. With these refined conditions for sufficiency and
permissiveness, it becomes evident that an APA for specification ® under assumption
V_,, is equivalent to an APA for the modified specification ¥_, A ®, as formalized below.

Definition 4.5. Given a k-player game, a specification ®, and an assumption ¥_,, we
say that the specification ¥, is an APA on Player p for ®, under ¥_,, if it is an APA on
Player p for specification W_, A ®.

Following Remark 4.1, we denote by COMPUTEAPA(G, V-, A ®,p) the algorithm
which computes APAs on Player p for ® under assumptions ¥—,, even though V_, A ®
is typically not a parity specification over GG anymore.

4.2.3 Computing RCS

Using all the intuition discussed before, we now give a semi-algorithm of negotiation
in Algorithm 4.1 (as schematically illustrated in Figure 4.1) to compute RCS for k-
player games with w-regular specifications for all players. The main idea is to iteratively
compute assumptions (V,),ep on every player and check if they are stable enough so that
every player can satisfy their actual specification ®, under the assumption ¥_,. If not,
then, in the next iteration, we compute new assumptions (\I/;)pep that are stricter than
earlier ones, i.e., £L(W}) C L(W¥,) but still more general than their specifications under
the earlier assumption, i.e., L(¥}) 2 L(U-, A D).

More specifically, we start with ¥, = True for each p € P in the first iteration (as
in Algorithm 4.1 and cf. Figure 4.1 (upper middle)), and then in every iteration, we
want each player to satisfy ¢, = ¥, A (V-, = ®,) (computed in Algorithm 4.1) by
themselves, i.e., always satisfy their assumption ¥, and satisfy specification ®, whenever
others satisfy their assumptions W—_,. Note that, in this part of the algorithm it is correct
to use this implication-style specification, as it is used for solving a zero-sum 2-player
game between Player p and its opponent (i.e., the collection of all other players in P—,) for
the specification ¢,. The winning regions (p))¢, for each such zero-sum 2-player game
are then intersected in Algorithm 4.1 to obtain the winning region that is achievable by
any strategy profile (mp),ep Where m, is a winning strategy of Player p w.r.t. ¢, (in a
zero-sum sense). If this resulting winning region contains the initial vertex, then each
player can realize their specification ¢, by themselves from the initial vertex (Figure 4.1
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Algorithm 4.1 CoMPUTERCS(G)

Input: A k-player multi-objective parity game G = (G = (V, E, vg), (®p)pep)-
Output: A rationally contracted specification (¢p)pep.

1. W, < True Vp € P

2: return RECURSIVERCS(G, (V) pep)

3: procedure RECURSIVERCS(G, (¥),)pep)

4 Vo N\, YgVPEP

5 op e Y,AN (Y, =>P,) VpEP

6: if vy € (,ep{(P)p then

7: return (¢,)pep

8 U, < ¥, A COMPUTEAPA(G, U, A ®),,p) Vp € P
9

return RECURSIVERCS(G, (V},)pep)

(lower middle)). Hence, we return the specification (¢,)pep (as in Algorithm 4.1 and cf.
Figure 4.1 (bottom)), which is proven to indeed be a maximal RCS in Theorem 4.1.

If this is not the case, we keep on strengthening APAs, as discussed in Section 4.2.2,
to make the above mentioned zero-sum 2-player games easier to solve (as they can rely on
tighter assumptions now). Hence, we call COMPUTEAPA with the modified specifications
@}, := W, A @, for all players (Algorithm 4.1).

Example 4.2. Before proving the correctness of the (semi) Algorithm 4.1, let us first
illustrate the steps using an example depicted in Figure 4.3. In Algorithm 4.1, we begin
with Uy = W1 = True and run the recursive procedure RECURSIVERCS in Algorithm 4.1.

Within the first iteration of RECURSIVERCS, in Algorithm 4.1, we set ¢, = ®, as
U, = True for all p € [0;1]. Then, in Algorithm 4.1, we check whether each player can
satisfy ¢, = ®, without cooperation (i.e., in a zero-sum sense), from the initial vertex
vp. As no player can ensure that, we move to Algorithm 4.1. Here, as ¥, = True for
p € [0;1], the new assumptions W}, is an APA computed by COMPUTEAPA(G, ), p).
This gives us ¥, = OGO-epp and W) = O-(e12 Aega) AOO—ero. Intuitively, ¥) ensures
that edges, i.e., v1 — v2 and v3 — vy, leading to the region from which it is not possible
to satisfy ®; are never taken; and the edge, i.e., v;1 — vy, restricting the play to progress

Figure 4.3: A two-player game with initial vertex vy, Player 1’s vertices (squares),
Player 0’s vertices (circles), edges e;; = (v,v;), and specifications &g = OO{va, vs}
and ®; = OO{vs}-
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towards target vertex vs (as in ®1) is eventually not taken. Similarly, ¥y ensures that the
edge vg — vg is eventually not taken that ensures progress towards ®g’s target vertices
{vg,v5}.
In the second iteration, we again compute the new potential RCS (¢1, o) with ¢, =
U, A (Y-, = ®,) in Algorithm 4.1. In Algorithm 4.1, we find that vy & (1))¢1. That is
because Player 1 cannot ensure satisfying ®; even when Player 0 satisfies ¥ as Player 0
can always use edge vg — vs leading to the play (vovs)“ ~ ®1. Hence, in Algorithm 4.1,
the APA under ¥, gives a more restricted assumption on Player 0: ¥(, = GO (egoAeos).
As the assumption ¥y on Player 0 was very weak, the APA on Player 1 under Vg results
in the same assumption as ¥y, and hence, ¥} = ¥;. Then, we move to the third iteration.
In this iteration, we find that both players can indeed satisfy their new specification
¢p from the initial vertex in Algorithm 4.1. Hence, we finally return an RCS (o, ¢1) with
Yp = \I/p/\(\lfﬂp = (I)p) where Vg = <>|:|ﬂ(€00/\€03) and ¥y = |:|—|(€12/\634)/\<>|:|—|(€10).
_l

Remark 4.2. Let us remark that for the game depicted in Figure 4.3, the closely related
approach of assume-admissible (AA) synthesis [44] has no solution. AA-synthesis utilizes
a different, incomparable definition of rationality based on a dominance order. In their
framework, a Player p strategy m, is said to be dominated by Wz’j if the set of strategy
profiles that @' is winning against (i.e., satisfies Player p’s specification) is strictly larger
than that of m. A strategy not dominated by any other strategy is called admissible. In
AA-synthesis, one needs to find an admissible strategy m, for Player p such that for every
admissible strategy 7', for the other player, (mp, 7.,) = ®p. In this example, Player 1
has only one admissible strategy m that always uses v1 — vs and vs — vg. However, with
the admissible strategy m, of Player 0 that always uses vog — v3, we have (my, ) = .

The next theorem shows that Algorithm 4.1 indeed computes a maximal RCS if it
terminates.

Theorem 4.1. Given a k-player game G with game graph G = (V, E,vg) and parity
specifications (®p)pep, if the algorithm COMPUTERCS(G) terminates, then it outputs a
maximal RCS (¢p)pep-

Proof. First, let us claim that in every iteration of RECURSIVERCS, for all p € P:

(claim 1)  L(Vp) 2 L(/\,ep Bq), and

(claim 2) L(V,) D L(V-, A D).
We will prove the claim using induction on the number of iterative calls to RECURSIVERCS.
For the base case, observe ¥,, = True for all p € P, hence, the claim holds trivially. For
the induction step, assume that claim 1+2 hold in the n-th iteration. Then, for all p € P,
as \Il; (computed in Algorithm 4.1) is ¥ in the next iteration, it suffices to show that
L(P},) 2 E(/\qEP ®,) and L(W},) D LV, A D).

By permissiveness of APA (as in Definition 4.4), for all p € P, we have

L(COMPUTEAPA(G, ¥, A Dy, p)) D L(V-,) N L(D)).
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Hence, by Algorithm 4.1, for all p € P, we have L(V},) 2 L(¥)) N L(V-p) N L(Dy) =
(mqepz(\pq)) M L£(®,), and hence, by claim 1, £(¥}) 2 L(A,p P,)-

Similarly, for all p € P, as L(¥}) D L(V,) N L(V-,) N L(P,), by claim 2, we also
have £L(¥}) 2 L(V-,) N L(®,). Furthermore, by Algorithm 4.1, for all ¢ € P, we have
L(Vg) 2 L(Vg), and hence, L(V—p) = ., L(¥q) 2 N,z £L(¥g) = L(T¥.). Therefore,
for all p € P, we have L£(W;,) 2 L(V.,) N L(D,) = LV, A D).

Now, we first show that the tuple (¢})pep is indeed a maximal RCS by proving it is
maximal, decentralized, and sound, as per Definition 4.3.

» Maximality: By construction, oy = W, A (V- = ®,) for the specifications (¥),cp
computed in last iteration. Hence, it holds that

L </\ %’S) = (VLA (Y= &) = ()LL) N [ L(¥p = D)

PEP pEP pEP peEP
= ﬂ L(T-p) N ﬂ LTy = Pp) = m LOT-p AN (T = Bp)) C ﬂ L(®p) =L (/\ Py
peP peEP pEP pEP pEP
For the other direction, it holds that
5(90;) = L(Vp) N L(V—p = Pp) D L(¥p) N L(Dp) (4.1)

Then, by claim 1, for all p € P, we have L(¢}) 2 L (ApGP <I>p>, and hence, £ (ApEP <p;‘;> »)
L (/\pep <I>p>. Therefore, (¢})pep is maximal.

» Decentralization: Holds trivially by Algorithm 4.1 of Algorithm 4.1.

» Soundness: Let (m,)pep be a strategy profile with 7, = 5. Then, every (m,)pep-play
from vy satisfies yy, for all p € P, and hence, (mp)pep = /\peP ¢y So, by maximality, we
have (m,)pep |= /\pEP Dy

Now, to prove (ii) of Definition 4.2 (WSE), let m, be a strategy of Player p, and let p
be the (m,, 7-p)-play from vg. As before, for all ¢ € P, we have ¢} = WU, A (¥, = D).
So, for every q # p, p € L(p7) € L(¥y). Hence, we have p € (1, ,, L(¥q) = L(T—p).

Now, if p € L(®p), then p € L(¥-, A ®,). Then, by (4.1) and claim 2, we have
p € L(py). Furthermore, as 7—, |= ¢* ,, we have p € L(p*,,). Therefore, p € L(p) ApL,,),
and by maximality, p € L(®p A \,, Pq) € L(\,, Pg). Then, by contraposition, (ii) of
Definition 4.2 holds for (mp),ep. Hence, (m)pep is an SE, and hence, (¢})pep is sound. [

4.2.4 Games with an Environment Player

Up to this point, we have only considered games played between k rational players, each
representing a distinct component of the distributed system. However, in the context of
reactive synthesis problems (as given in Problem 2.2), a different setup is often encoun-
tered. Here, the controller players play against an adversarial environment player. Con-
sequently, the controller players must fulfill their objectives against all possible strategies
employed by the environment player.
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Interestingly, this framework can be seen as equivalent to a (k + 1)-player game
with the original k controller players [0; & — 1] and another k-th player, representing the
environment. For this new player, the objective is simply ®; = True. Then, it is easy to
see that an APA for such a specification ®; under any assumption is True. Hence, in each
iteration of RECURSIVERCS in Algorithm 4.1, the associated assumption Wy, is also True,
and thus, o = True A ((A\,¢o,6—1] ¥p) = True) = True. Consequently, if COMPUTERCS
yields a maximal RCS (¢5),y¢(o;1], the new objective of the environment player—p; =
True—doesn’t impose any constraints on the environment’s actions. Therefore, the tuple
(¢p)pef0:k—1) Temains sound (as in Definition 4.3) for the & controller players because the
environment player can never violate its new specification . In sum, games featuring an
environment player can be effectively handled as a special case, as formally summarized
below:

Corollary 4.2. Let G = (V, E) be a game graph with k controller players, i.e., P =
[0; k — 1], and an environment player env such that V = (UpEP Vp) W Veny. Let (Pp)pep

be the tuple of specifications, one for each controller player. Then, a tuple (pp)pep is a
mazimal RCS for (G, (®p)pep) if and only if (¢p)pejo:r] with pr = True is a mazimal RCS
for the k + 1-player game (G, (®p)pejo;]) with ®x = True.

Furthermore, in synthesis problems, the choices of the environment are sometimes
restricted based on a certain assumption ®eny. In such scenarios, a viable approach in-
volves updating each controller player’s specification ®, to ®¢5, = P, and subsequently
utilizing Corollary 4.2 to compute a maximal RCS. An alternative approach is to con-
sider a (k + 1)-player game with specification ®j = Pop, for the k-th player. With
this approach, the solution becomes more meaningful, as any strategy profile for the
controller players satisfying the resulting RCS allows the environment to satisfy its own
assumptions ®epy. This approach nicely complements existing work [65, 148| that aim
to synthesize strategies for the controller player while allowing the environment to fulfill
its own requirement.

4.2.5 Partially Winning RCS

In the preceding sections, we have presented a method for computing winning SE, i.e.,
equilibria where all players satisfy their objectives. However, it is worth noting that in
certain scenarios, winning SE might not exist (see e.g. the paper on SE [62] for a detailed
discussion). In such cases, a subset P’ of players can still form a coalition, which serves
their interests by enabling them to compute a maximal RCS for their coalition only, while
treating the remaining players in P\ P’ as part of the adversarial environment. This can
be accomplished by computing a maximal RCS with updated specifications denoted as
(®},)pep, Wherein @, = &, for all p € P’ and @}, = True for all p & P’. This scenario aligns
with the concept of considering an adversarial environment from Section 4.2.4.

It is important to emphasize that for instances where no winning SE exists, there
might not even exist a unique mazimal outcome for which an SE is feasible, see [62,
Sec. 5| for a simple example. As a result, there may be multiple coalitions that can offer
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different advantages to individual players from the initial vertex. This scenario presents
an intriguing, unexplored challenge for future research.

4.2.6 Computational Tractability and Termination

While Algorithm 4.1 has multiple desirable properties, additionally supported by the
possible extensions discussed in Sections 4.2.4 and 4.2.5, its computational tractability
and termination is questionable for the full class of w-regular games.

As pointed out in Remark 4.1, the application of COMPUTEAPA might require chang-
ing the game graph if the input is not a parity specification (as in Section 2.5.2). While
the language of the computed APA is guarantee to shrink in every iteration (see the
proof of Theorem 4.1), this does not guarantee termination of Algorithm 4.1 as such a
language still contains an infinite number of words. Due to the possibly repeated changes
in the game graph for APA computation, the finiteness of the underlying model can also
not be used as a termination argument.

In addition, the need to change game graphs induces a severe computational burden.
While this might be not so obvious for the polynomial time algorithm COMPUTEAPA,
this is actually quite critical in the case for the parity game solver (e.g., Zielonka’s
algorithm [225] as discussed in Section 2.5.3) which needs to be called in Algorithm 4.1 of
Algorithm 4.1. As the specification for these games also keeps changing in each iteration,
a new parity game needs to be constructed in each iteration, which might be increasingly
harder to solve, depending on the nature of the added assumptions. In the following, we
will see how these problems can be resolved by a suitable restriction of the considered
assumption class.

4.3 Optimized Computation of RCS in Parity Games

As discussed in Section 4.2.6, the potential need to repeatedly change game graphs in the
computations of Algorithm 4.1 in Algorithm 4.1 might incur increasing computational
costs and prevents a termination guarantee. To circumvent these problems, this section
proposes a different algorithm for RCS synthesis which over-approximates APA’s by a
simpler assumption class, called UCAs. The resulting algorithm is computationally more
tractable and ensured to terminate. Nevertheless, unlike the semi-algorithm discussed in
the previous section, this algorithm may not be able to compute an RCS in all scenarios
where the semi-algorithm can.

4.3.1 From APAs to UCAs

One of the main features of APAs on Player p computed by COMPUTEAPA from Chap-
ter 3, is the fact that they can be expressed by well structured templates using Player p’s
edges, namely unsafe edges, co-live edges, and (conditional) live groups. Unsafe and co-
live edges are structurally very simple. Recall that, given a set of unsafe edges S C FE), and
co-live edges D C E), the respective assumption templates Aynsare(S) := A.cg0—e and
Acorve(D) := A.cp OO—e simply assert that unsafe (resp. co-live) edges should never
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(resp. only finitely often) be taken. We call an assumption which can be expressed by
these two types of templates an Unsafe- and Colive-edge-template Assumption (UCA),
as defined next.

Definition 4.6. Given a k-player game graph G = (V, E), a specification ¥ is called
an unsafe- and co-live edge-template assumption (UCA) on Player p, if there exist sets
S,D C E, st. ¥ 1= Aygsare(S) A Acorve(D). We write ¥ < (S, D) to denote such

assumptions.

It was recently shown by Schmuck et al. [197] that two-player (zero-sum) parity games
under UCA assumptions, i.e., games (G, V¥V = ®) where ¥ is a UCA and ® is a parity
specification over GG, can be directly solved over G without computational overhead,
compared to the non-augmented version (G,®) of the same game. Interestingly, the
synthesis problem under assumptions becomes provably harder if live group templates
A; v are needed to express an assumption, requiring a change of the game graph in most
cases. Live group templates, are structurally more challenging tha UCAs, as they impose
a Streett-type fairness conditions on edges in G (see the work by Schmuck et al. [197| for
details).

Motivated by this result, we will restrict the assumption class used for RCS com-
putation to UCAs in this section. Unfortunately, UCAs are typically not expressive
enough to capture APAs for parity games (as in Theorem 3.4). We therefore need to
over-approximate APAs by UCAs, by simply dropping the live groups, as formalized
next.

Definition 4.7. Given the premises of Corollary 4.1, let ¥ := COMPUTEAPA(G, ®,p) =
Avnsars(S) A Acorve(D) A Aconn(+). Then we denote by APPROXAPA(G, ®,p) the al-
gorithm that computes ¥’ <1 (S, D) by first executing COMPUTEAPA(G, ®, p) and then
dropping all Agonp-terms from the resulting APA.

It is easy to see that £L(¥) C L(¥’). Therefore, it also follows that ¥’ is implementable
and permissive (i.e., Definition 4.4 (ii) and (iii) holds). Unfortunately, ¥’ is in general
no longer sufficient (i.e., Definition 4.4 (i) does not necessarily hold). As the proof of
Theorem 4.1 only uses permissiveness of APA, even though sufficiency is lost for UCAs,
replacing COMPUTEAPA by APPROXAPA in Algorithm 4.1 does not mitigate soundness,
i.e., whenever COMPUTERCS terminates in Algorithm 4.1 with a specification profile
(¥p)pep, this profile is indeed a maximal RCS, even if APAs are over-approximated by
UCAs. This is formalized next.

Corollary 4.3. Let ACoMPUTERCS be the algorithm obtained by replacing procedure
CoMPUTEAPA by APPROXAPA in Algorithm 4.1. Then, given a k-player game G with
parity specifications such that (¢p)pee = ACOMPUTERCS(G), the tuple (yp,)pep is a
maximal RCS for G.

The rest of this section will now show how the restriction to UCAs allows to execute
Algorithm 4.1 in Algorithm 4.1 efficiently and allows to prove termination of the resulting
algorithm for RCS computation.
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4.3.2 Iterative Computation of UCAs

We have seen in the previous section that UCAs can be computed by utilizing the pro-
cedure COMPUTEAPA and dropping all Ay terms (called APPROXAPA). Of course,
this can be done in every iteration of COMPUTERCS. However, COMPUTEAPA expects
a party game as an input, and from the second iteration of COMPUTERCS onward the
input to COMPUTEAPA is given by (G,¥-, A ®,,p), where ¥, is an assumption on
players in P—,, which is not necessarily a parity game.

This section therefore provides a new algorithm, called COMPUTEUCA and given
in Algorithm 4.2, which computes UCAs on Player p directly on the game graph G for
games (G, YA®) where ¥ <1(S, D) is a UCA on P, with unsafe edges S C E_, and co-live
edges D C F_,, and ® is a parity specification, both over G. Intuitively, COMPUTEUCA
first slightly modifies G to a new two-player game graph G (Algorithm 4.2) s.t. the speci-
fication W A ® can be directly expressed as a parity specification ® on G (Algorithm 4.2).
This allows to apply APPROXAPA to construct and return a UCA on Player 0 on G
(Algorithm 4.2). As the resulting UCA is on Player p, the unsafe edge and co-live edge
sets are subsets of Fj,. Further, due to the mild modifications from G to G’, the edges
of Player p are retained in G as Ep, hence, the resulting UCA is a well-defined UCA on
Player p in G.

The soundness result of equivalence between the UCAs computed by COMPUTEUCA
and APPROXAPA for UCA assumptions essentially relies on the observation that the
parity specification din G expresses the language £(¥ A @) when restricted to V, i.e,
p e L(G,®) iff ply € L(G,® AW), and the fact that every UCA on Player 0 in G is also
a UCA on Player p in G. This is formalized in the following lemma.

Lemma 4.1. Given a game graph G with parity specification ® and a UCA ¥ < (S, D)
on P—p, let G,® be the game graph and parity specification, respectively computed in
Algorithm 4.2. Then, the following holds:

(i) pe L(G,®) iff plv € LG, NT);
(ii) Bvery UCA W <1 (S, D) on Player 0 in G is a UCA on Player p in G.

Proof. 1t is easy to see that, for any play p in G, the play p|y, obtained by restricting
the vertices of p only to V, is the corresponding play in G. Now, let us prove both items
of the lemma.

» (i) Let p be play in L(G,® A U). Then, p E Auxsare(S), and hence, no unsafe edge
of S appear in p. So, by construction as all other edges are retained from G to G (with
additional middle vertex for co-live edges), there exists a corresponding play p in G such
that p|lyy = p. Furthermore, as co-live edges appear only finitely often in p and p satisfies
parity specification ®, priority 2d + 1 only appear finitely often in p. Moreover, by the
parity condition, the maximal priority in [0;2d] appearing infinitely in p is even. So, p
also satisfies parity specification @, and hence, pE ﬁ(@, <i>) Analogously, one can show
the other direction by proving for every play p € E(G, qs), the corresponding play ply
belongs to L(G, P A T).
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» (ii) As ¥ is a UCA on Player 0, it holds that S,D C Ey = E,. Hence, U is also an
(well-defined) UCA on Player p in G. O

Algorithm 4.2 CoMPUTEUCA(G, ¥ A @, p) with ¥ < (S, D)
Input: A k-player game graph G = (V, E,vy) and specification ¥ A & with UCA ¥
(S,D) on Py, ie., S, D C Ep, and ® = Parity(P) s.t. P: V — [0;2d + 1].
Output: A UCA VU on Player p.
L Vo« Vpyand Vi <~ Vo, UD
2: By« Ep and By «— E_,\ (SUD)U{(u,c),(c,v) | ¢ = (u,v) € D}
. P if V
3 Boy={ ) eV
2d+1 otherwise.
4 G = (V() o Vl,Eo o EAll,Ti());A P+ Parz'ty([@’)
5. return APPROXAPA(G, ©,0)

With the above lemma, we have the following soundness result.

Proposition 4.1. Given game graph G = (V, E,vy) with parity specification ® and a
UCA ¥ < (S,D) on P, let O and V" be the UCAs computed by APPROXAPA(G, ¥ A
®,p) and CoMPUTEUCA(G,V A @, p), respectively, then L(¥') = L(V"). Furthermore,
CoMmPUTEUCA terminates in time O((|V| + |E|)%).

]froof. By Lemma 4.1, o expresses the same language as W A ®. Moreover, as E}, =
Ey, both APAs computed by COMPUTEAPA(G, V¥ A @, p) and COMPUTEAPA(G, ©,0)
uses the same edges of Player p in each template. Hence, approximating them with
APPROXAPA results in same unsafe edge set and co-live edge set. Therefore, the UCAs
APPROXAPA (G, ®,0) = APPROXAPA(G, ¥ A ®,p). As ComPUTEUCA returns the
UCA APPROXAPA(G, ®,0), we have £(¥') = L(T").

V’ < |V|+|E|. Hence, by Corollary 4.1, the procedure

ComMPUTEUCA terminates in time O((|V| + |E|)*). O

Furthermore, by construction,

The usefulness of expressing the computed assumptions as unsafe and co-live edge
sets S, D over the input game graph G is that there are only a finite number of edges
in that graph. Therefore, there obviously also exists only a finite number of unsafe or
co-live edge sets, which could all be enumerated in the worst case. Therefore, computing
UCAs on the same game graph in every iteration, will ensure termination of the overall
computation of RCS.

4.3.3 Solving Parity Games under UCAs

As the final step towards an optimized version of Algorithm 4.1, we now address the
computations required in Algorithm 4.1 of Algorithm 4.1. Observe that this line requires
to check v € (,cp(P)p for pp = Uy A (V- = Pp). If this check returns True the
algorithm terminates, if it returns False new assumptions are computed. In both cases,
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the game graph used to check this conditional will not have any effect on the future
behavior of the algorithm.

Nevertheless, we utilize the recent result by Schmuck et al. [197] to compute (p)pp
more efficiently if ¥, and ¥-, are UCAs on Player p and P-,, respectively. The con-
struction uses the same idea as presented in Algorithm 4.2 to encode UCAs into a new,
slightly modified two-player parity game (G, @D) which can then be solved by a standard
parity game solver (as discussed in Section 2.5.3), which returns the winning region Win
of Player 0 in this new game that corresponds to the winning region of Player p in G.
The resulting procedure COMPUTEWIN is given in Algorithm 4.3, which solves a game
(G, ) for Player p where ¢ = ¥ A (¥; = &) with UCA ¥ on Player p and UCA ¥,
on P_,. Intuitively, as we only need to satisfy W1 or ®, once an unsafe edge of ¥y is
used, we only need to satisfy ¥y. Hence, we have two copies of game graph: one copy to
encode both assumptions and one identical to the game graph of Algorithm 4.2 only to
ensure W, both connected by vertices representing unsafe edges of Wy .

Algorithm 4.3 COMPUTEWIN(G, Uy A (¥; = @), p)

Input: A k-player game graph G = (V, E,v), a specification ¢ = ¥y A (¥ = P)
with UCA ¥y < (Sp, Do) on Player p and UCA ¥y < (S1,D1) on Py, and parity
specification ® = Parity(P) s.t. P: V — [0; 2d].

Output: The set (p)(G,p).

1: ‘{O%VPU{QA}“)GV;)} and (—VﬂpU(DoUDlUsl)U{@|’U€VﬂpUD0}
2: E<+ E\ (SoUS1UDyUDy)UA{(w,0) | (u,v) € E\ (SoUDyp)}
U{(u,c),(c,v) | ¢c= (u,v) € DyUD1}U{(4,¢é),(¢0)|c=(u,v) € Dy}
U{(u,s),(s,0)|s=(u,v) €S}
P(v) ifveV
2d ifveD

2d+1 if v = u or 4 for some u € Dy

3:[@’2

0 otherwise.
1 G=VouVi, E v); &+ PAam;ty(I@’)
5: return V N SOLVEPARITY(G, ®)

Similar to the construction presented in the previous section, due to the simplicity and
locality of UCAs, the modifications required to go from (G, ¢) to (G, ®) (Algorithm 4.3 in
Algorithm 4.3) are mild enough that the check required in Algorithm 4.1 of Algorithm 4.1
can be directly performed over G without loosing correctness, as shown in Section 4.3.4.

Proposition 4.2. Given a game graph G = (V, E,vy) with parity specification ®, UCA
U <1(So, Do) on Player p and UCA ¥1<(S1, D1) on Py, let Win = CoMPUTEWIN(G, ¢, p)
with ¢ = oA (¥ = ®). Then, it holds that vo € (p)¢ if and only if vg € Win. Further-
more, COMPUTEWIN for ® with d priorities terminates in time O((2 |V |+ 2|E|)42).

Proof. Let vy € (p)p. Then, Player p has a strategy 7 such that = = ¢. So, 7 E U,
and hence, 7 never uses any unsafe edge of Sy. By construction, we have E, \ Sy = Ey.
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Hence, the following strategy # of Player 0 in G is well-defined: 7(p) = m(p|ly) for each
p € V*Vy. Tt is enough to show that # = ®. Let p be a #-play. Let p = ply be the
corresponding w-play. As m E Wy, p uses edges of Dy finitely many times, hence, p visits
vertices in Dy, i.e., ones with priority 2d + 1, finitely often. Moreover, as m = =¥ V ®, it
holds that p | =¥y or p = ®. Let p = —¥;. If p uses an edge s € S1, then p move to the
second copy, i.e., {0 | v € VU Dy}, via s, and hence, only visits priority 0 infinitely often
(as it does not visit priority 2d + 1 infinitely often). So, p satisfies d. If p uses an edge
¢ € Dy infinitely often, then p visits ¢ with priority 2d infinitely often, and hence, satisfies
o, Finally, now, suppose p = @, then, the maximum priority p visits infinitely often in
[0;2d] is even. As p does not visit priority 2d+ 1 infinitely often, the maximum priority it
visits is also even. Therefore, in any case, p satisfies <i>, and hence, 7 = d. Analogously,
using similar arguments, one can show that if vy € (0)® = SOLVEPARITY(G, ®), then

v € (phy-
Furthermore, by construction, ‘V‘ < 2(|V|+|E|) as there are two copies each with at

most (|V|+ |E|) vertices. Then, the time complexity follows from Zielonka’s algorithm’s
time complexity. ]

4.3.4 Computation of RCS via UCAs

With the previously discussed algorithms in place, we are now in the position to propose
an optimized, surely terminating algorithm to compute RCS, called OCOMPUTERCS.
Within CoMPUTERCS the recursive procedure RECURSIVERCS is replaced by one which
uses the algorithms COMPUTEUCA and CoMPUTEWIN for UCAs from Sections 4.3.2
and 4.3.3, as follows.
1: procedure RECURSIVERCS(G, (¥})pep)
2 U A, Yy VP EP
op — Yy AN (V= P,) VpeP
Win,, <~ CoMPUTEWIN(G, ¢p, D)
if vy € (,cp Win, then
return (¢p)pep
U, + ¥, A CoMPUTEUCA(G, ¥, A @y, p) Vp € P
if ¥}, = ¥, for all p € P then
return False
10: return RECURSIVERCS(G, (V},)pep)

We have the following main result of this section.

Theorem 4.2. Let G be a k-player game with game graph G = (V, E,vy) and parity spec-
ifications (P )pep such that (¢y)pep = OCOMPUTERCS(G), then (p,)pep is a mazimal
RCS for G. Moreover, OCOMPUTERCS terminates in time O(k? |E|- (2 |V|+2|E|)%+?),
where d is the number of priorities used in the parity specifications.

Proof. Combining results from Theorem 4.1 with Corollary 4.3 and Propositions 4.1
and 4.2 gives us that (p,)pep is indeed a maximal RCS for G. Furthermore, as V¥,
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(for all p € P) in each iteration of the algorithm either remains the same or add more
unsafe/co-live edges, it can only change 2|E| times. Hence, as there are k players,
the algorithm OCOMPUTERCS will terminate within 2k |E| iterations. Moreover, each
iteration involves k calls to both COMPUTEWIN and COMPUTEUCA. Using Zielonka’s
algorithm [225] for solving parity games, each iteration will take O((2|V| + 2|E|)4*2)
time for d priorities (by Propositions 2.3, 4.1 and 4.2). In total, this gives us that
OComMPUTERCS terminates in time O(k? |E| - (2|V] + 2|E|)*+?). O

We note that the time complexity is exponential as we use Zielonka’s algorithm [225]
to solve parity games. One can also use a quasi-polynomial algorithm [52] for solving
parity games (as discussed in Section 2.5.3) to get a quasi-polynomial time complexity
for OCoMPUTERCS.

Remark 4.3. As shown in Theorem 3.3, for games with co-Biichi specifications (i.e.,
® =0T for some T C V), APAs are always expressible by UCAs. Hence, we note
that COMPUTEAPA and APPROXAPA coincide for such games. This implies that no
over approximation of assumptions is needed in this case and the optimizations discussed
for CoMmPUTEUCA and CoOMPUTEWIN can be directly applied for APAs.

We further note that OCoMPUTERCS also efficiently computes RCS for games with
more expressive specifications. For instance, all games discussed in this chapter as well
as the mutual exclusion protocol discussed in the original paper on SE [66] can be solved
by OComPUTERCS.

4.4 Related Work

After the introduction of secure equilibria (SE) by Chatterjee et al. [62], there has been
several efforts on extending the notion to other classes of games, e.g., games with sup, inf,
lim sup, lim inf, and mean-payoff measures [48|, multi-player games with probabilistic
transitions |78 or quantitative reachability games [47|. Furthermore, a variant of secure
equilibria, called Doomsday equilibria was studied by Chatterjee et al. [58], where if any
coalition of players deviates and violates one players’ objective, then the objective of every
player is violated. Moreover, the notion of secure equilibria has been applied effectively in
the synthesis of mutual-exclusion protocols [66, 35] and fair-exchange protocols [130, 139].

Motivated by similar insights, other concepts of rationality have also been introduced
in multi-player games, e.g. subgame perfect equilibria [216, 46, 207, 50, 45| or ratio-
nal synthesis [101, 135, 94]. Similar to the implementations of SE, these works restrict
implementations to a single strategy profile. In contrast, our work introduces a more
flexible concept of rationality that is closely related to contract-based distributed syn-
thesis [146, 98, 77, 14|. Here, an assume-guarantee contract is synthesized, such that
every strategy realizing the guarantee is ensured to win whenever the other players sat-
isfy the assumption. While this is conceptually similar to our synthesis of RCS, these
works do not consider the players to be adversarial, and hence, there is no notion of
equilibria.
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To the best of our knowledge, the only other work that also combines permissiveness
with equilibria is assume-admissible (AA) synthesis |44]. Their work utilizes a different,
incomparable definition of rationality based on a dominance order. Both approaches
are incomparable — there exist co-synthesis problems where our approach successfully
synthesizes a RCS and no AA contract exists, and vice versa (see Example 4.2 for details).
Conceptually, AA contracts still require rational behaviour of players within the contract,
while our approach only uses rationality as a concept to synthesize meaningful local
specifications which can then be implemented in an arbitrary (non-rational) manner. We
believe that this is a superior strength of our approach compared to AA synthesis.
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Chapter 5

Negotiation Framework for
Cooperative Players

To allow for permissive interactions between components in a distributed system, Chap-
ter 4 extended the concept of adequately permissive assumptions (APAs) in monolithic
systems (Chapter 3) to distributed systems with rationally interacting components. In
particular, as such distributed systems can be modeled as multi-player games (as in
Section 2.5.4), Chapter 4 developed a negotiation framework to compute rationally con-
tracted specifications (RCS) for k-player games. While such a rational interaction model
is very robust against adversarial behavior of other components, it might not always be
realistic. In particular, if interacting components are co-synthesized, the design of one
component could take the needs of other components into account if these needs are
known, resulting in an assume-guarantee synthesis for cooperative players.

Existing work on assume-guarantee synthesis for cooperative players (without impos-
ing any rationality constraints) either do centralized synthesis [98] or restrict assumptions
to safety properties [145] or consider only specific classes of specifications |76, 21]. Fur-
thermore, all of these methods compute a single winning strategy profile for all players,
which limits the freedom of each player in choosing their own strategy.

This chapter overcomes these limitations by developing a negotiation framework for
cooperative players, which enables the synthesis of local strategies for each player such
that any combination of these local strategies forms a globally winning strategy profile.
As in the rational setting, the negotiation framework iteratively refines the assumptions
players make on each other to eventually compute a new specification profile, called
cooperatively contracted specifications (CCS), that can be realized fully locally by each
player, leading to a permissive interaction between cooperative players.

While the overall structure of the negotiation framework for cooperative players is
similar to the rational setting in Chapter 4, there are significant differences in the tech-
nical realization of the framework. One key difference to the rational setting lies in the
fact that cooperative players can rely on each other to help in realizing their objectives.
Hence, we can directly utilize the APA computation from Chapter 3 to compute the help
a player needs from other players to realize their objective (as illustrated in Figure 1.3
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Figure 5.1: An overview of the negotiation framework for cooperative players.

(right)). Furthermore, due to the cooperative nature of the players, we can ensure ter-
mination of the negotiation framework (in contrast to the rational setting) by avoiding
modifications of the game graph while checking if a player can locally satisfy their new
objective (as discussed in Section 4.2.6). This is achieved by adapting the APA computa-
tion (as in Section 3.2) to extract not only the assumptions on other players, but also the
strategic behavior of the current player that is winning under these assumptions, result-
ing in contracted strategy masks (CSM). By iteratively negotiating these CSMs between
players, we obtain negotiation framework that computes CCSs in polynomial time.

The remainder of this chapter is organized as follows. Section 5.1 introduces co-
operatively contracted specifications (CCS) that generalizes winning strategy profiles to
permissive specification profiles for cooperative players. Thereafter, Section 5.2 intro-
duces the notion of contracted strategy masks (CSM) that form the basis of our negoti-
ation framework. Using CSMs, Section 5.3 then presents a polynomial-time negotiation
framework (as schematically illustrated in Figure 5.1) to compute CCSs for k-player
games with w-regular objectives. We further discuss the application of CCSs in partial-
observation settings using the well-known knowledge-based abstraction in Section 5.4. To
showcase the practical applicability of our negotiation framework, Section 5.5 provides
empirical evidence by comparing our prototype tool COSMO to state-of-the-art solvers
on a benchmark suite. Finally, we review related work in Section 5.6.
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5.1 Cooperatively Contracted Specifications (CCS)

Similar to the rational setting, the cooperative negotiation framework for multi-player
games also relies on the iterative computation of a new set of objectives, one for each
player, such that each player can independently realize these new objectives. The main
intuition behind the design of this — to be computed — new specification profile, is that it
should (i) enable each player to realize this specification fully locally (decentralization),
while (ii) ensure that any such local realization results in a global strategy profile that
is winning (soundness), and (iii) not loosing any winning strategy profile on the way
(maximality). This is formalized via cooperatively contracted specifications next.

Definition 5.1. Given a game (G, (®p)pcp), a specification profile (¢,)pep is said to be
a cooperatively contracted specification (CCS) if it is both

(i) decentralized: it holds that vy € (p)) ¢, for all p € P;

(ii) sound: any (mp)pep With mp |= p is winning, i.e., (mp)per = Apep Pp-
In addition, CCSs are called mazimal if L(\,cp ©p) = LN\, cp Pp)-

pEP

Similar to the algorithms for computing RCSs, we can also compute CCSs by utilizing
permissive assumptions. Here, a player can rely on other players to help. However, in
order to give every player as much freedom as possible in (locally) choosing their strat-
egy, we want to reduce this help to the necessary minimum. In the iterative algorithm
for computing CCSs every player therefore computes how other players must help her to
make her own objective @, realizable. Such an assumption ¥_, on all other players P,
can be computed by obtaining an APA for ®, on P, (as illustrated in Figure 1.3 (right)).
While one can modify the assumption computation in Algorithm 4.1 to compute such a
CCS, the procedure will still lack termination guarantees as in the rational setting. Recall
from Section 4.2.6 that the rational negotiation framework in Algorithm 4.1 might not
terminate as the game graph might be modified in every iteration while checking realiz-
ability of the new objectives, i.e., if a player can independently satisfy their new objective
without any cooperation from other players. However, in the cooperative setting, we can
avoid these modifications to the game graph. The key insight is that the local permis-
sive templates used to express APAs (as introduced in Section 3.2) can also be used to
express the strategic behavior of a player that is winning under these assumptions. In
particular, during the APA computation for a player Player p w.r.t. their objective ®,,
with slight modifications, we extract not only the assumption ¥_,, on other players P,
but also the strategic behavior of Player p that is winning for ®, under the assumption
V_,, in the form of these templates. This pair of permissive templates—the assumption
template W_, on other players and the strategy template 11, for Player p—forms a con-
tracted strategy mask (CSM) for player Player p. Let us briefly illustrate this idea via an
example before going into details.

Example 5.1. In order to appreciate the simplicity templates bring to the computation
of CCSs, let us consider the game graph in Figure 5.2. The winning condition ®( for
Player 0 requires vertex c to be seen infinitely often. Intuitively, every winning strategy
for Player 0 w.r.t. g needs to eventually take the edge e, if it sees vertex a infinitely
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% I% Oy = 0O} = ¥ = Auve({esa}), Ho = Avve({eac})
\/@ o, = <>I:|{a,c, d} = Uy = ACOLIVE(eab)a IT; ACOLIVE(ebb)
(I)’1 = <>|:|{a,, b, c} = U/ = true , H/1 = ACOLIVE(ebd)

Figure 5.2: A two-player game graph discussed in Example 5.1 with Player 1 (squares)
and Player 0 (circles) vertices, different winning conditions ®,, and corresponding as-
sumption templates ¥_, and strategy templates II, for Player p.

often. Furthermore, Player 0 can only win from vertex b with the help of Player 1. In
particular, Player 1 needs to ensure that whenever vertex b is seen infinitely often he
takes the edge epq infinitely often. These two conditions can be concisely formulated
via the strategy template Il = Apve({eqc}) on Player 0 and an assumption template
Uy = ALwve({epa}) on Player 1, both using our live group templates from Section 3.2.2.
It is easy to see that every Player 0 strategy that follows Il is winning for ®( from all
vertices under the assumption that Player 1 chooses a strategy that follows ;.

Now, consider the winning condition ®; for Player 1 which requires the play to
eventually stay in region {a, c,d}. This induces assumption ¥y on Player 0 and strategy
template II; for Player 1 given in Figure 5.2 (right). Both are expressible via our co-
live templates from Section 3.2.3 — in particular, Yo = Acopve(€qp) ensures that edge
eqp is taken only finitely often, while IT; = AcoLve(ep) ensures that edge ey, is taken
only finitely often. Overall, these templates ensure that Player 1 can realize ®; from all
vertices under the assumption that Player 0 chooses a strategy following Wy.

The tuples of assumption and strategy templates (¥, II,) we have constructed for
both players in the above example form a contracted strategy mask (CSM) for each
player. If the players now share the assumptions from their local CSMs, it is easy to see
that in the above example both players can ensure the assumptions made by other player
in addition to their own strategy templates, i.e., each Player p can realize ¥, A I, from
all vertices. In this case, we call the CSMs (¥, II,) realizable. In such situations, the
new specifications (¢, ¢1) with ¢, = ¥, A (Y-, = ®,) are directly computable from the
given CSMs and indeed form a CCS as per Definition 5.1.

Unfortunately, locally computed CSMs are not always realizable. To see this, consider
the slightly modified winning condition ®) for Player 1 that induces strategy template
IT} for Player 1. This template requires the edge epq to be taken only finitely often.
Now, Player 1 cannot realize both ¥y and II} as the conditions given by both templates
for edge epq are conflicting — the same edge cannot be taken infinitely often and finitely
often. In this case one more round of negotiation is needed to ensure that both players
eventually avoid vertex d by modifying the objectives to <I>;) = &, NOO—~d. This will give
us a new pair of CSMs that are indeed realizable, and a new pair of objectives (g, ¥1)
that are now again a CCS. _

The overall negotiation framework for cooperative players is illustrated in Figure 5.1
and will be presented in detail in the following sections. We start by introducing the
notion of contracted strategy masks in Section 5.2, followed by the negotiation framework
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in Section 5.3 including the notion of conflicting templates in Section 5.3.2 and their
resolution in Section 5.3.3. Finally, we prove soundness and completeness of the overall
framework in Section 5.3.4.

5.2 Contracted Strategy Masks (CSMs)

Towards our goal of formalizing CCS via templates, this section defines contracted strategy
masks (CSMs) (cf. Figure 5.1 (upper middle)), which contain two templates ¥, and
IL,,, representing assumptions on P, and strategies for Player p respectively. Intuitively,
this captures the assumption ¥_,, on player P—, under which Player p can win the local
game (G, ®,) with any strategy from II,. This is formalized below.

Definition 5.2. Given a k-player game graph G = (V, E,vg) and a specification @, we
say that a pair (U_,, IT,) of specifications is a (adequately permissive) contracted strategy
mask (CSM) for Player p if it is

(i) sufficient: any (m,,m-p) with plays(m,) C L(II,) and plays(m—,) C L(¥-,) is
winning for ® from all v € (P))P;

(ii) implementable: (P-p) V-, =V and (p)II, =V,
(ili) permissive: L(¥-,) D L(D).

This definition captures the essence of APA into CSMs as follows. Sufficiency ensures
that Player p can satisfy its objective ®, with any strategy following II,, whenever the
assumptions W_, on P_, are satisfied. Implementability ensures that P, can satisfy
the assumptions W_, and that Player p can satisfy the strategy template II,. Finally,
permissiveness ensures that the assumptions W—,, do not prevent any cooperative solution
of ®,.

Furthermore, considering a two-player game between Player p and P-,, we observe
that the assumption template ¥_, in a CSM for Player p is precisely the APA on P—,.
Due to such close connection between APAs and CSMs, it turns out that the compu-
tation of CSMs can be done in very close analogy to the computation of APAs from
Section 3.2. In particular, we inherit (i) the observation that conjunctions of safety, co-
live and conditional live group templates are rich enough to express CSMs, and (ii) the
existence of a polynomial time (i.e., very efficient) algorithm for their construction. To
ease the presentation, we first introduce some notation for templates and then present
the construction of CSMs for two-player games in detail, which can then be extended to
multi-player games.

5.2.1 Expressing CSMs via Permissive Templates

As stated above, we will express CSMs using conjunctions of safety, co-live and con-
ditional live group templates as in Section 3.2. To simplify notation, we write A <
(S, D,H) to denote that A is the constraint given by the conjunction of a safety tem-
plate Aynsare(S), a co-live template AcoLve(D), and a conditional live group template
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Acoxo(H). Similarly, we write A < (S, D,H) to denote that A is the constraint given
by the conjunction of the corresponding safety and co-live templates, and a live group
template. Finally, a strategy = is said to follow a template A, denoted 7 IF A, if all
m-plays satisfy A, i.e., plays(m) C L(A).

5.2.2 CSMs for Safety Games

Recall from Theorem 3.1 that in safety games (G,07), an APA (on Player 1 in a two-
player game) simply disallows all moves of Player 1 that leave the cooperative winning
region. With the same intuition, it is easy to see that a CSM for Player 0 in safety games
consists of an assumption template that is an APA on Player 1 and a strategy template
for Player 0 that disallows all Player 0 moves leaving the cooperative winning region.
This is formalized in the following theorem.

Theorem 5.1. For a safety game G = (G,01), let Win = SOLVECOOPSAFETY(G, I) and
Sp = {(u,v) € E| (ue VN Win) A (v ¢ Win)} for p e {0,1}. Then the pair (Vq,1I1j)
defined by W1 < (S1,0,0) and Iy < (So,0,0) is a CSM for Player 0. We denote by
TEMPSAFE(G, I) the algorithm computing (So, S1) as above, which runs in time O(m +
n), where n = |V| and m = |E]|.

Proof. The time complexity follows from the runtime of SOLVECOOPSAFETY. We show
that the templates (¥,IIy) form a CSM for Player 0 by proving its permissiveness,
implementability, and sufficiency. Permissiveness follows from the proof of Theorem 3.1.
Furthermore, observe that each set S}, contains only edges of Player p (i.e., S, C E))
that lead out of the cooperative winning region Win. Moreover, as every vertex v in Win
is winning when both players cooperate, there exists an edge from v to a vertex in Win,
which do not belong to S,. Hence, both players can follow their respective templates by
choosing such edges in their strategies, establishing implementability.

We only need to show sufficiency. Consider any strategies my and m; for Player 0 and
Player 1 respectively, such that mo IF IIy and w1 |- ¥;. Let p be a (mp, m1)-play starting
from a vertex v € Win. We need to show that p is winning, i.e., it always stays in I. Since
both my and 7 follow their respective templates, no edge in Sy or S is taken along p.
Hence, by construction of Sy and .57, all vertices along p belong to Win C I. Therefore,
p is winning, establishing sufficiency. O

5.2.3 CSMs for Biichi Games

Following the construction of APAs for Biichi games in Section 3.2.2, we now present an
algorithm to compute CSMs for Biichi games in Algorithm 5.1. As in the case of APAs,
we first compute the unsafe edges (in Algorithm 5.1) and then compute the live groups
using procedure TEMPLIVE in the game restricted to the cooperative winning region.
The procedure TEMPLIVE also closely follows the procedure ASSUMPLIVE from Al-
gorithm 3.1. The key difference is in Algorithms 5.1 to 5.2. Unlike in ASSUMPLIVE,
we do not directly set U <— SOLVEREACH(G,U), but instead compute the edges from
Player 0 vertices that make progress towards I and add these edges to the live group of
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Algorithm 5.1 TEMPBUCHI(G, I)

Input: G = (V =V, U Vi, E), Biichi objective ® =01, for I CV

Output: CSM (¥y,1I) for Player 0

: Win « soLvECooprBUCHI(G, I)

(S0, S1) < TEMPSAFE(G, Win)

G < Glwin, I < I N'Win > All vertices are cooperatively Biichi winning
(Ho, H1) <+ TEMPLIVE(G, I)

U < (51,® Hl) ITp < (S(),(Z) 7‘[0)

return (¥, 1)

7. procedure TEMPLIVE(G, I)

8: U(—I;Ho(—@;%1<—@

9: while U # V do

10: while U # SOLVEREACH(G,U) do
11: H()(-E()ﬂ((V\U)XU)

12: Ho <~ Ho U{Hp}

13: U + U U src(Hp)

14: Hi + En((V\U) xU)

15: Hq <—’H1U{H1}

16: U <+ UUsre(Hy)

17: return (Ho, H1)

Player 0. This gives us a strategy template for Player 0 that ensures progress towards [
under the assumption that Player 1 cooperates.

Theorem 5.2. Given a game G = (G, ®) with game graph G = (V, E) and Biichi winning
condition ® = O I, Algorithm 5.1 terminates in time O(m + n), where n = |V| and

= |E|. Furthermore, the output (V1,I1y) of the procedure TEMPBUCHI(G, I) is a CSM
for Player 0.

Proof. The time complexity follows from the runtime analysis of ASSUMPBUCHI in the
proof of Theorem 3.2. We show that the templates (¥1,IIy) form a CSM for Player 0
by proving its permissiveness, implementability, and sufficiency. Permissiveness follows
from the proof of Theorem 3.2. For implementability, as live groups are computed in the
game restricted to the cooperative winning region Win, any live group has no intersec-
tion with the unsafe edges. Furthermore, the live groups of Il (respectively, ¥1) only
contain edges of Player 0 (respectively, Player 1). Hence, the corresponding player can
follow the template by choosing these edges infinitely often in its strategy, establishing
implementability.

We only need to show sufficiency. Consider any strategies my and w1 for Player 0 and
Player 1 respectively, such that 7o IF IIp and 1 IF Wy. Let p be a (m, m1)-play starting
from a vertex vy € Win. We need to show that p is winning, i.e., it visits I infinitely
often. By sufficiency of unsafe edges from Theorem 5.1, the play p never goes outside
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Win.

Now, let us consider the game to be restricted to Win. Suppose Uy, U1,..., U, =V
are the sets U at the end of each iteration of inner and outer while-loops in TEMPLIVE
(Algorithm 5.1). As vertices are only added to U, we have = Uy CU; C ... C U, = V.
Suppose the play p does not visit I infinitely often. Let k be the least index such that
p visits a vertex in Uj infinitely often, i.e., there exists a vertex v € Uy N inf(p) but
inf(p) N Uk—1 = 0. If v is added to Uy in the inner while-loop (i.e., in Algorithm 5.1),
then by construction of Hg in Algorithm 5.1, the corresponding live group in that iteration
contains Player 0 edges from Uy, \ Ux_1 to Uy_;. Since 7 follows Iy, the play p must take
one such edge infinitely often, contradicting the assumption that inf(p) NUx_1 = 0. If v
is added to Uy in the outer while-loop (i.e., in Algorithm 5.1), by using similar reasoning
for ¥; and 71, we again reach a contradiction. Hence, the play p must visit I infinitely
often, establishing sufficiency. O

5.2.4 CSMs for co-Biichi Games

Similar to the Biichi case, the construction of CSMs for co-Biichi games, presented in
Algorithm 5.2, closely follows the construction of APAs for co-Biichi games from Sec-
tion 3.2.3. The algorithm first computes the unsafe edges (in Algorithm 5.2) and then
computes the co-live edges for both players using procedure TEMPCOLIVE in the game
restricted to the cooperative winning region. The key difference in TEMPCOLIVE com-
pared to ASSUMPCOLIVE from Algorithm 3.2 is that in both Algorithm 5.2, we add
co-live edges for both players instead of only for Player 1. While the co-live edges for
Player 1 form an APA as in Section 3.2.3, the co-live edges for Player 0 form a strategy
template following which Player 0 can ensure to not leave the target region I infinitely
often, under the assumption that Player 1 cooperates.

Theorem 5.3. Given a game G = (G, ®) with game graph G = (V, E) and co-Biichi
winning condition ® = OOI, Algorithm 5.2 terminates in time O(m+n), where n = |V|
and m = |E|. Furthermore, the output (¥1,1ly) of the procedure TEMPCOBUCHI(G,I)
is a CSM for Player 0.

Proof. The time complexity follows from the runtime analysis of AssuMPCOBUCHI in
the proof of Theorem 3.3. We show that the templates (¥, IIy) form a CSM for Player 0
by proving its permissiveness, implementability, and sufficiency. Permissiveness follows
from the proof of Theorem 3.3. For implementability, we again observe that the template
U (respectively, I1p) only contains edges of Player 1 (respectively, Player 0) and for each
source vertex of co-live edges, there exists an edge that is neither unsafe nor co-live.
Hence, both players can follow their respective templates by choosing such edges in their
strategies, establishing implementability.

We only need to show sufficiency. Consider any strategies my and m; for Player 0 and
Player 1 respectively, such that mg IF Iy and 1 IF Wy. Let p be a (m, 71)-play starting
from a vertex vy € Win. We need to show that p is winning, i.e., it eventually always
stays in 1. By sufficiency of unsafe edges from Theorem 5.1, the play p never go outside
Win.
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Algorithm 5.2 TEMPCOBUCHI(G, I)

Input: G=(V,E),ICV

Output: CSM (¥y,1I) for Player 0

: Win < soLveCooprCoBUCHI(G, I)

(S0, S1) < TEMPSAFE(G, Win)

G < Glwin, I < I N'Win > All vertices are cooperatively co-Biichi winning
(Do, D1) < TEMPCOLIVE(G, I)

U< (Sl,Dl,(b); Iy <« (So,D(],@)

return (¥, 1)

7. procedure TEMPCOLIVE(G, I)

U < SOLVECOOPSAFETY(G, I) >UCI
9: D, + E,N (U x V\U) for p € {0,1}

10: while U # V do

11: D, + D,U (E,N (pre(U) x V\U)) for p € {0,1}

12: U<+ UUpre(U)

13: return (Dy, Dy)

%

Now, let us consider the game to be restricted to Win. Suppose Uy, Uy, ..., U, =V
are the sets U at the end of each iteration of the while-loop in TEMPCOLIVE (Algo-
rithm 5.2). As vertices are only added to U, we have [ = Uy CU; C ... C U, = V.
Suppose the play p does not eventually always stay in I. Let k > 1 be the least index such
that p visits a vertex in U \ I infinitely often, i.e., there exists a vertex v € (Ui \I)Ninf(p).
If k =1, then by construction of D, in Algorithm 5.2, some edge of D), for p € {0,1} is
taken infinitely often along p, contradicting the assumption that both my and m follow
their respective templates. If k > 1, then by construction of D, in Algorithm 5.2, some
edge of D, for p € {0,1} is taken infinitely often along p, again contradicting the as-
sumption that both mg and m; follow their respective templates. Hence, the play p must
eventually always stay in I, establishing sufficiency. ]

5.2.5 CSMs for Parity Games

Finally, we present the construction of CSMs for parity games in Algorithm 5.3. The
algorithm is very similar to the construction of APAs for parity games from Section 3.2.4,
with the key difference being that we compute the live groups and co-live edges for both
players instead of only for Player 1. In particular, Algorithm 5.3 uses the procedures
TeEMPLIVE, TEMPCOLIVE and TEMPSAFE defined in the previous sections to compute
the live groups, co-live edges and unsafe edges respectively, instead of the corresponding
APA procedures.

Theorem 5.4. Given a game G = (G, ®) with game graph G = (V, E) and parity winning
condition ® = Parity(P), Algorithm 5.3 terminates in time O(n%), where n = |V|.
Furthermore, the output (V1,11y) of the procedure TEMPPARITY(G,P) is a CSM for
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Algorithm 5.3 TEMPPARITY(G,P)
Input: G=(V,E), P:V —{0,1,...}
Output: CSM (¥y,1I) for Player 0

: Win <~ sOLVECOOPPARITY (G, P)
(S0, S1) < TEMPSAFE(G, Win)

G <+ Glwin, P < Plwin

(Hop, H;, C) «+ TEMPCONDLIVE(G, P)
(Do, D1) < TEMPCOLIVE(G,V \ C)
U (Sl,Dl H1) 11y < (S(),D(),Ho)
return (Win, C, ¥y, Tly)

8: procedure TEMPCONDLIVE(G, P)

9: Ho(—@;H1<—@;C<—®

10: while G # () do

11: d < max{i | P[i] # 0}

12: if d is odd then

13: W_4 < SOWWECOOPPARITY(G|y\p[q), P)

14: C—CU((V\W-y)

15: else

16: Wy < sOLVECOOPBUCHI(G, P[d]), W_4 < V \ Wy
17: for all i €,4q [0;d] do

18: (Ho, H1) < TEMPLIVE(G|w,, Pli + 1] UP[i + 3] - - - UP[d])
19: H, < H, U (W4 N P[], H,) for p € {0,1}

20: G<—G|Wﬁd,P<_P|Wﬁd

21: P[0] < P[0] U P[d], P[d] + 0

22: return (Hy, Hy,C)

Player 0.

Proof. The time complexity follows from the runtime analysis of ASSUMPPARITY in the
proof of Theorem 3.4. We show that the templates (¥1,IIy) form a CSM for Player 0
by proving its permissiveness, implementability, and sufficiency. Permissiveness follows
from the proof of Theorem 3.4. For implementability, we again observe that the template
U (respectively, I1p) only contains edges of Player 1 (respectively, Player 0) and for each
vertex, there exists an edge that is neither unsafe nor co-live. Moreover, for each source
vertex of a conditional live group, there exists an edge that is neither unsafe nor co-live.
Hence, both players can follow their respective templates by never choosing unsafe or
co-live edges and by choosing edges of live groups infinitely often in their strategies,
establishing implementability.

We only need to show sufficiency. Consider any strategies mg and 7y for Player 0 and
Player 1 respectively, such that mg IF IIp and 1 IF Wy. Let p be a (m, m1)-play starting
from a vertex vy € Win. We need to show that p is winning, i.e., the highest priority
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Algorithm 5.4 ComPUTECCS(G)

Input: A k-player game G with game graph G = (V, E,vg) and parity specifications

(®p)pee-
Output: A cooperatively contracted specification (¢p,)pep and templates (Ap)pep.

1: Winy, Cp, I1,,, ¥, <~ COMPUTECSM(G, ®,,p), Vp € P
2: if ISCONFLICTFREE (G, Npep(Hp A \I/ﬂp)> then
op — Yy AN (V= P,) VpeEP

return (¢,)pep, (Vp ALLy)pep
else

D, — P, A D(ﬂpep Win,) A <>D_‘(Upep Cp) ,VpeP
return CoMPUTECCS(G, @, /)

visited infinitely often along p is even. By sufficiency of unsafe edges from Theorem 5.1,
the play p never go outside Win.

Now, let us consider the game to be restricted to Win. By sufficiency of the procedure
TeEMPCOLIVE(G, V \ C), we know that the play p does not visit vertices in C infinitely
often. Furthermore, by construction of the regions Wy, p cannot switch between differ-
ent W, regions infinitely often. Hence, p eventually stays in W for some unique even
priority d. Then, by sufficiency of TEMPLIVE(G/|w,,P[i + 1] UP[i + 3] - -- UP[d]) for all
odd ¢ < d, we know that if p visits a vertex with an odd priority ¢ < d infinitely often,
then it also visits a vertex with an even priority j € {i + 1,7+ 2,...,d} infinitely often.
Hence, the highest priority visited infinitely often along p has to be even, establishing
sufficiency. O

With the above construction of CSMs for two-player games, we can obtain a CSM
for Player p in a k-player game by considering the two-player game between Player p
and P_, obtained by merging all players in P—, into a single player. This leads to the
following result.

Corollary 5.1. Given a k-player game graph G = (V,E,vg) and a parity specifica-
tion ® = Parity(P), a CSM for Player p can be computed in time O(|V|*). We write
CoMPUTECSM(G, ®,p) to denote the procedure that returns this CSM.

5.3 Negotiation Framework

With the computation of CSMs at hand, we are now ready to present the negotiation
framework for cooperative players (cf. Figure 5.1). As stated before, the key insight of
the framework is to utilize CSMs is to efficiently check the realizability without changing
the game graph. In particular, the idea is to compute a CSM for each player for their
original specification, and then check if the composition of all the templates is realizable,
i.e., if there exists a strategy profile that follows all the templates.
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Formally, our algorithm, called COMPUTECCS, is given in Algorithm 5.4 and schemat-
ically illustrated in Figure 5.1. It uses COMPUTECSM, defined in Section 5.2.5, to com-
pute CSMs (¥, II,) for each Player p in its corresponding game (G, ®,) locally (as in
Algorithm 5.4 and cf. Figure 5.1 (upper middle)). We then check if the composition
of these CSMs is realizable via the function ISCONFLICTFREE formalized later in Sec-
tion 5.3.2 (cf. Figure 5.1 (lower middle)). If their composition is realizable, they would
form a CSS (as in Algorithm 5.4 and cf. Figure 5.1 (bottom)) and hence, COMPUTECCS
terminates. If the composition is not realizable, that means there exist conflicts between
the templates which need to be resolved as formalized in Section 5.3.3. The required
strengthening of all CSMs is again done locally by solving games with modified specifica-
tions again via COMPUTECSM. As the resulting new CSMs might again be conflicting,
this strengthening process repeats iteratively. We prove in Section 5.3.4 that there are
always only a finite number of negotiation rounds.

5.3.1 Player Specific Templates.

Before going into the details of COMPUTECCS, let us first formalize the notion of player-
specific templates. As the assumption template ¥, in a CSM for Player p is defined
over the edges of all players P—,, we need to separate the responsibility of each player in
P_, to encode their guarantees. In order to do so, we need to define and extract player
specific templates from a given template as follows.

A template A < (S, D,H) over G is called a p-template for some p € P if all edges
used in the template are Player p’s edges, i.e., SUDUH C E,, where H := |J{H €
H | (-,H) € H}. Furthermore, given any template A <1 (S, D,H), one can extract a
p-template A|g, by restricting the edges used to E,, i.e., Alg, < (SNE,, DNE,, H|g,)
with H|g, = {HNE, | H € H}. Similarly, for A < (S, D,H), we define Alg, < (SN
E,,DNEpy, H|g,) with H|g, = {(R,H|g,) | (R,H) € H}.

5.3.2 Checking Realizability of Composed Templates

Now, to compose CSMs for different players, we need to compose their templates. Intu-
itively, the composition of two templates is simply the conjunction of their constraints,
i.e., unsafe edges are the union of unsafe edges in both templates, and similarly for co-live
and (conditional) live group edges. This is formalized below.

Definition 5.3. Let A < (S, D,H) and A’ < (S’, D',H’) be two templates. We define
their composition as the template (AAA) < (SUS,DUD' HUH').

With this, in order to check if the composition of CSMs (V—,,II,,) for all p € P is
realizable, we need to check if there exists a strategy profile (m,)pep such that each m,
follows the corresponding p-template obtained from the composition of all templates, i.e.,
mp IF I, AN ap W_y|E,. Note that checking the existence of such a strategy profile is
in generally expensive as the templates are basically LTL formulas. However, we can
exploit the local nature of templates to give a sufficient condition for realizability, that
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can be checked efficiently. To this end, we first define the notion of conflict-freeness of
templates as follows.

Definition 5.4. A template A < (S, D,H) in G is said to be conflict-free if
(i) every vertex v has an outgoing edge that is neither co-live nor unsafe, i.e., vx E(v)
DUS, and
(i) in every live group H € H s.t. (-, H) € H, every source vertex v has an outgoing
edge in H that is neither co-live nor unsafe, i.e., v x H(v) Z DU S.
We denote the procedure of checking (i)-(ii) as ISCONFLICTFREE(G, A), which returns
True if (i)-(ii) holds, and False otherwise.

We note that checking (i)-(ii) can be done independently for every vertex, hence
ISCONFLICTFREE(G, A) runs in linear time O(n) for n = |V|. Intuitively, whenever
the existentially quantified edge in (i) and (ii) of Definition 5.4 exists, a strategy that
alternates between all these edges follows the given template. In addition, this strategy
can also be extracted in linear time, as formalized next.

Proposition 5.1. Given a game graph G = (V, E) with conflict-free template A <
(S,D,H) for a set of players P', a strategy profile (mp)pepr for P’ that follows A can
be extracted in time O(m), where m is the number of edges. This procedure is called
EXTRACTSTRATEGY(G, A).

Proof. The proof is straightforward by constructing the strategy as follows. We first
remove all unsafe and co-live edges from G and then construct strategies for players in
P’ that alternates between all remaining edges from every vertex. This strategy is well-
defined as condition (i) in Definition 5.4 ensures that after removing all the unsafe and
co-live edges a choice from every vertex remains. Moreover, if the vertex is a source of
a live group edge, condition (ii) in Definition 5.4 ensures that there are outgoing edges
satisfying every live group. Thereby, the constructed strategy indeed follows A. O

It is worth noting that COMPUTECSM (and all its variants given in Section 5.2)
always return conflict-free templates ¥—,, and II,, by construction. Only when combining
templates from all players conflicts may arise. However, conflict-freeness of such combined
templates implies the existence of a strategy profile following them.

Corollary 5.2. Given CSMs (Y-, II,)pep in a game graph G, if the template /\pep(‘l'ﬁp/\
I1,) is conflict-free, then there exists a strategy profile (mp)pep such that each m, follows
the corresponding p-template W, A 11, with ¥,, = /\q?ép VoylE,-

We note that the converse of Corollary 5.2 is not true, as there can be a strategy
profile following W, A II, even when the corresponding templates are not conflict-free.
However, this does not affect the completeness of our algorithm. Therefore, we focus
our attention on ensuring conflict-freeness rather than the existence of such a strategy
profile. Moreover, if such a strategy profile exists it will be retained by the conflict
resolving mechanism of our negotiation framework, introduced next.
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5.3.3 Resolving Conflicts

Given a conflict in A = A ,cp(Il, A ¥—p) < (S, D, H) we now discuss how the modified
specifications ¢, (as in Algorithm 5.4 of Algorithm 5.4) allows to resolve this conflict in
the next iteration.

For this, first assume that D = (). In this case a conflict at a vertex exists because all
of its available (live) edges are unsafe and should never be taken. Hence, an extracted
strategy (via Proposition 5.1) is not well-defined (i.e., might get stuck in a vertex for
which (i) of Definition 5.4 is false) or not ensured to be winning (i.e., will not be able to
fulfill the liveness obligations in H if (ii) of Definition 5.4 is false).

In order to ensure strategies to be winning, templates need to be re-computed over a
game graph where unsafe edges e € S in A are removed. Furthermore, by looking into the
details of the computation of S within CoMPUTECSM, we see that unsafe edges always
transition from the winning region Win, = (P))(®,) to its complement Win, = V' \ Win,,
i.e., every (cooperatively winning) play should never visit states in mp. We therefore
achieve the desired effect by adding the requirement (0J—Win to the specification, which
obviously does not restrict the winning region, as COMPUTECSM is ensured to not
remove any cooperative solution (due to (i) in Definition 5.2).

This intuition generalizes to the case where D # () as follows. Here, we need to
resolve the game while ensuring that co-live edges e € D are only taken finitely often.
Furthermore, co-live edges are computed by COMPUTECSM s.t. they always transition
to the set of vertices C, that must only be seen finitely often along a winning play. In
addition to Win,, the set C, is also be computed during the computation of D within
CoMPUTECSM in Algorithm 5.4 of Algorithm 5.4. As for the unsafe-edge case, we can
achieve the desired effect for recomputation by adding the requirement <>[0—C to the
specification @, (see Algorithm 5.4 of Algorithm 5.4). Again, this obviously does not
alter the winning region of the game.

Remark 5.1. We note that Algorithm 5.4 is slightly simplified, as the objective ¢, in
Algorithm 5.4 of Algorithm 5.4 used as an input to COMPUTECCS in latter iterations, is
not a “plain” parity objective Parity(P). As CoMPUTECSM expects a parity game as an
input, we need to convert y, into a parity objective by a simple reprocessing step. Luckily,
both additional specifications can be dealt with using classical steps of Zielonka’s algorithm
[225], a well-known algorithm to solve parity games as discussed in Section 2.5.3, which
is used as the basis for COMPUTECSM. Concretely, we handle the O Win part of ¢p,
by restricting the game graph G to Win and the OO—C part by assigning all vertices
in C the highest odd priority 2d + 1. The correctness of these standard transformations
follows from the same arguments as used to prove the correctness of similar steps of the
CoMPUTECSM algorithm in Section 5.2.

5.3.4 Properties of CoMPUTECCS

With this, we are finally ready to prove that (i) COMPUTECCS always terminates in a
finite number of steps, and (ii) upon termination, the computed CSMs indeed provide a
CCS for the original game.
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Termination. Intuitively, all local synthesis problems are performed over the same
(possibly shrinking) game graph G. Therefore, there exists only a finite number of
templates A < (S, D, H) over GG, which, in the worst case, can all be enumerated in finite
time.

Theorem 5.5. Given a k-player game G = (G, (®p)pep) with ®, = Parity(P,), Algo-
rithm 5.4 always terminates in O(kn®) time, where n = |V|.

Proof. We prove termination via an induction on the lexicographically ordered sequence
of pairs (JWin|, |Win\ C|). As the base case, observe that if [Win| = 0 or |Win \ C| = 0,
in the next iteration, the winning region for every controller player would be empty,
implying U, < (0,0,0) and II, < (0,0,0) for every p € P. Therefore, combination of
all the templates is trivially conflict-free, and hence, ISCONFLICTFREE returns True and
CoMPUTECCS terminates.

Now for the induction step, suppose |Win| > 0 and |Win\ C| > 0 in the previous
iteration. If the combination of the templates is conflict-free, then COMPUTECCS ter-
minates. Suppose this is not the case. As G gets restricted to Win for this iteration (see
Remark 5.1), unsafe edges can only occur if Win’ C Win (as they are by construction from
Win’ to V' \ Win’ s.t. the latter is a subset of Win), where Win’ is the winning region com-
puted in the current iteration. If Win’ = Win conflicts need to arise from co-live edges.
As co-live edges are computed by COMPUTECSM in a subgame that excludes all vertices
with the highest odd priority (and therefore all vertices in C due to Remark 5.1), the ex-
istence of co-live edge conflicts implies the existence of new co-live edges, which implies
that |Win"\ ¢’| < |Win\ C|. Therefore, (|Win|,|Win\ C|) always reduces (lexicographi-
cally) when conflicts occur. Hence, the algorithm terminates by induction hypothesis.
Furthermore, as each iteration calls ISCONFLICTFREE once and COMPUTECSM £k times
which runs in O(|V[*) time, Algorithm 5.4 terminates in O(k |V|°) time. O

Soundness and Completeness. It remains to show that upon termination, the com-
puted CSMs indeed provide a CCS for the original game. Furthermore, the local nature
of templates ensures that the algorithm does not depend on the initial vertex, and hence,
for every vertex v for which there exists a cooperatively winning strategy profile, i.e,
for every v € (P) A\ cp ®p, the algorithm outputs a CCS even for the modified game
graph (V, E,v). Moreover, if there are only two players, as we do not lose permissiveness
by restricting the templates to player-specific edges, the resulting CCS is also maximal.
This is formalized below.

Theorem 5.6. Given a k-player game G with game graph G = (V, E,vg) and parity speci-
fications (®p)pep, the specification profile (wp)pep output by the procedure COMPUTECCS(G)
is CCS w.r.t. every game graph (V,E,v) with v € (P) \,cp Pp- If [P| = 2, (pp)pep is
also mazximal.

Proof. Let ((¢p)pep, (Ap)pep) be the output of the procedure CoMPUTECCS(G). Note
that in each iteration of COMPUTECCS, the specifications (®,)pep are modified in Algo-
rithm 5.4 of Algorithm 5.4. Let <I>; the corresponding specification and let ¥,,, ¥_,, and
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IT, be the corresponding templates used in the last iteration of CoMPUTECCS. Hence,
op = Up A (U = @) and A, = ¥, AT, for each p € P. First let us show that the
conjunction of the modified specifications <I>; still retain the same language as the original
specifications ®,,.

Claim 5.1. L(A,cp ®)) = L(Ajep Pp)-

Proof.  Observe that in every iteration, the procedure TEMPPARITY outputs the co-
operative winning region Win,, and the co-Biichi region C,, i.e., the region that needs
to be visited only finitely often along a winning play, for each player p € P. Hence,
every play in the current ®, already satisfies the added terms (O0Win, and &GO —Cy.
Thereby, the addition of these terms to the specification does not exclude any co-
operative winning play, hence, keeping /\peP ®,, same in every iteration. Therefore,

after the last iteration, we have L(/\ cp ®},) equivalent to L(A,cp ©p). <

Now, consider a game G" with game graph G’ = (V, E,v) with v € (P)) A\ ,cp , and

specifications (®,),cp. We first show that the returned specification (¢p)pep forms a CCS
for G', i.e., it is decentralized and sound (as in Definition 5.1), and then show maximality
if |P| = 2.
» Decentralized. We need to show that v € (p))p, for each p € P. By conflict-freeness
of the combined template /\pep(\Ilﬂp A1I,) and by Corollary 5.2, there exists a strategy
profile (m,)pep such that each m, follows the corresponding p-template ¥, A II,. Fix
any p € P. Furthermore, by sufficiency (Definition 5.2(i)) of CSM (¥, II,) and due
to the equivalence of the definitions as in Proposition 3.1, m, is winning for ¥_, = @;
from every vertex in /<<P>><I>’. As v € (P) A\pep <I>pl = (P) N\per © (by Claim 5.1), it
holds that v € (P)®;,. Hence, m) =, (V- = @) and m, I ¥). This means that
T o Up A (U—p = @), which is equivalent to m, =, . Hence, v € (p)ep.

» Soundness. Let (m,)p,ep be any strategy profile with m, =, ¢, for each p € P.
We need to show that (mp)per Fv /A\pep(Pp). Observe that, by construction, we have

(Tp)pep Fo Npep(p)- Hence, it is enough to show that L(A,cp vp) € L(A\yep Pp)-
By construction, we have L(A,cp Vp) € L(A,cp V-p)- Hence, it holds that

L(Aper ep) = L(Nper ¥p) N L(Npep Vp = 1)
(Apep ¥-p) N L(N\pep V-p = )
(Apep Yp A (T = 7))

(
(

@)
/\peP (I)P)
» Maximality. Now, suppose [P| = 2, i.e., P = {0,1}. We already have shown that

L(Npep £p) € L(Nyep Pp)- To show maximality, we need to show the other direction,
ie, L(Apep ®p) € L(N\,cp pp)- AsP={0,1}, we have ¥g = W3 and ¥-; = ¥y. Hence,
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for each p € P, L(pp) = L(¥),) N L(Y;_, = ®,). Furthermore, for each p € P, by
permissiveness (Definition 5.2(iii)) of CSM (¥, II,), it holds that

L(®p) € L(V-p)
e L(D,) C LV N L(Vy = D))
= ﬁ(\Iflfp) N ﬁ(\lflfp = (Dp)

Their conjunction gives,

(L(1) N LYy = Dg)) N (L(¥o) N L(Yg = 1))
(L(Wo) NL(Y1 = Pg)) N (L(P1) N L(Yg = 1))

ﬁ((I)o A (I’l) c
= L(p0) N L(p1) = L(go A p1).

Therefore, the CCS (¢p)pep is maximal. O

With this, by combining this with the properties of CCS from Corollary 5.2, the
strategy choices for both players are fully decoupled. Moreover, since the COMPUTECCS
algorithm removes losing vertices in each iteration, if no solution exists, it terminates
with an empty game graph and empty templates. This is summarized in the following
completeness result.

Corollary 5.3. In the context of Theorem 5.6, for any vertex v from which a winning
strategy profile exists for the k-player parity game (G, (®p)pep), COMPUTECCS also out-
puts a p-template A, = Y, A1I, for each p € P such that one can extract a winning
strategy profile (mp)pep from v with each m, following A,. Conversely, if no such profile
exists from any vertex, then all computed templates are empty, i.e., A, = for all p € P.

5.4 Utilizing Templates under Partial Observation

This section will not discuss the negotiation framework or computation of templates
(CSMs) under partial observation. Instead, we assume that the interaction between
players (i.e., the plant model), given as a game graph (as discussed in Section 2.5.2),
is known during synthesis, but players have to actually play under partial observation
which requires the extraction of a partial observation strategy from (full-observation)
assumption and strategy templates (as obtained in Corollary 5.3). This complies with
the concept of output-feedback control from engineering [147, 143, 201|, where controller
strategies are synthesized offline under full state information of the plant model, but need
to operate based on measurements containing only partial state information.

To this end, we consider a partial observation setting where players cannot distin-
guish all vertices in the graph but still take turns when playing. We use the well known
knowledge-based abstraction of games under partial observation [59] to build an abstrac-
tion over so-called knowledge states for each player, which collects all vertices of the
game that a player can currently not distinguish (given the past history of the play).
We then intersect all templates of vertices combined in these knowledge states. If the
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resulting (knowledge-based) template is conflict-free, a strategy can be extracted in anal-
ogy to Proposition 5.1. The soundness of this approach follows directly from the known
properties of knowledge-based abstractions and conflict-free templates.

5.4.1 Partial Observation Setting

We start by formalizing the partial observation setting we consider in this section. In
this setting, every player p € P has only partial observation over the vertex set V of a
game graph, i.e., Player p cannot distinguish all vertices in V. In particular, for each
player p € P, we consider to be given a partition of vertices I';, C 2V \ @ which group all
vertices that are indistinguishable for Player p. We formalize these partitions as follows.

Definition 5.5. An observation partition T' C 2V \ () in a game graph G = (V, E, vg) is
a collection of non-empty observation sets such that the following holds:

(i) Ugeru=Vanduntv =0 forallu #v €T,
(ii) for all w € T, there exists a player p € P s.t. u C V.
Moreover, I' induces a mapping I'" : V' — T' s.t. I'M(v) := v iff v € 0.

The first condition in Definition 5.5 ensures that I' is indeed a partition of V', while
the second condition ensures that every observation set & € I" contains vertices owned by
the same player only. This means each player sees who is playing at each point in time,
which is important to retain the turn-based nature of the game graph in the abstracted
knowledge-based game graph defined later.

With the above definition of observation partitions, the synthesis problem for such
k-player games under partial observation can now be formalized as follows.

Problem 5.1. Given a k-player game G = (G, (®p)pep) with an observation partition I'),
for each player p € P, synthesize a winning strategy profile (mp)pep such that each mp is
observation-preserving under I'y, i.e., for all histories h = vgvy ... v, and b’ = vyv] ... v,
with TP (v;) = Fg(vz’») for all 0 < i <mn, it holds that my(h) = my(h').

5.4.2 Knowledge-Based Abstractions

The key idea of knowledge-based abstractions is to build an abstract game graph where
each state (so-called knowledge state) collects all vertices that a player cannot distinguish
based on the history of the play so far. To this end, we need to capture two important
aspects of partial observation settings. First, each player p € P knows the full game
graph structure, i.e., the interaction between players is common knowledge. Hence,
based on the knowledge from the history of the play, Player p can deduce which vertices
of an observation set might be currently active in the game. Second, Player p can only
distinguish their own moves, i.e., labels on their own edges, but not the moves of other
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players. In order to capture this, we define a new p-labelling function L, based on the
labelling function! L of the game graph that only distinguishes Player p’s moves.

Definition 5.6. Given a game graph G = (V, E, vg, L) with labelling function L : E — X
and L ¢ L(E), the p-labelling function L, : E — ¥, with ¥, := L(E,) U {L} is defined

L(e) = {L(e), ifecE,

1. otherwise

This p-labelling function L, maps all edges owned by Player p to their original labels,
while all other edges are mapped to a special label L indicating that Player p cannot
distinguish these moves. Using this p-labelling function and the given observation par-
tition for Player p, we can now build the knowledge-based abstraction for Player p the
usual way [59].

Definition 5.7. A (knowledge-based) p-abstraction of a game graph G = (V,E, v, L)
under the observation partition I' is a tuple G, = (I', 0y, A) such that

F={GCV|0#£aCTU for someu €TI};
o Uy :=I"M(vp);

e ACT x X, x T with (@, 0,7) € A iff there exists 7 € T s.t. 0 = v N {v € E(Q) |
Ly(u,v) =o}.

We observe that the state space T of G is the collection of all non- empty subsets of
observation sets in L. Furthermore, it induces a Correspondlng mapping v 9T such
that Tﬂ( ):={o €T |ved} forallve V. We denote by I‘ the set of knowledge-states

U in G which are owned by Player ¢, i.e., u C V.

5.4.3 Extracting Partial Observation Strategies

In this section, we show how a p-template in a game graph G can be abstracted into a
p-template in a knowledge-based p-abstracted game graph G/),. In order to formalize this
abstraction, we need to first extend templates to labelled game graphs.

Labelled Templates. Given a game graph G = (V, E,vg, L), we define the enabled
state-action pairs as the set A := {(v,0) € V x X | I(v,v') € E. L(v,v") = o}. With
this, one can define a labelled template as a tuple A < (S, D,H) with S C A, D C A,
and H containing pairs of the form (R,H) for R C V and H C A. Furthermore, this
naturally defines a labelled p-template if S, D and all H only contain state-action pairs
(v,0) with v € V. Conflict-freeness and strategy extraction of labelled templates can
also be defined in analogy to Definition 5.4 and Proposition 5.1.

!Note that the labels (as defined by the labelling function L of the game graph) are not needed and
hence, not mentioned in the full observation settings, as moves are then uniquely determined by the edge
SUCCESSOrs.
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We note that, due to the deterministic definition of transition labels in L, every
template over GG corresponds to a unique labelled template. Therefore, in this section,
we will only consider labelled templates.

Knowledge-Based Templates. To define the knowledge-based abstraction of a la-
belled template, we first extend the induced mapping I to sets of state-action pairs
a C A in the obvious way, i.e., IT(a) := {(3,0) € A | (v,0) € a,v € B}. With this,
a labelled template A in G naturally corresponds to an abstracted template A in @p as
follows.

Definition 5.8. Given a game graph G = (V, E,vp, L), its corresponding p-abstraction
Gp (F Vo, A) and a labelled template A <1(.S, D, H) over G, we define the corresponding
abstracted template A < (S, D, H) over G}, as follows:

e D:=TM(D), and
o H:={(R,H)|(R,H) eH} with R={0 el |tNR#0} and H ={TNH) | H e
H

Given the above construction, the computed p-template A, from Corollary 5.3 in
the original game graph can be used to obtain an abstracted p-template /A\p in the p-
abstracted game graph CA}p. If JAXp is conflict-free in ép, one can then extract a Player p
strategy 7, following [A\p in @p via Proposition 5.1. As knowledge-based abstractions
ensure that every history of a play corresponds to a unique Player p state, 7, is a well-
defined observation-preserving strategy in G. Moreover, due to Corollary 5.3, a strategy
profile (7, ),ep containing strategies extracted this way for all players is a winning strategy
profile in G. While this procedure does not guarantee completeness due to possible
conflicts in the abstracted templates, it provides a sound method to solve Problem 5.1,
as summarized below.

Corollary 5.4. Given a k-player game G = (G, (®p)pep) with an observation partition
Iy for each player p € P, let A, be the p-template computed as in Corollary 5.3 in G and
Ap its correspondmg abstracted template in the knowledge-based p-abstraction G IfA
is conflict-free in Gp for all p € P, then the strategy profile (Tp)pep with T, - Ap s an
observation-preserving winning strategy profile in G.

5.5 Experimental Evaluation

To demonstrate the effectiveness of our approach, we conducted experiments using a
prototype tool COSM0O (Contracted Strategy Mask Negotiation) [2| that implements
the negotiation framework (Algorithm 5.4) for computing CCS for mult-player parity
games. All experiments were performed on a computer equipped with an Apple M1 Pro

8-core CPU and 16GB of RAM.

106



5.5.1 Factory Benchmark

We evaluate the performance of our tool COSMO with a benchmark suite of a grid-like
factory scenario involving two robots, R; and Ra, operating in a shared workspace. Both
robots can move in four directions (up, down, left, right) and have individual objectives to
navigate the workspace while avoiding collisions with each other and with the walls. We
consider two types of objectives for the robots: (i) Biichi objectives requiring that robots
Ry and Ry should visit the upper-right and upper-left corners, respectively, of the grid
infinitely often, while ensuring that they never occupy the same location simultaneously
and do not bump into a wall. (ii) Parity objectives requiring one robot to visit certain
locations infinitely often whenever the other robot visits specific locations infinitely often,
while still avoiding collisions and walls (e.g., if R; visits location A infinitely often, then
Ry must visit location B infinitely often).

Benchmark Generation. To generate problem instances with different computational
difficulty, we have generated a comprehensive set of 2357 factory benchmark instances.
Our benchmark generator takes four parameters to change the characteristics of the game
graph: the number of columns x, the number of rows y, the number of walls w, and the
maximum number of one-way corridors ¢. Given these parameters, the workspace of the
robots is constructed as follows: first, w horizontal walls, i.e., walls between two adjacent
rows, are generated randomly. We ensure that there is at least one passage from every
row to its adjacent rows (if this is not possible with the given w, then w is set to the
maximum possible number for the given x and y). Next, for each passage from one row
to another, we randomly designate it to be a one-way corridor. For example, if a passage
is an up-corridor, then the robots can only travel in the upward direction through this
passage. We ensure that the grid has at most ¢ one-way corridors. Given such a grid,
we generate a game graph for two robots, denoted R; and Ra, that navigate the grid
starting at the lower-left and lower-right corners of the grid, respectively. In this scenario
the robots only interact explicitly via their shared workspace, i.e., possibly blocking each
other’s way to the target. We consider two types of objectives for the robots as mentioned
before. An illustration of one such benchmark is depicted in Figure 5.3 (left).

Experimental Results. In a first set of experiments, we ran our tool on all the factory
benchmarks instances and plot all average run-times per grid-size (but with varying
parameters for ¢ and w) in Figure 5.3 (right). We see that COSMoO takes significantly
more time for parity objectives compared to Biichi objectives. That is because computing
templates for Biichi games takes linear time in the size of the games whereas the same
takes biquadratic time for parity games. Furthermore, the templates computed for Biichi
objectives do not contain co-liveness templates, and hence, they do not raise conflicts in
most cases. However, templates for parity objectives contain all types of templates and
hence, typically need several rounds of negotiation.

In a second set of experiments, we compared the performance of COSMO, with the
related tool AGNES implementing the contract-based distributed synthesis method by
Majumdar et al. [146]. Unfortunately, AGNES can only handle Biichi specifications and
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Figure 5.3: Left: Example of a factory benchmark with parameters x =3, y = 3, w = 3,
and ¢ = 2. Solid lines denote walls, little up- and downward pointing arrows indicate
one-way corridors. Right: Data points for factory benchmarks with Biichi objectives
(blue circles) and parity objectives (green triangles) describing average execution time
over all instances with the same grid size. The y-axis is given in log-scale.

resulted in segmentation faults for many benchmark instances. We have therefore only
report computation times for all instances that have not resulted in segmentation faults.

The experimental results are summarized in Figures 5.4 and 5.5. As CoSMO im-
plements a complete algorithm, it provably only reports that a given benchmark in-
stance is unrealizable, if it truly is unrealizable, i.e., for 1.67% of the considered 120
instances. However, AGNES reports unrealizability in 36,67% of its instances (see Fig-
ure 5.4 (left)), resulting in many false-negatives. Similarly, as COSMoO is ensured to
always terminate, we see that all considered instances have terminated in the given time
bound. While, AGNES typically computes a solution faster for a given instance (see Fig-
ure 5.5 (left)), it enters a non-terminating negotiation loop in 13,34% of the instances
(see Figure 5.4 (right)). This happens for almost all considered grid sizes, as visible from
Figure 5.5 (right) where all non-terminating instances are included in the average after
being mapped to 300s, which was used as a time-out for the experiments.

While our experiments show that AGNES outperforms COSMO in terms of computa-
tion times when it terminates on realizable instances (see Figure 5.5 (left)), it is unable
to synthesize strategies either due to conservatism or non-termination in almost 50% of
the considered instances (in addition to the ones which returned segmentation faults and
which are therefore not included in the results). In addition to the fact that AGNES
can only handle the small class of Biichi specifications while COSMO can handle parity
objectives, we conclude that the solution of COSMO for the given synthesis task is much
more satisfactory.
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Figure 5.5: Average computation times over all instances with the same grid size for
CoSMo (blue circles) and AGNES (red squares) without timed-out instances (left) and
with timed-out instances mapped to the time-out of 300s (right). The y-axis is given in
log-scale.
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Figure 5.6: Experimental results over 2244 games when new parity objectives are added
incrementally one-by-one. Data points give the average execution time (in ms) over
all instances with the same number of parity objectives for COSMO (blue circles) and
GENZIEL [63] (red squares).

5.5.2 Incremental Synthesis and Negotiation

While the previous section evaluates our method for a single, static synthesis task, we
want to now emphasize how the permissiveness of our approach allows for online adap-
tation of strategies. To this end, we assume that Algorithm 5.4 has terminated on the
input (G, ®g, ®1) and realizable CSM’s (¥, 1Ip) and (Wo, II;) have been obtained. Then
a new parity objective <I>; over GG arrives for component p, for which additional CSM
(V.,,I1,) := ComMPUTECSM(G, ®)) can be computed. It is easy to observe that if

(\Il’ﬁp, H;) does not introduce new conflicts, no further negotiation needs to be done and

the CSM of component p can simply be updated to (¥, A \I/’ﬁp, IL, /\H;). Otherwise, we
simply re-negotiate by running more iterations of Algorithm 5.4.

We note that, algorithmically, this variation of the problem requires solving a chain
of generalized parity games, i.e., a parity game with a conjunction of a finite number of
parity objectives. We therefore compare the performance of COSMO on such synthesis
problems to the best known solver for generalized parity games, i.e, GENZIEL by Chatter-
jee et al. [63] and implemented by Bruyeére et al. [49]. Similar to our approach, GENZIEL
is complete and based on Zielonka’s algorithm. However, it solves one centralized coop-

erative game for the conjunction of all players objectives.

Synthesis Benchmark Generation. We have generated 2244 benchmarks from the
games used for the Reactive Synthesis Competition (SYNTCOMP) [119] by adding ran-
domly generated parity objectives to given parity games. The random generator takes
two parameters: game graph G and maximum priority m. It selects 50% of the vertices in
G randomly. These vertices are assigned priorities ranging from 0 to m (including 0 and
m) such that 1/m-th of those vertices are assigned priority 0 and 1/m-th are assigned
priority 1 and so on. The other vertices are assigned random priorities.
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Figure 5.7: Variation of the experiment in Figure 5.6 with either 5 (left) or 6 (right)
long-term objectives.

Comparative evaluation. Figure 5.6 shows the average computation time of GEN-
ZIEL and COSMO when objectives are added incrementally one-by-one, i.e., the game
was solved with ¢ objectives, then one more objective was added, and the game was
solved again. We see that for a low number of objectives, the negotiation of contracts
in a distributed fashion by CoSMo0 adds computational overhead, which reduces when
more objectives are added. However, as more objectives are added the chance of the
winning region to become empty increases. This gives GENZIEL an advantage, as it can
detect an empty winning region very quickly (due to its centralized computation). In
order to separate the effect of (i) the increased number of re-computations and (ii) the
shrinking of the winning region induced by an increased number of incrementally added
objectives, we conducted a separate experiment where added objectives are allowed to
disappear again after some time. Here, we consider benchmarks with a fixed number of
long-term objectives, and iteratively add just one temporary objective at a time. The
results are summarized in Figure 5.7 when the number of long-term objectives are 5 (left)
and 6 (right). We see that in this scenario COSMO clearly outperforms GENZIEL while
performing computations in a distributed manner and returning strategy templates.

5.6 Related Work

Assume-guarantee contracts in multi-player games have been widely used to structure
by encoding the assumptions each player makes about the others [60, 44, 10, 35, 98,
146, 31, 76]. While several frameworks assume some form of rationality among play-
ers [60, 101, 44, 77, 99|, others employ explicit assume-guarantee reasoning [98, 146, 144|
to compute formal contracts that specify allowed behaviors without constraining indi-
vidual rationality. While Finkbeiner and Passing [98] employs a centralized bounded-
synthesis formulation to find global contracts, other approaches use distributed negotia-
tion frameworks [146, 144]. The work by Mainhardt and Schmuck [144] builds on con-
cepts from supervisory control, while other frameworks, such as the work of Majumdar et
al. [146], use environment assumptions following the works of Chatterjee et al. [57], but
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their resulting contracts are not maximally cooperative. A detailed comparison between
supervisory control and reactive synthesis can be found in related papers [84, 196, 150].

Overall, the existing literature provides rich foundations for distributed reactive syn-
thesis under w-regular objectives, but current frameworks either require centralization,
assume rational player behavior, or compute non-maximal assume-guarantee contracts.
Our work advances this state-of-the-art by developing a sound and complete distributed
synthesis algorithm that constructs maximally cooperative assume-guarantee contracts
without imposing rationality constraints on players.
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Chapter 6

Permissive Human-Robot
Interaction

While Chapter 3 formalized permissive assumptions for monolithic systems, and Chap-
ters 4 and 5 extended this to permissive assume-guarantee based contracted specifications
for distributed systems, this chapter focuses on utilizing the permissiveness of the devel-
oped theory in the context of human-robot interaction (HRI). In particular, we consider
a human-robot interaction scenario where both the robot and the human, interacting in
a shared environment, have their own independent tasks, which are not known to each
other. In such a setting, we employ contracted strategy masks (CSMs), developed in
Chapter 5, to capture all cooperative behaviors of both human and robot that enable a
permissive interaction in which the robot can reliably satisfy its own task while effectively
collaborating with the human.

Recall from Chapter 5 that CSMs consist of two components: (i) an assumption
template on the environment (in this case, the human) that captures all cooperative
behaviors of other agents that enable the controller (in this case, the robot) to satisfy
its task, and (ii) a strategy template for the controller that prescribes how to act under
the assumed cooperative behaviors. With this in mind, our framework leverages the
permissiveness of CSMs to capture two key capabilities: (i) adaptation of the robot’s
strategy within its strategy template based on local observations of human behavior
during interaction, and (ii) a tunable mechanism for providing feedback to the human
when necessary, i.e., when the human’s behavior consistently does not align with the
assumption template. This balance minimizes interference with the human’s autonomy
while ensuring persistent robot task satisfaction even under conflicting human tasks.

The rest of this chapter is organized as follows. We first formalize the problem
setup in Section 6.1, introducing the reactive-planning domain that models human-robot
interaction, the temporal-logic tasks, and the overall problem statement. In Section 6.2,
we present our proposed framework, detailing how CSMs are employed to formulate
both the outlined strategy adaptation and feedback mechanisms. We then validate our
approach in a real-world block-manipulation task using a Franka Emika Panda robotic
arm and in the Overcooked-Al benchmarks in Section 6.3. Finally, we review related
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Figure 6.1: An example of a partial reactive planning domain for turn-based human-robot
interaction in a grid world. The robot controls the circle states, while the human controls
the square states. Each state contains a 3 x 3 grid showing the current positions of the
human-placed objects (red squares) and the robot-placed objects (blue circles). Directed
edges represent possible actions leading to successor states. The robot’s objective is to
repeatedly reach states with majority-occupied cells where the placed objects are non-
adjacent (i.e., no two occupied cells are neighbors), as illustrated in states t1 and t2.
Green dashed edges denote live actions, which are the suggested actions by the strategy
templates, while dotted edges denote sequences of actions that lead to the target states.

work in Section 6.4.

6.1 Problem Setup

We focus on a turn-based human-robot interaction scenario, where the robot and the
human alternately act in a shared environment. Given a high-level temporal task for the
robot, our goal is to develop a framework that enables the robot to adapt its strategy
online to the human’s observed behavior, and to provide feedback in a principled, tunable
manner, so that the robot’s task is reliably satisfied even when the human pursues an
independent objective whose chosen strategy may conflict with the robot’s progress. Let
us first formalize this problem by providing all necessary components in the following
subsections.

6.1.1 Reactive Planning Domain

We model the interaction between the robot and the human as a reactive planning do-
main represented by an alternating two-player game graph G = (V, E, vy, L) over AP (as
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introduced in Section 2.5), where:
e V=1V,.UV), is a set of states, partitioned into robot states V,. and human states Vj;
e vy € Vis the initial state;

e £ = E, U E}, is the set of actions (modeled as directed edges), partitioned into
robot actions E, C V,. x V3, and human actions Ej, C Vj, x V,.;

AP is the set of task-related propositions that can either hold or not hold in a given
state.

L: V — 2*" ig a labeling function that labels each state with the set of propositions
that hold in that state.

The planning domain can be specified using the planning domain description language
(PDDL) [115], a standard language in the field of AI planning. In a PDDL description,
a state captures relevant objects and their locations, while actions are defined in terms
of preconditions and effects. A PDDL description can be automatically translated into
a reactive planning domain (i.e., a two-player game graph) by enumerating all possible
states and actions, as done in prior work [158, 159, 118, 199, 224].

A run p = sp8182 . .. of the planning domain is an infinite sequence of states such that
so = vp and for all i > 0, (s;, s;41) € E, i.e., there is an action that takes the system from
state s; to state s;y1. The run p induces a trace L(p) = L(so)L(s1)L(s2) ..., an infinite
word over 2% which is a sequence of labels corresponding to the states in the run. We
assume that the robot and human take turns to act, i.e., if s; € V., then s;41 € V},, and
vice versa.

A robot strategy m,: V'V, — E, is a function that maps a sequence of states (repre-
senting the history of the interaction) ending in a robot state to the action that the robot
should take. A run p = sps15s2... is said to be a m.-run if for all ¢ > 0, whenever s; € V,.,
then s;41 = m(s0S1...5;). A human strategy m, and a mp-run are defined similarly.
Note that these notations are similar to those introduced in Section 2.5.

Example 6.1. Figure 6.1 shows a partial view of a turn-based human-robot interaction
modeled as a reactive planning domain. Each circle (e.g, r0,r1,...) corresponds to a
robot state in V, and each square (e.g., hO,h1,...) corresponds to a human state in
Vi,. Inside each node, the 3 x 3 grid represents the environment: red squares denote
human-placed objects, and blue circles denote robot-placed objects. Edges correspond
to actions in E, alternating between human and robot moves according to the turn-based
interaction. For example, the edge from state r2 to state h2 represents a robot action
that removes a (blue circle) object from cell (1,1) (i.e., 1st row, 1st column). Figure 1.5
shows an image of the same action being executed by a Franka robotic platform in a
real-world setting.

A labeling function L can be defined to capture task-related propositions in AP. For
instance, let us consider the propositions AP = {adj,diag,major}, where adj indicates
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that no two objects are adjacent (horizontally or vertically), diag indicates that a di-
agonal is fully occupied, and major indicates that at least 4 out of 9 cells are occupied
(majority-occupied). Hence, adj holds only in states r0,t1,t2; diag holds in states
r5,t2; and major holds in every state except hO and rO. From the initial state hO, a
possible run is p = h0 (r1 h1r2h2)“, which induces the trace L(p) = {} {major}~.  _I

6.1.2 Temporal Tasks as LTL formulas

To express robot/human tasks, we use LTL formulas (as introduced in Section 2.2.2) over
the set of atomic propositions AP. We say a run p of a planning domain satisfies an LTL
formula ¢, denoted p |= ¢, if the trace L(p) satisfies the formula ¢.

Example 6.2. Consider again the reactive planning domain in Example 6.1 with atomic
propositions AP = {adj,diag,major}. Suppose the robot’s task is to repeatedly reach
states where no two objects are adjacent and at least four cells are occupied, which can
be expressed by the LTL formula ¢, = O0<(adj Amajor). A human’s task could be to
repeatedly reach a state where a diagonal is fully occupied, expressed by the LTL formula
pp =0 diag. A run that repeatedly visits states t2 satisfies both tasks, while a run
that eventually only loops in state t1 only satisfies the robot’s task. _

6.1.3 Problem Statement

We are interested in the scenario of human-robot interaction where both the robot and
the human have their own independent tasks, which are not known to each other. In such
settings, each agent may follow a strategy that, even if unintentionally, can block or halt
progress toward the other’s task. Our goal is to develop a framework that enables the
robot to adapt its strategy based on local observations and give feedback to the human
when necessary, in order to persistently satisfy its own task over time.

Problem 6.1. Given a human-robot interaction modeled as a reactive planning domain
G with an LTL task ¢ for the robot in the presence of a human pursuing an unknown
latent task, develop a framework that

(a) captures all cooperative behaviors of the human that enable the robot to satisfy its
task ¢;

(b) adapts the robot’s strategy based on local observations of the human’s strategic
behavior during interaction;

(¢) incorporates a tunable mechanism for providing feedback to the human when
needed, thereby facilitating the robot’s progress toward fulfilling its task .

Example 6.3. Consider again the interaction in Example 6.1, where the robot’s task is
to repeatedly reach states with majority-occupied cells in which the placed objects are
non-adjacent, as expressed by the LTL formula ¢, = O<(adj Amajor) in Example 6.2.
Suppose the human, pursuing its own latent task, repeatedly places objects along a
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diagonal in the grid. From the robot’s perspective, this behavior can lead to a run
satisfying ¢, and thus this (unintentional) cooperation of the human should be exploited
by the robot to fulfill ¢,.

However, in order to do so, the robot can not commit to a single strategy in advance
to ensure that ¢, is satisfied regardless of the human’s behavior. To see this, let us
assume that the robot chooses to follow a fixed strategy which tries to satisfy ¢, by
reaching a configuration as in t1. If the human still attempts to form a diagonal, their
interaction will get stuck in a cycle where task ¢, will never be satisfied. Instead, the
robot must adapt its strategy by recognizing, from local observations, that the human is
systematically filling the diagonal. It should then autonomously choose actions that lead
to states where (@, is satisfied by reaching a configuration as in t2, which can accommo-
date the human’s diagonal placements while still satisfying ,. This, however, is only
possible because @, and the humans latent task can indeed be satisfied simultaneously.

If, however, both objectives are conflicting, it does not suffice for the robot to adapt
to the human behavior. As an example, consider a scenario where the human persistently
takes actions h2 — r3 and h3 — r4. In such cases, the robot must recognize that the
human’s behavior can no longer be exploited for (unintended) cooperation. The robot
then gives feedback to the human—e.g., requesting to remove the object at cell (2,2) (by
taking action h3 — t1). _

6.2 Adaptability and Feedback Mechanisms via CSMs

To reason about the strategic behavior of the robot for the LTL task, we reduce the
planning domain along with the LTL task to a two-player game between the robot and
human, as commonly done in the literature [24]. We then leverage the contracted strategy
masks (CSMs) from Section 5.2 to address the challenges outlined in Problem 6.1.

6.2.1 Planning Domain to Parity Games

As a first step, we state a well-known reduction from planning domains with LTL tasks to
two-player parity games. As the planning domain G in Section 6.1.1 is already structured
as an alternating two-player game graph between the robot and human, we only need to
incorporate the LTL task ¢ into this game. With the results in Propositions 2.1 and 2.2,
it is easy to generalize this reduction to our setting, giving us the following proposition.

Proposition 6.1. Given a reactive planning domain G and an LTL formula ¢ over
AP, we can construct a parity game G = (G', Parity(P)) such that there is a bijective
correspondence between the runs of G and the plays of G', and a run p of G satisfies ¢
if and only if the corresponding play p’ of G' is winning.

6.2.2 Permissive Templates in CSMs

Let us recall that a CSM is defined via permissive templates (as formalized in Sections 3.2
and 5.2.1), which generalizes the notion of a strategy by succinctly representing an infinite
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family of strategies through local constraints on the agent’s actions. Formally, one can
see a template A for agent p consists of the following types of constraints:

e Unsafe actions S C E,: actions that the agent is prohibited from taking;

e Co-live actions D C E,: actions that may only be taken finitely many times along
any run;

e Conditional Live groups consisting of live groups H C 2F»: sets of live actions such
that, if the source state of some H € H is visited infinitely often, the agent must
take at least one action from the set infinitely often.

Recall that a run p is said to satisfy a template A, if it satisfies all the specified constraints.
Further, a strategy 7 is said to follow a template A, denoted 7 I- A, if all w-runs satisfy A.

As shown in Section 5.2, given a parity game between a robot and a human with
an w-regular specification (obtained from the LTL task ¢), one can compute a CSM
(U, I1,) for the robot consisting of an assumption template ¥y, for the human and a
strategy template Il capturing cooperative behaviors between the robot and human.
This is formalized in the following proposition which directly follows from Definition 5.2
and Theorem 5.4.

Proposition 6.2. Given a parity game G = (G, Parity(P)), a CSM (Vp,11,.) can be
computed in polynomial time such that

(i) every run p |= ¢ satisfying the task also satisfies Wy; and
(ii) every robot strategy m, |- I, ensures that all w.-runs satisfying Wy, satisfy the task p.

In other words, the assumption template W}, captures cooperative behaviors that the
human can follow to enable the robot to satisfy its task, while the strategy template
I, captures the robot’s strategies that ensure task satisfaction as long as the human
follows Wj. Thus, the pair of templates (U, I1,) can effectively be used to address (a)
of Problem 6.1. Let us illustrate this with an example.

Example 6.4. For the grid world in Figure 6.1 with the robot’s task ¢, = O<(adj A
major) as in Example 6.2, a parity game can be constructed as per Proposition 6.1 which
has the same structure as the planning domain in Figure 6.1 but with an appropriate
priority function PP that assigns all states where adj A major holds the priority 2 (even)
and all other states the priority 1 (odd). This captures the robot’s objective of repeatedly
reaching states with majority-occupied cells where the placed objects are non-adjacent.
Using the synthesis procedure in Proposition 6.2, we can compute a pair of templates
(Up,I0,.) for the robot and human, respectively, that capture cooperative behaviors.
For instance, the human’s template ¥j, includes live groups {h3 — t1} (in addition to
other live groups as shown by green dashed edges in Figure 6.1), which ensure that the
human does not consistently obstruct the robot’s ability to make progress as discussed
in Example 6.3. Similarly, the robot’s template II,. includes live groups that ensure the
robot can always reach states satisfying adj Amajor as long as the human follows Wy,. _|
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6.2.3 Adaptation and Feedback Mechanism

While the results in Proposition 6.2 provide a foundation for capturing cooperative be-
haviors, addressing (a) of Problem 6.1, they do not directly address the adaptation and
feedback aspects outlined in (b) and (c) of Problem 6.1. To this end, we propose a frame-
work that leverages the permissive nature of templates (¥, I1,) to enable the robot to
adapt its strategy based on its strategy template 11, and provide feedback to the human
based on the assumption template ¥; on human.

Adaptation: Since the template II, provides a set of possible actions at each state,
the robot does not need to commit to a single strategy in advance. Instead, at runtime,
the robot randomly selects an action from the set of enabled actions in II, at its current
state. This approach allows the robot to adapt its choice of actions whenever it revisits a
state. In particular, if an action taken by the robot does not lead to a desirable outcome
and the run gets stuck in a loop (e.g., the human appears to be uncooperative), the run
will eventually return to the same state, and by randomness, the robot can try different
actions from the enabled set in II,.. This adaptation mechanism effectively addresses (b)
of Problem 6.1.

Feedback Mechanism: To facilitate a tunable feedback mechanism as outlined in (c)
of Problem 6.1, we introduce a feedback threshold a € [0,1] that determines how often
the robot provides feedback to the human. Note that, since unsafe actions in W, are
actions that the human must avoid in order to satisfy the robot’s task, the robot always
communicates about unsafe actions whenever such an action is available at the current
state. For other types of constraints in Wy, i.e., co-live actions and live groups, the
robot observes the human’s actions and monitors how often the human violates these
constraints (i.e., takes co-live actions or avoids actions from a live group). Whenever the
frequency of such violations exceeds the feedback threshold «, the robot provides feedback
to the human from the next time step onward until the frequency of violations drops below
«a. Due to Proposition 6.2, as long as the human follows Wy, the robot’s strategy will
ensure that the task is satisfied. This feedback mechanism enables the robot to provide
feedback in a tunable manner, only when human actions deviate significantly from the
cooperative behaviors captured by Wy, thus effectively addressing (c) of Problem 6.1.

Example 6.5. Continuing from Example 6.4, the robot can adapt its strategy at run-
time by randomly selecting actions from the enabled set in its template II,.. For instance,
suppose the human consistently places objects along the diagonal, as discussed in Exam-
ple 6.3. Consider the scenario in Figure 6.1 where the robot is at state h0, and currently
it has made progress toward reaching a state with configuration as in t1. If the human
continues to place objects along the diagonal, by taking actions h0 — r1 (which violates
the live group {hO — r0} in W), the robot will adapt its strategy that now may lead
to states like t2, which can accommodate the human’s diagonal placements while still
satisfying ¢,. Now consider a scenario where the human, pursuing its own latent task,
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consistently places objects in a manner that obstructs the robot’s task and loops be-
tween states h2,r3,h3,r4 as discussed in Example 6.3. In this case, once the frequency
of violations of the live groups exceeds the feedback threshold «, the robot will provide
feedback to the human, requesting to take the live action h3 — t1, which will help the
robot make progress toward satisfying its task ;.. _

6.3 Experiments

We evaluate the proposed framework on two experimental domains that illustrate com-
plementary aspects of our novel HR/I framework. To demonstrate the power of our
approach on a physical robotic platform, the first domain is the simplified gridworld
block-manipulation setting depicted in Figure 1.5 and described through our running
example Examples 6.1 to 6.5. This example provides an interpretable test bed for vi-
sualizing how the robot adapts its strategy online in response to human actions and
issues feedback in a tunable manner once the human blocks progress beyond a specified
threshold.

The second domain is the Overcooked-Al environment [53|, a standard benchmark
for collaborative planning, which highlights the power of guidance and adaptability to
enable the fully autonomous emergence of complex strategic human robot interactions.
In particular, the natural w-regular structure of the specifications allows us to investi-
gate different levels of difficulty for such emergent interactions, ranging from complete
alignment to partial or full misalignment between the human’s and the robot’s tasks.

Together, these experiments showcase both the transparency of our method in sym-
bolic domains and its power to produce complex emergent strategic human robot inter-
actions fully autonomously at runtime, which go far beyond the capabilities of existing
approaches.

Remark 6.1. Note that, Schuppe et al. [199] also considers a human-robot interaction
‘Follow My Advice’ (FMA) scenario where the robot provides advice to the human. How-
ever, their approach focuses on computing sufficient assumptions for the human to device
a static feedback mechanism based on a pre-computed robot strategy to achieve a finite-
horizon goal. Our framework, in contrast, emphasizes online adaptability of the robot’s
strategy to align with the human’s behavior and employs a tunable feedback mechanism
to handle persistent w-regular objectives that we experimentally validate below. A faith-
ful comparison would require re-formulating our settings to finite-horizon tasks, but this
would undermine the core focus of our framework on the interplay between adaptability
and feedback for persistent objectives.

6.3.1 Gridworld Block-Manipulation

In this experiment, we implemented the simplified gridworld block-manipulation domain
on a Franka Emika Panda robotic arm running ROS jazzy to demonstrate the feasibil-
ity of our framework beyond the abstract model. The setup consists of a robot hand
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operating on a 3 x 3 workspace with tangible blocks that can be placed or removed, cor-
responding directly to the states illustrated in Example 6.1. The human interacts with
the workspace by placing red blocks, while the robot places blue blocks. The system
monitors the evolving configuration and evaluates whether the robot’s task specifications
(e.g., maintaining non-adjacent placements) are currently satisfied.

The reactive planning domain underlying this demonstration comprised approxi-
mately 7000 states and 18 propositions, encoding all possible placements of human and
robot objects together with legal turn-taking moves. Our implementation required about
6 seconds to construct the parity game and synthesize the strategy templates, which was
performed offline before execution. During execution, the robot follows its adaptive strat-
egy: it updates its actions based on local observations of human moves, and when the
human’s behavior risks blocking task satisfaction (as in Example 6.3), the robot generates
feedback through a display.

We include an image of the setup in Figure 1.5' to illustrate how the abstract domain
is realized in practice. This experiment highlights how our framework scales from the
formal model to a real-world setting, providing an interpretable test bed to assess both
adaptability and human feedback.

6.3.2 Overcooked-Al

We further evaluate our framework in the Owercooked-AI environment, a widely used
benchmark for collaborative planning with multiple agents. In this domain, the human
and the robot repeatedly perform cooking tasks with the objective of persistently produc-
ing soups. Each participant is assigned an independent LTL task that encodes a recipe
specification. As in the gridworld domain, these tasks are private and not known to the
other.

We consider three classes of experimental scenarios, characterized by the relation
between the human’s and the robot’s recipes. In the first class, the recipes are identical,
such that both participants unknowingly pursue the same task. In the second class,
the recipes are distinct but compatible, meaning that there exists at least one type of
soup that simultaneously satisfies both specifications. In the third class, the recipes
are incompatible, i.e., there is no soup that satisfies both specifications simultaneously.
These classes capture increasing levels of misalignment between the tasks pursued by the
human and the robot. Table 6.1 summarizes the recipe configurations considered in our
experiments.

The Overcooked-Al environment provides a natural instantiation of persistent tasks,
as both the human and the robot must repeatedly complete recipes over time. Each
recipe specification corresponds to an w-regular objective: an infinite run satisfies the
task if the required recipe is produced infinitely often. This allows us to evaluate not
only whether a single goal is reached, but also whether the tasks of the human and the
robot can be persistently satisfied.

We model the Overcooked-Al environment as a reactive planning domain as per

LA full video of the experiment is available at https://youtu.be/61thSZDj5Ks.
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Table 6.1: Recipe configurations in the Overcooked-Al experiments.

Scenario Robot recipe Human recipe
Identical = 3 onions = 3 onions
Incompatible = 3 onions = 2 onions
Compatible > 2 onions < 2 onions

Section 6.1.1, where the states encode the positions of the human and robot, the locations
of ingredients, and the status of soups being cooked. The actions correspond to movement
and interaction commands available to each participant. The w-regular tasks for the
human and the robot are specified as a parity condition over the states, which can be
derived from the recipe specifications. The domain consists of approximately 68000
states with over 200 propositions encoding the relevant features of the environment.
We implement the synthesis procedure in Proposition 6.2 to compute a pair of templates
(U, I1,.) for the robot and human, respectively, that capture cooperative behaviors, which
took around 3 minutes to compute offline before execution. The robot then executes the
adaptation and feedback mechanism as described in Section 6.2 while the human is
simulated by a probabilistic strategy for its recipe.

We ran the three recipe scenarios (identical, compatible, incompatible) under different
values of the feedback threshold « ranging from 0.00 to 0.10. For each scenario, the
system was executed until 10 soups were delivered. Each run lasted up to 500 moves with
an execution time of 1 minute and was repeated 10 times to account for the randomness
in the human’s and robot’s action selection. For each run, we recorded the following
metrics: (i) the percentage of soups delivered that satisfy the robot’s recipe, (ii) the
percentage that satisfy the human’s recipe, and (iii) the percentage that satisfy both
recipes simultaneously. Additionally, we tracked the frequency of feedback issued by the
robot throughout the run. Figure 6.2 presents the temporal evolution of these metrics
across all scenarios, illustrating how adaptability and feedback influence persistent task
satisfaction.

Identical recipes. In the identical recipe setting, the human and the robot unknow-
ingly pursue the same recipe specification. As shown in Figure 6.2a, both the human’s
and the robot’s recipes are satisfied persistently across all runs. Crucially, no feedback
is ever issued in this case. This illustrates the benefit of adaptability: even if the human
and the robot start with different strategies for producing the same recipe, the robot
is able to adjust online so that their behavior naturally aligns. In a system without
adaptability, feedback would likely be needed to bring their strategies together, whereas
our framework allows cooperation to emerge autonomously at runtime. Note that this
also showcases the advantage of our framework over the static feedback mechanism in
[199] (see Remark 6.1), which would issue feedback even when the human and robot have
identical tasks, since it does not adapt the robot’s strategy online.
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Figure 6.2: Satisfaction of human and robot recipe tasks over time in Overcooked-Al for
three recipe scenarios. The plots show the proportion of runs satisfying each objective
as well as the frequency of feedback given.

Incompatible recipes. In the incompatible recipe setting, the human and the robot
follow recipe specifications such that no soup can satisfy both recipes simultaneously.
Consequently, as shown in Figure 6.2b, the number of soups delivered that satisfy both
recipes (green) remains zero. However, as objectives are formulated as w-regular proper-
ties, it suffices to always eventually deliver a soup which satisfies the human’s or robot’s
recipe, respectively. Hence, both agents can still cooperate by ‘taking turns’ in produc-
ing a soup via the human’s (orange) and the robot’s (blue) recipe. Figure 6.2b shows
that this intuitive cooperative behavior indeed autonomously emerges and is influenced
by the feedback threshold. As the feedback threshold « increases, the robot becomes
more lenient to human non-cooperation, leading to a higher fraction of runs in which
the human’s recipe is delivered while the robot’s satisfaction decreases. This effect high-
lights the role of feedback tuning: with an appropriately chosen threshold (in this case,
a = 0.07), both the human and the robot succeed in satisfying their respective recipes
approximately 50% of the time persistently, demonstrating the importance of calibrated
feedback sensitivity for the quality of the emerging cooperative behavior.
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Compatible recipes. In the compatible recipe setting, the human and the robot pur-
sue different recipe specifications, but there exists at least one soup that satisfies both.
As shown in Figure 6.2¢, in our experiments the human persistently satisfies their recipe
in all runs, while the robot adapts its strategy and issues feedback to ensure its own
recipe is also satisfied. Even with higher thresholds, the robot manages to satisfy its
recipe in more than 70% of runs by adapting its strategy online towards the shared goal.
When combined with more frequent feedback (i.e., lower thresholds), the robot can fur-
ther increase the rate of joint satisfaction, achieving up to 95% of runs where both recipes
are satisfied. This demonstrates the synergy between adaptability and feedback tuning,
which together enable persistent satisfaction of both recipes.

6.4 Related Work

Due to the enormous relevance of reliable human-robot interaction (HRI) for trustworthy
autonomy, there is an enormous body of work? in this research area. We therefore only
focus on human-robot logical interactions (HR/I) scenarios described by a game between
the robot and the human. This research line is rooted in the seminal papers [131, 189]
which are motivated by the observation that LTL is a powerful specification language to
describe strategic objectives such as traffic rules for autonomous driving [154], or robot
navigation [132].

Due to the natural formulation of HR/I as a two-player game, classical approaches
from graph games [37] can be used to compute a reactive strategy for the robot to fulfill
its LTL objective. Unfortunately, classical solutions typically either over-constrain the
robot or the human. In the first case, a robot strategy is computed which ensures the
robot’s objective against all human strategies. This, however, makes solutions overly
restrictive and typically (as in the manipulation domain example above) fails to produce
a robot strategy altogether. In the second case, full cooperation between the robot and
the human are assumed, and a strategy is computed for both. Thereby, the human is
forced into a very rigid, fully constrained behavior — ensuring reliability but at the cost
of suppressing human autonomy.

A middle-ground is provided by various approaches which allow for increased human
autonomy. When only logical safety is concerned — i.e., ensuring that no bad strategic
interaction happens between the human and the robot — reactive shielding mechanisms
[202, 185, 138, 113| which intervene with human behavior only to avoid such bad interac-
tions, can be deployed. If, however, logical liveness objectives are present — i.e., requiring
that something good (e.g., forming a diagonal in the above example) eventually hap-
pens — safety shielding is not sufficient to guarantee the satisfaction of the specification
(as illustrated by the live-lock of human and robot trying to form a diagonal discussed
before).

To mitigate these issues, many approaches explicitly model human behavior — either
by predicting from trajectories [121] or by representing it as a Markov Decision Pro-

20ver two million results on Google Scholar searching for ‘human robot interaction’ on 15.9.25.
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cess [92] — and integrate these models into the synthesis framework. Alternatively, HR/I
can be directly modelled as a stochastic two-player game [160]. While this introduces
local viability of human strategies via stochasticity, it does not capture the need for
strategic human autonomy.

To further improve human autonomy, admissibility-based methods [158, 159] can
be used, which enable robots to adapt behaviors that remain robust against a broad
range of human actions while still ensuring task satisfaction. Orthogonal to this ap-
proach, Schuppe et al. [199] focus on interactive advice, where the robot provides assume-
guarantee style guidance to the human to support the satisfaction of a shared objective
with minimal cooperation by the human. However, these approaches require the robot
to commit to a fized pre-computed strategy and rely either on stringent assumptions on
human behavior, or on static, predefined forms of advice.

A different, but related approach to HR/I only considers a (non-reactive) logical
planning objective for the robot and ensures safety of humans in its workspace by imple-
menting the resulting plan of the robot via control-barrier functions (CBF), which act as
a safety filter on the resulting underlying continuous robot dynamics [203]. This approach
was recently incorporated into cooperative HR/I frameworks [219, 223, 206], where the
(reactive) logical objectives of both the robot and the human are known, allowing an
offline centralized game solution. Online human robot adaptations are only considered
in the lower physical layer via CBFs but without any strategic autonomy. Similarly, re-
cent dynamic game approaches to HRI [190, 172] are focusing on the immediate physical,
rather than the long-term strategic adaptation and interaction of humans and robots.

In contrast to these approaches, we present an autonomy-driven approach to HR/I
that focuses on high-level strategic interactions. While prior work with this focus [158,
159, 118, 199, 224] result in pre-computed forms of cooperation or feedback and only con-
sider fixed horizon objectives (as discussed before), our framework exploits the synergy
between online adaptation and tunable feedback to generate complex emergent cooper-
ation behavior for finite and infinite horizon LTL tasks.

The proposed framework is enabled by the flexibility of local permissive templates
in graph games, which were recently introduced [11] and form the basis of the results
presented in Chapter 3. While the initial formulation of these templates were used to
represent permissive assumptions as in Chapter 3, a refined formulation was subsequently
developed to represent permissive strategies [14]. The application of local permissive
templates in distributed synthesis is studied in Chapters 4 and 5. Furthermore, these
templates have been applied to continuous non-linear systems [162], which is presented
in a later chapter of this thesis (Chapter 7). Beyond these, local permissive templates
have also been applied in a range of other domains not covered in this thesis, including
infinite-state systems [195], stochastic games [173], quantitative synthesis [12], and the
shielding of learned policies [13|. To the best of our knowledge, this chapter presents the
first application of local permissive templates to HR/I.
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Part B

Assumptions on the Plant Model

While Part A of this thesis focuses on the permissiveness of assumptions that restrict the
behavior of the environment or other components in the logical distributed systems (as
shown by @ in Figure 1.1), Part B focuses on the permissiveness of assumptions on the
plant model (as shown by @ in Figure 1.1). Recall that the plant model is an abstracted
discrete representation of the underlying dynamical system. In this part, we explore
assumptions that are permissive in allowing richer behaviors of the dynamical system
to be captured in the plant model. Exploiting this permissiveness, we develop novel
interfaces and frameworks that address key challenges in logical controller synthesis.

In Chapter 7, we address the challenge of seamless integration of logical controllers
with continuous dynamics. In many CPS, the logical context—such as goals, tasks,
or environmental conditions—can change at any time, requiring the logical controller to
adapt its strategic decisions accordingly. To enable such seamless reactivity, we introduce
a novel synthesis framework based on a new class of permissive assumptions on the plant
model, called persistent live groups. These assumptions capture rich liveness properties
of the continuous dynamics, enabling the logical controller to dynamically adapt its
behavior in response to context changes.

In Chapter 8, we address the challenge of scalability to large plant models. Standard
approaches to construct game graphs from plant models suffer from state explosion, mak-
ing them infeasible for large-scale systems. We address this by constructing a universal
controller derived from the logical specification alone, whose decisions are conditioned
by assumptions on the plant model, called prophecies. These prophecies are learned from
representative plant models and expressed as branching-time temporal logic formulas,
capturing possible future branching structures (e.g., the ability to reach certain goal lo-
cations). This enables generalization across different plant models by efficiently verifying
learned prophecies at runtime.

Finally, in Chapter 9, we address the challenge of robustness under uncertainty or
partial violations of assumptions on the plant model. While many assumptions on the
plant model are branching-time in nature, existing robust semantics for temporal logics
primarily focus on linear-time properties. To bridge this gap, we propose a new robust
semantics for branching-time temporal logics, which allows formal reasoning about how
logical controllers tolerate violations of branching-time assumptions.
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Chapter 7

Seamless Reactivity of Hybrid
Control

This chapter considers the setting of logical controller synthesis where the underlying
system operates in continuous time. In contrast to previous chapters, where we directly
worked on computing the logical controller for the logical game obtained from the spec-
ification and the plant model (as discussed in Section 2.5), here we consider a two-layer
hybrid controller consisting of a high-level logical layer and a low-level continuous-time
layer. The high-level logical layer makes strategic decisions based on the logical game,
while the low-level continuous-time layer executes these decisions on the actual dynam-
ical system. In such a setting, a key challenge arises when the logical context, imposed
by an external environment, can change at any time. As a result, the high-level logical
controller must be able to react to these context changes immediately, without being
constrained by the ongoing dynamics of the low-level continuous-time controller. For
instance, if a robot is currently moving towards a target location A and the environ-
ment changes the target to location B, the logical controller should be able to switch the
low-level controller to move towards B right away, rather than waiting for the robot to
reach A first.

Existing approaches for hybrid controller synthesis often struggle with this require-
ment. Many methods [30, 191, 120, 116, 221] do not even allow such logical con-
text changes by the external environment. Those that do [210, 184] typically rely on
discretization-based abstraction techniques that exhaustively discretize the continuous
dynamics of the system, leading to significant conservatism and suffering from the curse
of dimensionality.

This chapter addresses this challenge by developing a novel synthesis framework for
hybrid controllers that can seamlessly react to context changes triggered by an external
environment. Intuitively, our framework builds on two permissive interfaces between
the high-level logical layer and the low-level continuous-time layer. First, we design
a top-down interface that translates high-level strategic choices into low-level control
problems that can be solved directly at the continuous-time level. This interface enables
the high-level logical controller to make decisions that can be immediately implemented
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by the low-level continuous-time controller. Second, we design a bottom-up interface that
incorporates rich liveness properties of the low-level continuous-time controller into the
(abstract) plant model used by the high-level logical game. This is done by annotating
the plant model with a new class of permissive assumptions, called persistent live groups.
Such annotations allow the high-level logical controller to reason about the capabilities
of the low-level continuous-time controller in a non-conservative manner. Combining
these two interfaces, we develop a hybrid controller synthesis framework that enables
seamless reactivity to context changes while ensuring the satisfaction of the overall logical
specification.

The rest of this chapter is organized as follows. We first present a motivating example
in Section 7.1 to illustrate the challenges and the intuition behind our approach. We then
introduce the necessary preliminaries on continuous-time dynamical systems and their
connection to logical games in Section 7.2, followed by the formal problem statement
in Section 7.3. Our proposed hybrid controller synthesis framework is described in Sec-
tion 7.4, with detailed synthesis procedures for the higher and lower layers in Section 7.5
and Section 7.6, respectively. Finally, we demonstrate the effectiveness of the framework
on the motivating example in Section 7.7 and discuss related work in Section 7.8.

7.1 Motivating Example

Throughout this chapter, we re-visit the following simple robot control example to outline
the challenges and contributions of our new hybrid controller synthesis approach.

Example. We consider a simple moving robot r, in a setting composed by two neigh-
boring rooms, connected by a sliding door, as depicted in Figure 7.1. There are three
target sets: 71,72 in the left room and 73 in the right room. An external user (the
logical environment), at each instant of time, chooses a mode among M;, i € {1,2,3}
indicating the current desired target 7; for the robot. Moreover, the opening status of
the door can be controlled by the robot — entering the target 7 or 73 opens the door (if
it was previously closed) while entering the target 73 closes it (if it was previously open).
This can be expressed by the LTL formula.

P4 =0 /\ M; & /\ M,
1<i<3 1<j#i<3
AO(T1 VT3 = O-D)AO(T2 = OD)
AOMD =DW(T1 VT3) AO(-D = -DW Ts). (7.1a)

The goal is to design a controller that reacts to the external environment decisions M;,
by moving to the chosen target 7; while adhering to additional safety-constraints, i.e.
not hitting the walls W (including the door if it is closed). This can be expressed by the
LTL formula
oo =0-Ww A (©OM;=<o0OT). (7.1b)
i=1,2,3
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Figure 7.1: Motivating example: A robot must navigate to and remain at targets 71,
T3 or T3 as directed by an external environment which imposes respective modes My,
My, and M3, while avoiding any collision with the walls YW and with the door D (if it
is closed).

Summarizing formally, the overall specification for the robot is 4 = g, i.e, it needs
to guarantee its goal ®¢ while assuming that ® 4 holds.

Challenges. This example showcases three main challenges that are tackled by our
new controller synthesis approach.

First, the environment can change the mode at any time. Considering a real ap-
plication where targets might be far away from each other, we would like the robot to
immediately adapt its motion towards the new target, and not only after “completing”
the previously assigned task of reaching another target. We achieve this direct reactivity,
by autonomously switching the low-level continuous-time controller in reaction to a mode
change.

Second, as the robot itself is controlling a part of the logical context (by being able
to open and close the door), a hybrid controller cannot naively switch between low-level
controllers for different targets based on the active mode. If, for example, the desired
target is set to be equal to 73 and the robot is currently in the left room while the door
is closed, the robot should automatically decide to first visit the target 71 to open the
door. Scaling this to applications (e.g., in warehouses) where many logical requirements
interact, requires a principled way to design a correct strategy for the robot to react to
context changes such that a given formal specification, for instance ® 4 = P, is satisfied.

Third, it is important that the low-level controller does not simply implement what
should be done (i.e., which target should be reached) but also what should not be done.
For example, if the robot is in the left room moving towards 73 while the door is open,
it must not pass over 75, as this would close the door. In addition, the door can be both
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an obstacle and a target, depending on the current context.

To design a correct-by-construction hybrid controller tackling these last two chal-
lenges, one needs (i) a formally correct mechanism to translate strategic choices from the
higher layer to control problems in the lower continuous-time layer (that can be solved
using standard techniques from control theory) and (ii) to incorporate all necessary in-
formation about the workspace and the rich properties of the low-level continuous-time
controller into the higher layer logical game. Furthermore, to allow both layers to have as
much freedom as possible for their respective designs, it is crucial that both mechanisms
(i) and (ii) are designed in a permissive manner, i.e., they do not introduce unnecessary
restrictions on either layer. In some sense, this is similar to the permissiveness goals
outlined in Part A for distributed logical systems, but now applied to different layers of
a hybrid system rather than different components of a distributed system.

Our Solution. This chapter achieves these two goals by a new game-solving formal-
ism for higher layer strategy synthesis, which (i) computes strategy templates instead of
single strategies and (ii) allows for persistent live group augmentations. We show that (i)
strategy templates provide a certified top-down interface by allowing a direct translation
into context-dependent reach-while-avoid (RWA) controller synthesis problems (i.e., to
reach a target set while avoiding unsafe regions), which, in turn, can be certifiably solved
via standard techniques from control theory such as control Lyapunov functions [72].
This leads to provably correct low-level controllers implementing higher-layer strategy
choices. Further, we show that (ii) persistent live group augmentations provide a certified
bottom-up interface that enables a non-conservative and discretization-free incorporation
of lower-layer rich properties into the higher-layer logical game.

7.2 Preliminaries

In this section we recall the main concepts and results from dynamical control systems
theory and its interface with graph games, that will be used throughout this chapter.
Note that due to the use of various concepts from different research fields, this chap-
ter contains numerous notations, some of which may overlap with those used in other
chapters. However, the notations used in this chapter are only local to this chapter and
do not interfere with the notations used in other chapters. Furthermore, we use various
mathematical notions and notations that are standard in the literature. For the sake of
brevity, we do not introduce these standard notions and notations here, and we refer the
interested reader to standard textbooks [72, 126] for further details.

7.2.1 Control Systems

Let us start by introducing the notion of continuous-time control systems considered in
this chapter.

Definition 7.1. A (continuous-time) control system is defined by a triple S := (X, U, f)
where:
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e the open set X C R"™ is the state space, of dimension n, € N;
e the set U C R™ is the input space, of dimension n, € N;
e the function f € €(R" x R™,R"*) describes the system dynamics, defined by
T = f(x,u), (7.2)

where €1(Y, Z) denotes the set of continuously differentiable functions from Y to Z
and Z is the time-derivative of the state z.

Given a control system S := (X, U, f) and a measurable function v : X — U,
a trajectory of S for u starting at x € X is a function &, : [0,7) — X (for some
T > 0 and possibly T' = +o00) such that &,,(0) = z, & 4(t) € X for all ¢t € [0,T) and
éxyu(t) = f(£x7u(t),u(§z7u(t))) for almost all ¢ € [0,T).

7.2.2 Control Lyapunov Functions (CLF)

To cope with reach-while-avoid objectives, we must design low-level (continuous-time)
controllers, driving the system to desired targets, possibly avoiding obstacles/staying
in safe regions. Thus, we aim to design low-level controller, using the formalism of
control Lyapunov functions (CLF). Let us recall in what follows the main definitions and
concepts from the standard literature on CLFs [187, 204, 205|, adapted to our specific
context and notations. Given a function w : X — R and any ¢ € R, we denote by
Xuw(c) :={zr € X | w(z) < c} the c-sublevel set of w.

Definition 7.2. Let us consider a compact set X7 C X named the target. A function
w € (X, R) is a control Lyapunov function (CLF) for system (7.2) with respect to Xz
if there exist 0 < ¢ < C' and § > 0 such that

Xuw(e) CXr N Xu(0) CX, (7.3)
ig(fj(Vw(:c),f(x,u)) < —dw(z), Vo € X,)y(C) \ Xy(e), (7.4)
where Vw(x) is the gradient of w at x and (-,-) denotes the standard inner product in
euclidean spaces. In this case, the set X, := X,,(C) is the basin of attraction of w. If
X = R", w is radially unbounded and inequality (7.4) holds in R™ \ X, (c), then w is
said to be a global CLF.

Intuitively, the condition (7.4) implies that, whenever z € X, \ X, (c), there exists
a u € U for which the directional derivative of w along the vector f(x,u) is strictly
negative, and thus the value of the Lyapunov function is decreasing along trajectories
of (7.2) following such direction. This observation motivates the following CLF-based
result.

Lemma 7.1. Consider a control system S := (X, U, f), a compact target set Xp C X,
and suppose that w € €1(X,R) is a CLF in the sense of Definition 7.2. Consider a
low-level controller u : X, — U satisfying

(Vw(z), f(xz,u(x))) < =dw(x), Vo € Xy \ Xu(c), (7.5)
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then, for all x € X, it holds that &, ,(t) € Xy, for allt € Ry and 3T, > 0 such that
Cou(t) € Xy(c), YVt > T,.

The proof follows from classic Lyapunov theory and the comparison argument, there-
fore, we refer to related literature [204, 73] for a detailed demonstration.

We note that Definition 7.2 considers basins of attraction X,, which are sublevel sets
of CLFs. Hence, these sets are safe by construction, that is, all trajectories under a low-
level controller u satisfying (7.5) will always stay inside X,, (in addition to eventually
reaching X,,(c)). As such, the CLFs considered here allow to enforce reach-while-avoid
objectives, by provably avoiding an unsafe region while reaching a target region within
the state space. As the computation of such CLFs can introduce some conservatism, we
note that more general approaches in control theory, such as control Lyapunov barrier
functions [221, 120, 68| can similarly be used for the purpose of guaranteeing safety,
depending on the specific application context.

7.2.3 Atomic Propositions for Control Systems

As introduced in Section 2.2.2, linear temporal logic (LTL) specifications are defined over
a set of atomic propositions, i.e., boolean variables that can either be True or False. For
control systems, these atomic propositions are used to symbolically represent important
information about the low-level controllers and its environment to the high-level logical
controller. In particular, we partition the set of atomic propositions into three categories
AP = APg U APp U AP as described below.

(i) State propositions APg (e.g., Ti, T2, T3 in Figure 7.1) are associated with a subset
of the state space s.t. T; € APg is True at time ¢ if the current state x(t) of the
underlying dynamical system is within this subset!, i.e. z(t) € T; C X.

(ii) Observation propositions APo denote all other aggregated information observed by
the logical controller from the underlying continuous control system (e.g., D in
Figure 7.1) and the external environment (e.g., Mj, Ma, and M3 in Figure 7.1).

(iii) Control propositions AP¢ denote a finite set of low-level controllers that the high-
level logical controller can choose (which will be introduced in Section 7.4.3).

Given a control system S = (X, U, f), the state propositions APg define a labelling
function £: X — 24Ps st. for all X € APg holds that X € {(x) < x € X. In addition,
T: R, — 2870 denotes a piecewise-constant and right-continuous? logical disturbance
function modelling the sequence of observation propositions acting on the system over
time. We collect all logical disturbance functions acting on S in the set 2.

With a slight abuse of notation we denote the state subset associated with a state proposition by
the same symbol.

2A function ¢ : Ry — S, with S a finite set, is piecewise-constant if it has a finite number of
discontinuities in any bounded subinterval of Ry; it is right-continuous if limg\, €(s) = £(¢) for all
teRy.
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7.2.4 'Traces Generated by Control Systems

Given a control system S with labelling function ¢, a trace gl ... over APg U APy is said
to be generated by a trajectory £ : Ry — X (of the underlying dynamical system) under
disturbance Y: R, — 24P0 if there exists an infinite sequence of time points 7, 71, . . .
for which it holds that:

e 70 =0, 7; < Ti+1, and 7; goes to 0o as ¢ goes to oo,
o foralli e N, ¢t € [r,Tit1), £(&(t)) UTY(t) =1; holds.

We write Tracespy(§) to denote the set of all traces generated by £ under ¢ and Y.

7.2.5 Games and Strategy Templates

As presented in Section 2.5.2, the key idea to compute high-level logical controllers sat-
isfying given LTL specifications is to reduce the problem to two-player games on graphs.
Recall from Proposition 2.2 that every LTL formula can be translated into an equivalent
alternating parity game, where Player 0 represents the controller player and Player 1
represents the environment player. Thus, the problem of computing a logical controller
which satisfies a given specification ® in interaction with an uncontrolled environment
(i.e., independent of the plant model) reduces to computing a winning strategy (for
Player 0) in a parity game G.

Strategy templates. While it is well known how to compute a single winning strategy
for a parity game G (as discussed in Section 2.5.3), it was recently shown that strategy
templates [14], which characterize an infinite number of winning strategies in a succinct
manner, are particularly useful in the context of controller synthesis for CPS. They are
utilized within this chapter to obtain a novel translation of high-level logical controller
decisions into low-level controllers.

Strategy templates are constructed from three types of local edge conditions, i.e.,
safety, co-live and live group templates, similar to the ones introduced in Section 3.2.
Formally, given a game G = (G = (V, E, vy, L), Parity(P)), a strategy template is a tuple
IT < (S, D, H) consisting of a set of unsafe edges S C Ey, a set of co-live edges D C Ey,
and a set of live groups H C 2F0. This strategy template can also be represented by an
LTL formula IT = Ayxsare(S) A Acorve (D) A ALwve(H), where

AUNSAFE(S) = /\ e,

ecS
ACOLIVE(D) = /\ <>|:|_'€, and
ecD
ALIVE(H) = /\ DOSTC(H) =O0OCH.
HeH

Note that these templates are exactly the same as the ones defined in Section 3.2, except
that here they are used for characterizing Player 0’s strategies instead of assumptions
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on Player 1. Hence, sources of all the edges in these templates are Player 0’s vertices.
Furthermore, the notations we use here are consistent with the ones introduced for per-
missive templates in Section 5.2.

A Player 0’s strategy 7 follows a strategy template II if it is winning in the game
(G,1I) from every vertex. Intuitively, Player 0’s strategy = follows a strategy template
(S, D, H) if every m-play p satisfies the following:

(i) p never uses the unsafe edges in S;
(ii) eventually, p stops using the co-live edges in D; and

(iii) if p visits src(H) infinitely many times, then it also uses the edges in H infinitely
many times.

Moreover, a strategy template II is winning if every strategy following II is winning
in the original game G. The algorithm to compute a winning strategy template in a
parity game lies in same time complexity class as the standard algorithm, i.e., Zielonka’s
algorithm [225], for solving parity games. This leads to the following result:

Lemma 7.2 (|14, Theorem 4|). Given a parity game with game graph G = (V, E, v, L)
and priority function P: V. — [0,d], a winning strategy template can be computed in

O (]V|d+o(1)) time.

7.3 Problem Statement

This section gives a formal definition of the problem we are tackling in this chapter. Our
goal is to automatically synthesize a hybrid controller that operates a control system
based on external logical disturbances, while ensuring that the overall system behavior
satisfies a given LTL specification. Towards a formal problem statement, we first define
a hybrid controller which controls a system S while reacting to logical context switches
induced by the sequence of observation propositions T € ® acting on S as logical dis-
turbances.

Definition 7.3. Let S = (X, U, f) be a control system and T: R} — 24P0 a disturbance
function. A hybrid controller is a function hc : Ry x X x ® — U. A trajectory of S
for hc starting at € X under Y is a function {gney : [0,7) — X (for some T > 0
and possibly 7' = +00) such that ;e v(0) = x, {gnex(t) € X for all t € [0,7) and
Ernex(t) = f(€oner(t),he(t, Exnex (1), Y(t))) for almost all t € [0,T).

This leads us to the following problem statement.

Problem 7.1. Given a control system S = (X, U, f) with labelling function £: X — 2*Ps
and an LTL specification ® over the predicates APg U APp, find a set of winning initial
conditions Xy, € X and hybrid controller hc : Ry X X x D — U s.t. for all x € Xyip,
all disturbance functions T € ® and all trajectories { nex, it holds that
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(1) &Exnex(t) € Xuyin for allt € Ry, and
(1t) every trace v € Tracesyx(&xne,y) Satisfies .

The remainder of this chapter illustrates our solution to Problem 7.1 by first providing
an overview of the entire multi-step synthesis algorithm in Section 7.4, then highlighting
additional details for selected steps in Section 7.5 and Section 7.6, and showing simulation
results for the motivating example from Section 7.1 in Section 7.7.

7.4 Synthesis Overview

This section overviews our automated synthesis procedure which consists of five steps
which are schematically depicted in Figure 7.2. First, in Section 7.4.1 (Figure 7.2, green)
we solve a high-level logical game induced only by the specification. Then, in Sec-
tion 7.4.2 (Figure 7.2, pink) we build a top-down interface which allows us to translate
strategic choices from the logical level into certified low-level controllers. Afterwards,
in Section 7.4.3 (Figure 7.2, cyan), we build a bottom-up interface to include relevant
information about the low-level controllers into the logical game via augmentations. We
then solve the resulting augmented game in Section 7.4.4 (Figure 7.2, violet). Finally, in
Section 7.4.5 (Figure 7.2, orange), the obtained winning strategy is used to construct a
hybrid controller which is proven to solve Problem 7.1.

7.4.1 High-Level Logical Synthesis

This initial step only considers the (high-level) reactive synthesis problem (as given in
Problem 2.2) induced by the LTL specification ® (realizing the green marked transitions
in Figure 7.2). As formalized in Problem 7.1, the specification ® only contains state and
observation propositions, i.e., AP = APgUAPy. The definition of control propositions AP~
is part of our synthesis framework and will be discussed in Section 7.4.2.

In order to use Proposition 2.2 to construct the initial parity game G' from ®, we
need to divide AP into controller (player 0) and environment (player 1) propositions. To
do this, we optimistically assume that the controller can instantly activate/deactivate all
state propositions in APg, thus defining APy := APg. This ignores the dynamics of &
and how the state propositions are geometrically represented in the state-space. This is
done on purpose to enable a lazy synthesis framework — our framework only adds aspects
of both the dynamics and the geometric constraints which show to be relevant to the
synthesis problem in a later step, discussed in Section 7.4.3.

As observation propositions are not under the control of the system or the controller,
they are naturally interpreted as environment propositions, i.e., APy := APo. Intuitively,
the initial game G constructed from ® via Proposition 2.2 reveals all logical dependencies
of propositions relevant to the synthesis problem at hand. After constructing G from &
(i.e., going from (1) to (2)in Figure 7.2), we can directly use Lemma 7.2 to synthesize
a winning strategy template I/ for G' (i.e., going from (2) to (3) in Figure 7.2) as
discussed in Section 7.2.5.
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Figure 7.2: Flowchart illustrating the overall algorithm given in Section 7.4. Nodes
(0), (@) are the inputs and node @1 is the output of our synthesis method. High-level and
low-level synthesis steps are colored in dark and light grey, respectively, and discussed in
the sections indicated at the arrows.

This gives the following result which is a direct consequence of Proposition 2.2 and
the definition of strategy templates.

Proposition 7.1. Given the LTL specification ® over AP = APgU AP translated into an
initial parity game G' that is total w.r.t. AP wvia Proposition 2.2 and a winning strategy
template II' for G1, the following holds: for every Player 0 strategy m that follows the
strategy template II!, it holds that the trace generated by a w-play from initial vertex in
the initial game G' satisfies the specification ®.

Example 7.1. For the example from Section 7.1, the parity game G! is constructed
from the LTL specification ¢ := &4 = P in (7.1) using Proposition 2.2 with APy =
{T1, T2, T3,V} and APy = {M;, Mo, M3,D}. A part of the resulting parity game G/ is
depicted in Figure 7.3.

A winning strategy template for the part of the parity game G! depicted in Figure 7.3
is

' = Aunsare (ecf7 edf) A ACOLIVE(era edb)a
where e,,, denotes the edge from v to v'.

The strategy template I/ forces the plays to never use the unsafe edges {ect,eqr}
(indicated schematically by dotted red arrows) as they lead to vertex f where proposition
W is true signaling that the robot hits the wall. Furthermore, II’ forces the plays to
eventually stop using the co-live edges {ex, eqp} (indicated schematically by dashed blue
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{M1,D}

Figure 7.3: Ilustration of a part of the initial parity game for the motivating example
with Player 1 (squares) vertices and Player 0 (circles) vertices containing their priority
in a black circle. A winning strategy template consists of unsafe edges indicated by red
dotted arrows and co-live edges indicated by blue dashed arrows.

arrows). This is because if Player 0 (i.e., the controller) keeps using these edges, then
Player 1 (i.e., the environment) can force a play to loop in one of the cycles (cbde)“ or
(db)* which does not lead to a winning play as the maximum priority seen infinitely often
is odd (i.e., 1) in these cycles. J

7.4.2 The Top-Down Interface

While Section 7.4.1 utilizes existing techniques from reactive synthesis, this section con-
tains the first technical contribution of the work which is the translation of strategy
templates into certified low-level controllers (realizing the pink marked transitions in
Figure 7.2).

(a) Reach-While-Avoid Objectives

The strategy template I/ computed in the last step defines, for all Player 0 vertices v,
eventually required transitions (contained in H) and (eventually) prohibited transitions
(contained in S or D) for winning strategies in G/. While the game G assumes that
these transitions can be instantaneously enabled (resp. disabled), they actually have to be
enforced (resp. prevented) by a suitable actuation of the underlying dynamical system
(e.g., the robot). The main observation that we exploit in this step is that the edge
constraints for a Player 0 vertex v induced by a strategy template I/ naturally translate
into context-dependent reach-while-avoid objectives for the lower-layer continuous system.

Definition 7.4. A context-dependent reach-while-avoid objective (¢c(RWA) is defined as
a triple  := (k,R,.A) where k C AP is the context, R € 2%Fs is the target set (to be
reached) and A € 24Fs is the obstacle set (to be avoided). A control proposition C € AP¢
is said to implement the reach-while-avoid objective € if the following constraint given
by ®¢ holds:

P :=00(C A k) =<OOR A O-A). (7.6)
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In practice, the translation of winning strategy templates into reach-while-avoid ob-
jectives (i.e., going from (3) to (1) in Figure 7.2) is done per vertex v € V{ (whose label
defines the context) and reflects required and prohibited successors as targets and ob-
stacles in the cRWA, respectively. In particular, as the final hybrid controller will make
strategic decisions corresponding to exactly one transition, we compute cRWA’s per re-
quired /allowed transition, while collecting all prohibited successors in the obstacles A of
these cRWA'’s, as formalized next.

Definition 7.5. Let G be a parity game with game graph G = (V, E, vg, L) and winning
strategy template IT < (S, D, H). For every v € Vp let Sucg(v) = {v' € E(v) | (v,v) ¢
S U D}. Then, for each v € Sucg(v) we define Q4 (v,v") := (L(v), L(v"), Ays(v)) and
Qe(v,0") := (L(v), L(v"), Ae(v)) s.t.

i Aa(”) = U{v”GVﬂ(v,v”)GS} L(’U”)’ and

° Ae(’l)) = U{’U”GVH(U,UH)GSUD} L('U//).
We collect all such cRWA'’s for the strategy template II in the set cRWA(G, IT).

Intuitively, for such cRWA’s, A, consists of the propositions that need to be avoided
“always”, whereas A. consists of the propositions that need to be avoided “eventually
always”. This definition is illustrated by the follwing example.

Example 7.2. Consider the winning strategy template II’ computed in Example 7.1
for the parity game given in Figure 7.3. From vertex d, strategy template II! forces
Player 0 to never use edge e4r and eventually stop using edge eg,. That means, Player 0
has to eventually only use edge eg4. from vertex d. The labels of the vertices imply that
whenever mode M is active and the door is closed, the system “always” has to reach
T1 while avoiding walls W and “eventually always” has to reach 77 while avoiding both
walls W and target 72. This leads to the cRWA’s Q,(d,e) = (L(d), L(e), As(d)) and
Qe(d,e) = (L(d), L(e), Ac(d)), where L(d) = {M1,D}, L(e) = {Ti}, Aa(d) = {W}, and
Ac(d) = {W, T2} _

(b) Low-Level Controllers

Within this step, we utilize existing techniques to synthesize a low-level controller u :
X — U associated to cRWA problem Q = (k,R,A) (i.e., going from (1) to (5) in
Figure 7.2), s.t. all traces generated by trajectories of S for u satisfy (7.6), given that C
and x are true for all £ € R, where C € AP is a controller proposition that flags that
the low-level controller « is currently applied to S.

To this end, we utilize techniques based on control Lyapunov functions (CLF), as
introduced in Section 7.2.1, to define u from an Q = (k,R,.A). This is achieved by
constructing a CLF w : X — R (recall Definition 7.2) w.r.t. to the target R and enforcing
that the basin of attraction X,, C X excludes A, i.e. AN X, = 0.

We thus have the following definition.
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Figure 7.4: X, (region enclosed by red dotted line) and X, (region enclosed by blue
dashed line) illustrate possible basins of attraction for the CLFs implementing the cRWAs
Q4(d,e) (ensuring to reach 7; while avoiding only the walls) and Q¢(d,e) (ensuring to
reach 77 while avoiding walls and 73), respectively from Example 7.2.

Definition 7.6. Given the control system S = (X, U, f), consider a cRWA Q = (k, R, A).
We say that a CLF w (as in Definition 7.2) with basin of attraction X,, and the cor-
responding low-level controller wu,, : X,, — U satisfying conditions in Lemma 7.1 are
associated to Q if X, N A= and X, (c) CR.

Section 7.6.1 will discuss a particular technique to synthesize X,, and u,, realizing a
cRWA for particular classes of dynamical systems and state propositions. For any such
realization of a cRWA we have the following guarantees on the resulting system under a
constant context, i.e., w.r.t. a trivial disturbance function T := k“, which are a direct
consequence of Lemma 7.1 and Definition 7.6.

Proposition 7.2. Given the control system S = (X, U, f) with labelling function ¢, let
Q= (k,R,A) be a cRWA and let uy, : Xy — U be a low-level controller induced by a
CLF w associated to Q) with basin of attraction X,,. Then, for all x € X, and for all
trajectories &g u,, of S, it holds that

(1) &z, (t) € Xy for allt € Ry,

(i1) every trace vy € Tracesyx(§eu, ) satisfies ¢c,, in (7.6), with C,, € AP¢ being the control
proposition associated to w and Y := k¥ inducing a constant context.

Example 7.3. Consider the robot example given in Figure 7.1, the cRWAs ,(d, ¢) and
Qc(d, e) as given in Example 7.2. A possible set of corresponding CLFs w, and w, with
basins of attraction X, and X, respectively are depicted in Figure 7.4. _

7.4.3 The Bottom-Up Interface

The synthesis procedure from Section 7.4.2 results in a finite set 20 of CLFs with a finite
set 4l of low-level controllers, such that each low-level controller u,, €  (resulting from
a CLF w € 20) is equipped with a basin of attraction X,, C X, associated to a given
Q € cRWA(G', ') resulting from a particular edge in the high-level logical game G'. This
implies that whenever w is non-global, i.e., if X, C X, the low-level controller u,, cannot
be applied anywhere.
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Thinking back to the logical strategy computed in Section 7.4.1, low-level controller
Uy must be used when its corresponding cRWA Q for an edge e is “activated” by a
logical controller, “choosing” the edge e in G!. By constructing the cRWA’s for winning
edges as defined in Definition 7.5, we essentially equip the resulting controller with a
direct actuation capability of the underlying dynamical system — it must choose between
available low-level controllers. To reflect this change of actuation capabilities in the
higher-level game, we introduce a controller proposition C,, € AP for every available
low-level controller u,, which flags that u,, € 4 should be used to actuate S. Further,
as every 1, is equipped with a basin of attraction X,,, the resulting hybrid controller
is implementable only if the current continuous state = is in X,,. We therefore need to
track this information in the logical game. For this purpose, we introduce a new state
proposition X, for every u,, € Y that flags whether the state is in its basin of attraction,
and we define APY := APg U {X,, | w € W} as the set of all state propositions including
all additional state propositions A,’s.

The next four steps provide an algorithm that ensures that this information gets
translated from the lower to the higher layer in a certified way (realizing the cyan marked
transitions in Figure 7.2), such that the resulting higher-layer logical game allows to
synthesize a hybrid controller that solves Problem 7.1.

(a) Changing Actuation Capabilities

As discussed before, in the initial game, the controller can activate/deactivate all state
propositions in APg. However, in order to prepare the high-layer initial game G’ from
Section 7.4.1 for the incorporation of a refined system model, we need to incorporate
the control propositions AP~ and make sure that these are the only propositions the
controller can choose with its strategy, leading to the desired direct actuation of low-
level controllers. In particular, first, we need to ensure that all state propositions and
observation propositions can only be activated /deactivated by the environment player.
This is achieved by updating the initial game to a merged game GM (i.e., going
from (2) to (6) in Figure 7.2) while preserving the parity condition and a one-to-one
correspondence between the traces generated by plays in G/ and the ones generated by
plays in GM.
Definition 7.7. Given an initial game G = (G’ Parity(P!)) with game graph G =
(VI ET vl L), the merged game GM = (GM, Parity(PM)) with game graph GM =
(VM ,EM. vé‘/f LM ) is constructed as follows.

e The set of Player 1 vertices (including the initial vertex v{) is retained with empty

labelling, i.e., VM = V| s.t. for each v € VM, PM(v) = P/ (v) and LM (v) = 0.

e The set of Player 0 vertices is constructed as follows. For every pair of Player 1 vertices
v1,v9 € Vi connected via a Player 0 vertex u € V{, i.e.,(v1,u), (u,v9) € E, we add:

— a unique Player 0 vertex v to Vg¥ with LM (v) = L(u) U L!(v2) and PM(v) =
P! (u),
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Figure 7.5: Corresponding merged game for the initial game given in Figure 7.3, where
labels of Player 1 vertices are empty sets.

— new edges (v1,v), (v,v2) to EM.
This leads to the following lemma.

Lemma 7.3. Let G! be the parity game constructed from ® over AP as in Proposition 7.1
and GM jts merged version constructed via Definition 7.7. Then GM s total w.r.t. AP,
and every play from v(])\/[ in GM is winning iff its generated trace satisfies ®.

Proof. Let p = wvgvy - -- be a winning play from vg = véw in GM with vgy, € VM for every
k > 0, and let v = lply - - - be the trace generated by the play p. Then by construction,
vertices vy, also belong to Vi with same priority, i.e., PM (v1,) = P! (vgy) for every k > 0.
Furthermore, for every vor11 € VOM , there exists a corresponding vertex v, 1 € VOI that
connects the vertices vgy, and vp42 in the game G such that PM (vyy41) = P! (v}, ) and
LM (vgpy1) = Ll(v;kﬂ) U L!(vap42). Hence, the play p' = vovjvs - - - is a winning play in
game G! as maximum priority seen infinitely often in p’ w.r.t. P! is same as the maximum
priority seen infinitely often in p w.r.t PM. Now, let v/ = I}l} - - - be the trace generated by
o' in G', then by construction of game G', 4/ satisfies the specification ®. Moreover, since
LM (vgp42) = 0 for every k > 0, we have, by definition, I = LM (vog11) U LM (vapy2) =
LM (vgp41). Therefore, I} = LT (vog41) UL (vag42) = lx. So, v =4/, and hence, v satisfies
the specification ®.

Conversely, for every play from vé‘/l in GM that is not winning, we can use similar
arguments to show that its corresponding play in G! is also not winning. Then, by
construction of G, its generated trace does not satisfy ®.

Furthermore, using similar arguments, it can be shown that for every play in G/,
there exists a corresponding play in GM that generates the same trace. Hence, as G' is
total w.r.t. AP, so is GM. O

Example 7.4. Consider the initial game G’ given in Figure 7.3. Then the resulting
merged game GM is depicted in Figure 7.5. As shown in the figure, Player 1 vertices,
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i.e., vertices b, e, f, are retained with same priorities but empty labels. For every pair of
Player 1 vertices connected via a Player 0 vertex in G/, there is a new vertex with label
containing all necessary propositions that connects the pair in GM | e.g., for vertex b and
f connected via d in G, the new vertex dy has labels of both d and f, and it connects
vertex b and f in GM. _

Note that we still have not explicitly incorporated the control propositions in the
merged game. In the next steps, we will introduce the control propositions that are
realizable by low-level controllers and incorporate them into the high-level game graph.

(b) Plant Model Construction

In this step we construct a game graph, representing the plant model, that captures the
interplay of the environment and observation propositions contained in the context s
of a given cRWA (i.e., going from (5) to (7) in Figure 7.2) with the newly introduced
control and state propositions C,, € AP¢ and X, € AP}'. Intuitively, this graph captures
which context changes an application of a particular low-level controller u,, for a CLF w
(triggered by C,,) might cause. When composed with the modifided game graph GM from
Section 7.4.3 this leads to the lazy refinement of the logical game discussed earlier, which
only includes relevant information about the low-level controllers and their applicability.

Let us denote the cRWA'’s for which the CLF w was synthesized by Q,, = (Kuw, R, Aw)-
Consider AP;r D APg the set of all state propositions including all additional state propo-
sitions X,,’s as defined above, and /T: X — 28§ be an extended version of labelling
function ¢ defined by ¢t (z) = {X € AP} | z € X'}, (and thus, £ (x) N APg = ((z) for all
z e X).

Definition 7.8. Given the control system S := (X, U, f) with labelling function £ and
the set 20 of all CLFs computed as before, the plant model G¢ = (VC, EC, vg, LC) with
LC: V — 28P5URP0 ig constructed as follows.

1. We add an initial vertex vg and a sink vertex sink® to Vlc, both with empty label,
ie., L) = L¢(sink®) = (.

2. For each CLF w € 20, we add two Player 1 vertices in VIC, a transition vertex and an
invariant vertex, both with label {C,,}.

3. For every subset of propositions ¢ C APy U AP;F, we add a Player 0 vertex v € VOC
with LE(v) = c iff there exists € X such that ¢ N AP = (F(z).

4. From the initial vertex v§, we add an edge (v§',v’) to each v’ € VL.

5. From each invariant vertex v € V¢ of some CLF w, we add an edge (v,v') to v’ € V¢
iff Ry, € LY (V).

6. From each transition vertex v € V¥ of some CLF w, we add an edge (v,v') to v’ € V¥
iff &, € LY (V).
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7. From each Player 0 vertex v € V& with X,, € LY (v) and &, = L (v) N APo for some
CLF w, if Ry, € L¢(v), we add an edge to the invariant vertex of w, else we add an
edge to the transition vertex of w.

8. For every dead-end vertex v, i.e., a vertex with no outgoing edges, we add an edge
(v, 5ink®), else we add an edge (v, sink®). We add a self-loop (sink®, sink®) on the
sink vertex.

The construction of G via Definition 7.8 translates some characteristics of the low-
level controllers captured by Proposition 7.2 into the high-level logical game. In addition,
it ensures that a logical controller actuating a low-level controller w,, via control propo-
sition C,, can only do so if context k,, is true and the continuous system is in the basin
of attraction X,, (signaled by the system proposition X, being true). These translations
can be formalized via LTL formulas which are ensured to hold true on every play over
G© as formalized in the next lemma.

Lemma 7.4. Given the premises of Definition 7.8, it holds for every trace v over G€
and every CLF w € 20 with basin of attraction X,,, cRWA Qu = (Kw, Ruw,Aw) and

associated controller Cy,, that

O(Xy = —Ay), (7.7)
O(Co = X A k), (7.8)
(R A Cuw = ORu). (7.9)
(X A Coy = O Xyy). (7.10)

Proof. Let p = vgvy - -- be a play from v§ in G and y = Iyl1 - - be the trace generated
by p. We need to show that v satisfies (7.7)-(7.10). By Definition 7.6, for each w € 20,
X, N Ay = 0. Then, by step 3, for each i > 0, if X, € LY (v;) then A, N LE (v;) = 0.
Hence, v satisfies (7.7). Next, by step 7, if C,, € LE(vi41) for some i > 0, then &, €
LC(v;) and £y, = LE(v;) N APo. Hence, 7 also satisfies (7.8). Next, by step 5 and step 7,
if Ry € LY(v;) and Cy, € LE(v;11) for some i > 0, then Ry, € L%(v;42). Hence, v also
satisfies (7.9). Similarly, by step 6 and 7, if X, € LE(v;) and C,, € L% (v;41) for some
i >0, then X, € LY (v;42). Hence, ~ satisfies (7.10). O

Intuitively, given the premises of Lemma 7.4, equations (7.7)-(7.10) ensures the fol-
lowing low-level properties on the game graph level. First, (7.7) ensures that the basin of
attaction X, does not have an intersection with the avoid region A,,. Next, (7.8) ensures
that the controller C,, can only be applied if the system is within the corresponding basin
of attaction X, and the context k,, holds. Note that this does not restrict the environ-
ment from changing the context right after the low-level controller associated with C,
was applied. Finally, (7.9)-(7.10) ensures that if the system is within the target region
Ry (resp. the basin of attaction X,) and the controller C,, is applied, the system cannot
leave Ry, (resp. Xy).

In total, the plant model G¢ models all the state proposition sequences generated by a
trajectory & triggered by the low-level controllers associated with 2 as in Proposition 7.2.
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{c.} {Xe, Xo, M1, D} {Ca} {Xa, M1, D}

e} (A, Xa, T2, My, DY {Ca} {Xa, 72, M1, D}

Figure 7.6: The corresponding plant model (without the initial vertex and the vertices
going to sink vertices) for the basins of attraction in Figure 7.4.

Furthermore, it also models the logical disturbances received as inputs via the disturbance
function T € ®. This is formalized by the next lemma which directly follows by step 3
to 8 of Definition 7.8.

Lemma 7.5. Given the premises of Definition 7.8, one of the following holds for every
disturbance function T € ©

e for some play from vg in G, its generated trace ~y satisfies that Vap, =T, or

e for some play p from v§ in GC ending in the sink vertez, i.e., p[k..] = (sink®)*,
its generated trace 7y satisfies that v[0; k — 1]|ap,, is a prefiz of Y.

Example 7.5. For the CLFs w, and w, given in Example 7.3 with basins of attraction X,
and X, as shown in Figure 7.4, the corresponding plant model is depicted in Figure 7.6.
As in the figure, the transition vertices of we and w, are vertices a and ¢, respectively, and
the invariant vertices are vertices g and ¢, respectively. Note that both CLFs have context
{M1,D}. Hence, vertices with a label that contains X, or X, but not the propositions
M or D are the vertices going to the sink vertices. For simplicity, those vertices are not
shown in Figure 7.6. _

While we could now take the product of G with GM from the previous step in order
to obtain the new, refined logical logical game, we note that this typically does not lead to
a game that actually has a winning strategy. The reason for this lies in the fact that the
modification of G! to GM gives the right to trigger state propositions to the environment,
i.e., now the controller actuates APc and gets “notified” by the underlying dynamical
systems via a triggering of APg’s that the actuated low-level controller actually resulted
in the (hopefully desired) state proposition change. From a two-player game perspective,
the environment could now use its additional power to prevent the robot to reach the
target, e.g., in Figure 7.6, starting from vertex b, if the controller keeps using the low-
level controller for CLF w,, then the environment can force the play to loop between
vertex a and b instead of reaching target 7; represented by vertex h. This is because the
resulting logical game still misses an essential information about the low-level dynamics
under a given low-level controller. We thus incorporate, in what follows, the information
captured by item (ii) of Proposition 7.2.
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(c) Persistent Live-Groups

In order to capture item (ii) of Proposition 7.2 in the logical logical game, we construct
so-called persistent group liveness constraints (i.e., going from (5) to in Figure 7.2) to
annotate the plant model G which are inspired by progress groups by Sun et al. [209].

Definition 7.9. Given a game graph G = (V, E), a persistent live group is a tuple (S, C, T)
consisting of sets S,T C V and C C Ey such that T C S. The constraints represented by
such a persistent live group is expressed by the following LTL formula

Apprs(8,C,T) :=0O(O(S A Aconr(C)) = OT), (7.11)

where Agonr(C) = src(C) = C. Moreover, the constraints represented by a set Py of
persistent live groups is denoted by Apgrs(Pp) = /\(s CT)ER, Apers(S,C,T).

Intuitively, Aconr(C) ensures that edges in C are chosen when possible, as this is only
possible for Player 0 vertices in S. Furthermore, (7.11) ensures that persistently choosing
the edges in C from the source vertices S will eventually lead us to a vertex in T.

For a CLF w € 20, we construct a persistent live group (S, Cy,Ty) that captures
Proposition 7.2 in the following way. Given the plant model G as defined before, and
a CLF w € 20, first, the persistent activation of C,, is captured via the set C,, collecting
all (Player 0) edges that end in vertices with labeled by C,, i.e.,

Co=ENn(Vx{veV|C,eLW)}). (7.12)

Always choosing an edge from C,, will force X, to remain true within the same context
Kw, which is captured by the set S,, collecting all (Player 0) vertices labeled by X, and
propositions in k,,, and all (Player 1) vertices labeled by Cy, i.e.,

Sy ={veV | X, e LW,k = L°W)NAPo} U{v € V | Cp € LE(w)}. (7.13)

Finally, we know that always choosing an edge from C,, will eventually lead us to a vertex
where R, is true, captured by the set T,, collecting all vertices labeled by R, i.e.,

Ty ={v €V |RywC LY (v)}. (7.14)

Example 7.6. For example, consider the plant model shown in Figure 7.6 for Exam-
ple 7.5. For CLF w, of €., the corresponding persistent live group is (S,C,T), where
S = {a,b,g,h} corresponds to the region of basin of attraction for w. with context
{M1, D} being true, C = {epq,eng} corresponds to the edges that represent using the
low-level controller associated with we, and T = {h} corresponds to the target region of
Qe, i.e., vertices labeled by 77 . _

Given the set 20 of all CLFs as given before, we collect all the corresponding persistent
live groups for the CLFs in 20 in the set PKC . With the persistent live group assumptions
PEC , the plant model G¢ also ensures that item (ii) of Proposition 7.2 holds at a higher
level as formalized below.
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Lemma 7.6. Let G be a plant model as in Definition 7.8 and a set 20 of CLFs with
persistent live groups (S, Cuw,Tyw) for all w € W as in (7.12)-(7.14). Let p be a play
from v§ in GC and v be the trace generated by p. Then p satisfies Apgrs(Sw, Cuw, Tw) iff
v satisfies

O@O(Xy A Ky ACy) = O Ru)- (7.15)

Moreover, (7.15) along with (7.7)-(7.10) ensures that p satisfies Apgrs(Sw, Cw, Tw) iff ¥
satisfies (7.6).

Proof. By the definition of the persistent live groups as in (7.12)-(7.14), rewriting (7.11)
in terms of propositions gives us that, p satisfies Apgrs(Sw, Cuw, Tyw) if and only if trace ~y
satisfies (7.15). Furthermore, by Lemma 7.4, the trace ~y also satisfies (7.7)-(7.10).

Now, suppose ~ satisfies (7.15), then we need to show that 7 also satisfies ®¢, in
(7.6). Let v = lply--- be the trace. It suffices to show that for every k£ > 0, the trace
Vi = lilga1 - - - satisfies the following:

OCw A kyw)=<0OR, A O-A,.

Suppose 7, satisfies O(Cy A Ky). Then, every j > k, I satisfies C,,, which implies, by
(7.8), l; also satisfies X,,. Moreover, by (7.7), l; also satisfies —.A,, for each j > 0.
Therefore, trace vy satisfies both O(Cyy A Ky A Xy) and O—A,,, which then implies, by
(7.15), v also satisfies G Ry, That means, there exists m > k such that [, satisfies
Ruw. As I, also satisfies Cy, by (7.9), l;n+1 satisfies R,,. Using the same argument
inductively, we can show that [; satisfies R,, for all i > m. Therefore, ~; satisfies both
OORy and O-A,. Conversely, suppose v satisfies (7.6), then we need to show that p
satisfies Apgrs(Sw, Cw, Tw)- It is enough to show that ~ satisfies (7.15), which trivially
follows from (7.6). O

(d) Final Augmented Parity Game

Given the three ingredients from the last steps, we are now ready to construct the final
augmented (parity) game (i.e., going from (6), (7), (8) to (9) in Figure 7.2) which serves
a new logical logical game for the final hybrid controller and is defined next.

Definition 7.10. An augmented game G is a tuple (G, ®, P;) consisting of a game graph
G, a set of persistent live groups Py over G and an LTL specification . Moreover, an
augmented game (G, @, Py) is equivalent to the game (G, Apgrs(F2) = @).

Let us now describe how the final augmented parity game, i.e., an augmented game
with parity specification, is constructed. Recall that V;)M and V;)C are the vertices of
Player p in game graph GM and G¢, respectively.

Definition 7.11. Given the merged game GM plant model G¢, and persistent live
groups P as before, the final augmented parity game GF' = (GF, Parity(PF'), PF) with
GF = (VI EF ol L) is constructed by taking the product of the game GM and the
tuple (G, PE) as follows.
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e For every vM ¢ VpM and v € V;)C with LM (vM)N(APo U APg) = LY (v“)N(APo U APg),
add a vertex v = (v, %) to VE with label L (v) = LM(uMyu LC(vY) and P(v) =
PM (pM)),

e The initial vertex is v{" = (v)?,v§) € V{F.

e Add sink vertex sink to Vi with empty label and priority 1.

e Add an edge (vi,v2) to EF from v; = (vif,v{) to vy = (v),0§) if (v]M,vi") € EM
and (v{,v§) € EC.

e For every v = (vM,0%) € VI if (v¥, sink®) € EC, add an edge (v,sink’) to EF.
Add a self-loop (sink’, sink!") on the sink vertex.

e Add a persistent live group (S,C,T) to P/ if there exists a (s¢,cC, 1) € PZC with:

- s=VFnWMxs%),

- T=VIn (WM xT19),

— for every edge e = (v1,v9) € EF with vy = (v, v{) and vo = (v}, v§), it holds
e € C if and only if (v}, 05 € c“.

As the priority function P¥ is defined by the priority function PM of the merged
game GM and every winning play from v in G satisfying APERS(PE ) needs to satisfy
the parity condition Parity(P), the next proposition directly follows from Lemma 7.3.

Proposition 7.3. Given the LTL specification ®, initial game G', and the final game
G with persistent live groups PZF as in Definition 7.11, suppose v be a trace generated
by a winning play from v} in G satisfying APERS(PZF), then v satisfies the specification
.

7.4.4 Solving the Final Augmented Game

As discussed in Section 7.4.1, the initial game G! allowed the system to instantaneously
activate or deactivate all state propositions in APg. However, this was no longer possible
in the merged game GM. But, in the final game G, the persistent live groups, using the
results described in Lemma 7.6, enable the system to activate or deactivate specific state
propositions which are ensured to become eventually true (using the associated low-level
controller) if no external context change is induced.

The next obvious step of our synthesis procedure is to solve the final augmented
game GY' i.e., to compute a winning strategy in this game (realizing the violet marked
transitions in Figure 7.2, i.e., going from (9) to @0). Based on the observation made
in Definition 7.10 that an augmented game (G, Parity(P), Py) is equivalent to the game
(G, Apgrs(Py) = Parity(P)) one can use standard game solving techniques by reducing
this to a classical parity game (as discussed in Section 2.5.2). This, however, usually
results in computationally intractable problems. We will therefore provide a new algo-
rithm for solving augmented parity games, in the subsequent Section 7.5, which has a
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FWF,.T,T

Figure 7.7: The interconnection between the control system and the hybrid system H . r
defined in Definition 7.12

similar algorithmic structure and therefore also similar worst-case time complexity as
the standard algorithm for solving classical (non-augmented parity) games and therefore
allows for a computationally tractable solution.

For the time being, we assume that we have solved G, i.e., we have computed a
winning region Winf" C V¥ and a memoryless strategy 7 : Vi — V' that is uniformly
winning, i.e., winning from every vertex in Win". Note that the initial vertex vg of the
final game G might not be winning as the initial state of the control system S is chosen
by Player 1 (i.e., the environment) from v{". However, we will see in the next section
that the winning region Win?" of the final game G directly relates to the initial winning
conditions of the control system S for the original specification ®. This is because, given

any Player 1 strategy that chooses a winning successor v € Win?" of the initial vertex vg ,

the (7", )-play p from v}" is ensured to be winning in the final game G*'. Furthermore,
due to Proposition 7.3, we obtain that every such winning play p satisfying Apgrs(P/")
in the final game G corresponds to a winning play in the initial game G/, and therefore,

generates a trace satisfying the original specification ®.

7.4.5 Constructing the Hybrid Controller

Given a winning region Win? € V¥ and a uniformly winning strategy = : VOF — VlF ,
we now construct a set of initial winning conditions Xywin € X and a hybrid controller
hc: Ry X X x® — U (as in Definition 7.3) to solve Problem 7.1 (realizing the orange
marked transitions in Figure 7.2, i.e., going from to @).

As discussed in Section 7.4.4, every winning successors v € Win" of the initial vertex
véﬁ of the final game G corresponds to a possible initial winning condition of the control
system S for the specification ®. Therefore, we can define the set of initial winning
conditions Xy, via the labeling function ¢ of the control system S as follows:

Xyin :={z € X |Fv e Winf nEF(wl) st. L¥(v)n AP = (T (2)}. (7.16)

In order to translate the uniformly winning strategy =% : VOF — Vi’ into a hybrid
controller hc we take a two-step approach. We first construct a map I' which uses 7%
to translate the history of a continuous curve ¢ : R,y — X and a disturbance function
T: Ry — 2*%0 into a piece-wise constant function v : Ry — Vif' of Player 1 vertices of
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G¥. The hybrid controller hc then translates each vertex v(t) € V" into the low-level
controller u,, : X — U associated with its (unique) label L¥'(v(t)) = {C,} being a single
control proposition in AP¢ by construction of G¥. This low-level controller u,, is then
applied to & via f. This is illustrated in Figure 7.7 and formalized in the following
definition.

Definition 7.12. Let S = (X, U, f) be a control system with labelling function ¢+ and
the set 20 of all CLFs. Consider a uniformly winning strategy =’ : VOF — V| over the
final game G, a continuous curve ¢ : Ry — X and a disturbance function Y: R, — 2*P0,
Then the map I' r . y defines a piecewise constant function v : Ry — ViF' such that:

1. v(0) = 7t (v1), where v; € EF (v) s.t. L (v1) = £+(¢(0)) U Y(0),

2. for any discontinuity point 7 € Ry of £¥(¢(-)) U Y(-), it holds that v(7) := 7 (v) s.t.
(v(r7),v) € EF and L (v) = £+ (¢(7)) UY(7), (where v(77) := lim, »; v(s)), and

3. the set of discontinuity points of v(-) is contained in the set of discontinuity points of

CHEE)) U T().

Intuitively, Definition 7.12 models the fact that the high-level logical layer of the hy-
brid controller (modelled by the game) might actuate a change in the low-level controller
only when the context changes. This context change can either be induced externally
(when Y has a discontinuity point, i.e., the observation proposition changes) or when
¢t ({(t)) changes, i.e., the underlying system dynamics causing state propositions to
change. Both is detected by a discontinuity point in £*(¢(¢)) U T(¢). At these trigger-
ing points (and only then), the map I',» mimics the move of the winning strategy m%
by moving to the environment vertex 7f (v) selected by 7% in G¥ while respecting the
current context.

We emphasize that the definition of the map I';r . v is actually causal. It only uses
the information from the past of ¢ and T up to time point ¢~ to compute v(¢). This
implies that we can actually use it online to dynamically generate the signal v from the
past observations of a state trajectory & and the past logical disturbances Y, as depicted
in Figure 7.7. As, in this context, the state trajectory £ is not known a priory, we slightly
abuse notation and refer to I' r - v as I';r , v, where z is the starting point of &.

With this slight notation overload, we can define the final closed loop system as
follows.

Definition 7.13. Given the premises of Definition 7.12, the final closed loop system is
given by
@(t) = f(x(t),he(z(t),v(1)) ), (7.17)

where he(x(t), v(t)) := uy(x) € U being the low-level controller associated with L (v(t))
and v(t) is dynamically generated via I';r , v by interpreting (the past of) a trajectory
€xne,y : Ry — X of (7.17) under he and Y, with starting point € X, as (the past of)
¢ in Definition 7.12.
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This leads to the main result of this section establishing the correctness of our syn-
thesis procedure.

Theorem 7.1. Consider a control system S = (X, U, f) with labelling function £, an LTL
specification ® over the predicates APg U APg. Consider the final game G, the set 20 of
all CLFs, the extended labelling function ¢, the winning region Win®", and a uniformly
winning strategy wF VOF — V', Then Xyin as in (7.16) and hc as in Definition 7.13
solve Problem 7.1.

The proof of Theorem 7.1 combines all correctness results established in Section 7.4.1-
Section 7.4.4.

Proof. Since the plays ending in sink vertices are not winning in a game and 7% is a
winning strategy in G¥, no 7¥-play from Win?" goes to sink vertex. Then, by Lemma 7.3
and Lemma 7.5, all possible changes in £* (triggered by applying low-level controller
associated with 20) and Y are captured by the game graph G¢. In particular, every
trajectory £z nex with € Xyin corresponds to a play p = vovy - -+ from vy = vg in gF
such that every change in /* and Y corresponds to a move by Player 1 to a vertex with
corresponding label in p. Furthermore, as x € Xy, we have vy € Win%". Moreover, by
Definition 7.12, p[l..] is a w¥'-play starting from the winning region Win?" of game G¥'.
So, p[l..] and hence, p is a winning play (by prefix-independence of parity condition).
Therefore, it always stays in Winf". This implies, & ne,x(t) also belongs to Xy, for all
teR,.

By the discussed correspondence between {; nc v and play p, a trace v generated by
&xne,y under £ is also the trace generated by the play p. Furthermore, every play in
G corresponds to a play in the plant model G¢ as in Definition 7.8. Moreover, by
Proposition 7.2, v satisfies (7.6). Then by Lemma 7.6 and Definition 7.10, ~ is generated
by a play in G satisfying APERS(PZF ). Hence, p satisfies APERS(PEF ). Moreover, as p is a
winning play in G, by Proposition 7.3, trace v satisfies the specification ®. O

7.5 Synthesis Details: High-Level

The previous section described our synthesis framework and established its ability to solve
Problem 7.1 in Theorem 7.1. The main hypotheses in this statement are the existence of

1. a memoryless strategy that is uniformly winning for the final game G, and
2. a CLF w for each cRWA.

Within this section we give a novel algorithm to efficiently solving augmented parity
games constructed in Section 7.4.3, thus tackling the first point. The second hypothesis is
treated in subsequent Section 7.6, which presents the construction of low-level controllers
implementing cRWAs via CLFs used in Section 7.4.2.
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Algorithm 7.1 ATTRPERS(G, T, Py)

Input: An augmented game G = (G, ®, Py) with & =T
Output: Winning region and uniformly winning strategy for G
1: 7 < arbitrary memoryless Player 0 strategy
2. (A, 1) « ArTr? (T)
3: w(v) « 74 (v) for every v € A\ T
4: for (S,C,T) € P, do
if (S\ A) Npre(A) # 0 then
(B, 7B) + sowE(Gle, @) with &5 =OAVOS\T)
if B¢Z A then
m(v) < 7B (v) for every v € B\ A
(C,7%) « ATTRPERS(G, AU B, P)
10: 7(v) « 7% (v) for every v € C'\ (AU B)
11: return (C,)

12: return (A, )

7.5.1 Augmented Reachability Games

In order to efficiently solve augmented games, we leverage the recent insight that local
liveness constraints on the environment player typically fall into a class of synthesis
problems that allow for an efficient direct synthesis procedure [209, 27]. The augmented
games we consider are similar to the ones discussed by Sun et al. [209]. We, however,
provide a novel algorithm that tackles the full class of parity games and thereby subsumes
the restricted problem class considered by Sun et al. [209].

As discussed in Section 2.5.3, most efficient known algorithm to solve classical (non-
augmented) parity games are Zielonka’s algorithm [225] (for practical purposes) and
quasi-polynomial time algorithms [52, 171, 137]. Such algorithms recursively solve reach-
ability games for both players to compute a winning region and a uniformly winning
strategy of the controller player in the original parity game. In order to mimic those
algorithms for augmented games, we first discuss an algorithm to solve augmented reach-
ability games.

An augmented reachability game is a tuple G = (G, ®, Py) where the specification
® = O T is to finally reach a set T C V of target vertices. The new recursive algorithm
that solves an augmented reachability game G is given in Algorithm 7.1. The main idea
of the algorithm is to first compute the set of vertices A from which Player 0 can reach T'
even without the help of any persistent live group constraints (Algorithm 7.1) along with
the corresponding strategy m for Player 0 (Algorithm 7.1). Afterwards, the algorithm
computes the set of states B from which Player 0 has a strategy (i.e. 72) to reach A with
the help of a persistent live group (Algorithm 7.1). If this set B enlarges the winning
state set A (Algorithm 7.1), we use recursion to solve another augmented reachability
game with target T':= AU B (Algorithm 7.1).

Within Algorithm 7.1, we use the following notation. Given a game graph G = (V, E)

151



and a persistent live group (S, C,T), we write G|¢ to denote the restricted game graph®
(V, E') such that E' C E and for every edge e = (u,v) € E’, either e € C or u ¢ src(C).
Furthermore, pre(T') C V' is the set of vertices from which there is an edge to T

For a set T of vertices, the attractor function ATTR? (T') solves the (non-augmented)
reachability game (G, T) for Player p and returns the attractor set, i.e., winning re-
gion A := attr?(T) C V, and a memoryless attractor strategy 74 of Player p, i.e., a
winning strategy from A. Intuitively, A collects all vertices from which Player p has
a strategy (i.e., 74) to force every play starting in A to visit T in a finite number of
steps. Moreover, the function SOLVE(G, ®) returns the winning region and a memoryless
uniformly winning strategy (for Player 0) in a game (G, ®) with & = O A v O-T for
some A, T C V. While ATTR can be implemented by reachability game algorithms
as discussed in Section 2.5.3, SOLVE can be implemented using standard algorithms for
solving safety games as discussed in the following remark.

Remark 7.1. Given a game G = (G = (V,E),®) where ® = OAVOS for some
A, S C V, one can reduce the game to a smaller safety game (G',®" = OS"), where
S" = SU{va} and G’ is the game graph obtained from G by merging all vertices in A to
a single new sink vertex va, i.e., all incoming edges to A are retained but v4 has only one
outgoing edge that is (va,va). In such a game, the winning region is V \ attr* (V' \ S") [22].

With this, we can prove the correctness of Algorithm 7.1.

Theorem 7.2. Given an augmented game G = (G, ®, Py) with ® = O T, the algorithm
ATTRPERS(G, T, Py) returns the winning region and a memoryless strategy that is uni-
formly winning in game G. Moreover, the algorithm terminates in O(|P| - |V| - |E|)
time.

Proof. Suppose Win be the winning region in the augmented game G. Using induction
on the number of times ATTRPERS(-) is called, we show that the set returned by the
algorithm is indeed Win, and the updated (memoryless) strategy 7 returned by the
algorithm is a uniformly winning strategy in G.

Base case: If ATTRPERS(:) is never called, i.e., the algorithm returned (A, 7) in Al-
gorithm 7.1. Hence, we need to show that A = Win.

First, let us show that A C Win. By the definition of attractor function ATTR® (T),
every m-play from A eventually visits T, and hence, satisfies ® (which is stronger than
Apprs(Py) = ®). Therefore, every vertex in A is trivially winning in G, and hence,
A C Win.

Now, for the other direction, suppose v be a vertex such that v € A. It is enough to
show that v € Win. As v ¢ A = attr?(T'), Player 0 can not force the plays to visit 7.
If v ¢ S for every (S,C,T) € Py, then the persistent group-liveness constraints are not
relevant for vertex v. Now, suppose v € 8 for some (S,C,T) € P,. As the algorithm did
not reach Algorithm 7.1, for every persistent live group, one of the conditional statements,

3Note that unlike the restriction of a game graph to a set of vertices, here we do not simply restrict
the edge set to C only.

152



the one in Algorithm 7.1 or the one in Algorithm 7.1, is not satisfied. If the statement in
Algorithm 7.1 is not satisfied, i.e., (8\ A) Npre(A) = 0, then there is no edge from S\ A
to A, and hence, this persistent live group constraint does not help in reaching A from
V'\ A anyway.

Next, if the statement in Algorithm 7.1 is not satisfied, then it holds that B C A.
Hence, v ¢ B. As B is the winning region for game (G|c,®p) and such a game is
determined [22], Player 1 has a strategy m; such that every mi-play in this game starting
from v satisfies “®p =O-AANO(TUV \ 8). Therefore, every mi-play trivially satisfies
Apgrs(S,C, T) without ever reaching A. Hence, if Player 1 sticks to strategy w1, Player 0
can not make the plays from v visit A D T using this constraint. Therefore, in any case,
Player 0 has no strategy that can enforce a play from v to satisfy Apgrs(FPp) = OT.
Hence, v &€ Win.

Now, let us show that the returned strategy 7 is indeed a uniformly winning strategy
in G. As 74 is the attractor strategy to reach T', Algorithm 7.1, it is easy to verify that
every m-play starting from A \ T eventually visits 7', and hence satisfies ®. Therefore,
every m-play from A is winning.

Induction case: Suppose the algorithm returned (C,7) in Algorithm 7.1 for some
(S,C,T) € Pp. By induction hypothesis, C' is the winning region and 7¢ is a uniformly
winning strategy in the augmented game Go = (G, ®¢, Py) with & = O(A U B).

First, let us show that Win C C. By the definition of attractor set attr’(-), it is easy
to see that T'C A. So, every play in G satisfies OT = O(A U B). Therefore, a winning
play in augmented game (G, T, P) is also winning in augmented game (G, AU B, P).
Therefore, Win C C.

Now, for the other direction, let us first show that B C Win. As n¥ is a uniformly
winning strategy in game Gpg, every wP-play p starting in B satisfies ®5. By definition
of ®p, either p satisfies & A or it satisfies (S \ T). Suppose p satisfies (S \ T). As p
is a play in G|c, it satisfies O(S A Aconr(C)). Hence, if p satisfies Apgrs(S,C,T), then it
also satisfies &T, which is a contradiction to the assumption that p satisfies (S \ T).
Therefore, p can not satisfy both Apgrs(S,C, T) and CJ(S\T). As a consequence, p satisfies
Apgrs(S,C,T) = & A, Furthermore, as we know, A C Win. Therefore, p satisfies O A =
& Win, and hence, satisfies Apgrs(S,C,T) = OWin. So, every n8-play starting in B
satisfies Apgrs(P7) = O Win. Then, one can construct a Player 0 strategy mg (i.e., the
one that uses 72 until the play reaches the winning region Win of game G, and then
switches to a uniformly winning strategy of game G) such that every mp-play starting in
B satisfies the following

(Apgrs(Pr) = OWin) AOWin A Apgrs(Pp) = OT), (7.18)

and hence, satisfies Apprs(Pp) = OT'. Therefore, B C Win.

Now, let us the other direction for induction case, i.e., C C Win. As B C Win and
A C Win as proven by the arguments given in base case, it holds that A U B C Win. So,
every play in G satisfies $(AU B) = & Win. Furthermore, as 7€ is a uniformly winning
strategy in game Go, every n€-play starting in C satisfies Apgrs(Py) = O(A U B), and
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hence, satisfies Apprs(Py) = OWin. Then, as in the last paragraph, one can construct
a Player 0 strategy mo (i.e., the one that uses 7€ until the play reaches the winning
region Win of game G, and then switches to a uniformly winning strategy of game G)
such that every mp-play starting in C satisfies (7.18). Hence, every mp-play starting in C'
satisfies Apprs(Pr) = OT. Therefore, C' C Win.

Now, let us show that the returned strategy = in Algorithm 7.1 is also a uniformly
winning strategy in game G. As 7 is follows strategy 7€ for vertices in C'\ (AU B), every
7-play from C'\ (AU B) eventually visits AUB when Apgps(P) holds. Now, let 7 be the
updated strategy until Algorithm 7.1. Then, from Algorithm 7.1, it is easy to see that
7(v) = 7™ (v) for every vertex v in AUB. As 7 is a uniformly winning strategy in game
Gp, using Algorithm 7.1 and the discussion above, every m-play from B\ A eventually
visits A when Apgrs(Pp) holds. Then, using arguments of base case, every m-play from
A\ T eventually visits T'. Therefore, in total, every m-play from C eventually visits T
when Apgrs(Pp) holds. Hence, 7 is indeed a uniformly winning strategy in game G.

Time complexity: Let k be the number of times ATTRPERS(-) is called. If T' =V,
then A = V', and hence, S\ A = 0 for every (S,C,T) € Py, and hence, ATTRPERS(+)
will never be called. Furthermore, if 7' # V, then, by definition of attr’(-), it holds that
T C A. So, in Algorithm 7.1, we keep adding at least one vertex to the target for the
next call of ATTRPERS(-). Hence, k can be at most |V|. Moreover, in each iteration, we
might need to solve game (G|¢, Pp) for each (S,C,T) € Pp; and using Remark 7.1, solving
such a game can be reduced to computing an attractor function attr'(-). As computing
such an attractor function takes O(|E|) time [22], the algorithm takes O(| P - |V| - |E|)
time in total. O

7.5.2 Augmented Parity Games

To solve parity games augmented with persistent live groups, we use the fact that most
of the algorithms to solve (non-augmented) parity games are based on the attractor
functions ATTR? (T'). Furthermore, the only difference between the attractor function
ATTR? (T') and our new function ATTRPERS(G, T, P;) from Algorithm 7.1 is the utiliza-
tion of augmented persistent live groups to solve reachability games. Hence, in many
of these algorithms for parity games, one can simply replace every use of ATTR? (T)
with ATTRPERS(G, T, P;) to obtain an algorithm to solve parity games augmented with
persistent live groups.

Let us first consider the classical recursive algorithm given by Zielonka [225] to solve
parity games. The algorithm recursively solves smaller parity games obtained by restrict-
ing the game graph to a smaller set of vertices. To adapt this algorithm to solve parity
games augmented with persistent live groups, we first need to define how the persistent
live groups are transformed when we restrict the game graph in such a way. In addition,
we also need to ensure that the transformed persistent live groups still express the same
assumption w.r.t. the restricted game graph. Intuitively, one easy way to do this is by
restricting all three sets S, C, T of a persistent live group to the set of vertices and edges
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in the restricted game graph. However, if there is an edge e = (v,w) in C, then the
constraint Agonr(C) enforces that edge e is taken from vertex v. If the restricted game
graph contains v but not the edge e, then to satisfy the constraint Aconr(C), we need to
ensure that vertex v is not visited. Hence, we need to remove such vertices from S in the
transformed persistent live groups. This is formalized below.

Definition 7.14. Given a game graph G = (V, E) augmented with a set Py of persistent
live groups, and a set U C V', we define the set of persistent live groups restricted to U
as Pg’U = {(S’U,C’U,T’U) ‘ (S,C,T) S Pg} s.t.

Ty =TNU, Cly={(u,v)€FE|u,veU}, Slp=(nNU)\ (src(C))\ src(C)).

One can show that Py|y indeed captures the same assumption as Py w.r.t. the game
restricted to U as formalized below.

Lemma 7.7. Given an augmented parity game G = (G, ®, Py) and a set U C V| let p
be a play in G|y. Then, p is winning in augmented game G|y = (Glu, ®|v, Pelv) if and
only if it is winning in augmented game G.

Proof. Suppose p is winning in G, then either it satisfies the parity objective ® or doesn’t
satisfy the persistent live group assumptions Apgrs(P7). If it satisfies @, then it also
satisfies ®|y; as it only visits vertices in U. Else if it doesn’t satisfy persistent live group
assumptions, then there exists a persistent live group (S, C, T) such that p doesn’t satisfy
Apers(S,C, T). Hence, there exists a suffix p/ of p that satisfies O(S A Aconr(C)) AO-T.
As p/ stays inside U and edges of C used in p’ also belong to C|y, p’ also satisfies O(S|y A
Acont(Clr)) AO—T|y. Hence, p also doesn’t satisfy the persistent live group assumptions
Apers(Pr|r). Therefore, in all cases, p is also winning in G|y .

Now, for the other direction, let p is not winning in G. Hence, p satisfies the persistent
live group assumptions Apgrs(FPyp) but not parity objective ®. So, p also doesn’t satisfy
parity objective ®|y. We only need to show that p satisfies Apgrs(FPp|y). Consider a
persistent live group (S,C,T) € P, and a suffix p’ of p. It is enough to show that p’
satisfies Apprs(S|U, Clu, T|v). Since the suffix p’ satisfies Apprs(S,C, T), it satisfies one of
the following: &T or &S or O —Aconr(C). If pf satisfies OT or S-S, as pf always
stays inside U, it also satisfies O Ty or =S|y, respectively and hence, it satisfies
Apers(S|u, Clu, T|y). Else if p’ satisfies & —Aconr(C), then for some vertex v € sre(C),
p' visits v but doesn’t take any edge in C from v. If v € sre(C|y), then p’ also satisfies
O Acont(Cl). Otherwise, if v & sre(Clyr), then by definition, v ¢ S|y, and hence, p/
satisfies & =S|y, Therefore, in all cases, p’ satisfies Apgrs(S|v, Clu, T|v). So, p is not
winning in G|y. O

With this well-defined restrictions, one can replace every use of ATTR® (T) with
ATTRPERS(G, T, Py) in the classical recursive algorithm given by Zielonka [225] to obtain
an exponential-time algorithm for parity games augmented with persistent live groups.
Furthermore, as Zielonka’s algorithm can also be used to compute a memoryless uni-
formly winning strategy in addition to the winning region, the same holds for the adapted
algorithm for augmented parity games. This is formalized below.
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Corollary 7.1. Given an augmented parity game G = (G, Parity(P), P;) with game graph
G = (V,E, L) and priority function P: V' — [0,d], one can compute the winning region
and a memoryless uniformly winning strategy in O <|Pg\ . |V|d+o(1)> time.

7.5.3 Quasi-Polynomial Algorithm

While the classical recursive algorithm given by Zielonka [225] runs in exponential time,
it is well-known that parity games can be solved in quasi-polynomial time. We now
show that one can also obtain a quasi-polynomial algorithm for augmented parity games
by applying the same technique to the quasi-polynomial algorithm given by Lehtinen et
al. [137] and Parys [171].

Algorithm

We present a quasi-polynomial time algorithm SOLVEPERS for solving augmented par-
ity games in Algorithm 7.2 (adapted from the one given by Parys [171, Algo. 2]). The
algorithm uses two procedures ATTRgers and ATTRII)erS to compute the corresponding
attractor sets and attractor strategies for players Player 0 and Player 1, respectively,
in augmented reachability games. The procedure ATTRgerS(G, T, Py) uses the procedure
ATTRPERS to return the winning region attrl_ (G, T, P;) and a memoryless uniformly
winning strategy for the augmented reachability game (G, T, Py). The procedure
ATTer)erS(G,T , P;) simply returns the attractor set attr'(T) along with a memoryless
attractor strategy for Player 1. Without loss of generality?, Algorithm 7.2 assumes that
there are no self-loops in the input game graph.

The main idea of the algorithm is similar to Zielonka’s recursive algorithm for solving
parity games [225], where each recursive call tries to remove some dominions of a player,
i.e., sets of vertices from which a player can enforce winning while staying inside the
set, until no vertices are left. Here, each call to RECQSOLVE tries to remove such
winning vertices of Player 1 —p from the game graph by the following steps: (i) compute
the attractor set A for player p € P to the set of vertices with the highest priority
h (Algorithm 7.2), where h is even if p = 0 and odd otherwise; (ii) recursively call
QSOLVE;_,, on the subgame obtained by removing A from the game graph to compute
some winning vertices Wj_, for Player 1 —p (Algorithm 7.2), which are guaranteed to be
winning for Player 1 — p in G as the highest priority h has been removed; (iii) compute
the attractor set B for Player 1 — p to the winning vertices Wi_, (Algorithm 7.2), which
are also winning for Player 1 — p in G.

The main difference from Zielonka’s algorithm is the use of precision parameters 7
and 7y in the procedure QSOLVE, to limit the size the corresponding dominions that
are removed in each recursive call. The key observation that is exploited here is that
there can be only one dominion of size more than V| /2. Hence, the procedure QSOLVE,

utilizes this observation by doing three phases of removing dominions for Player 1 — p:

4Every self-loop on a vertex can be removed from the game graph by adding an edge back and forth
to a new vertex with the same priority and ownership.
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Algorithm 7.2 SOLVEPERS(G, Parity(P), P)
Input: An augmented parity game G = (G, Parity(P), P;) with game graph G = (V, E)
and priority function P : V' — [0; 2d]
Output: Winning region for G
1: Win +— QSOLVE(G, 24, |V|,|V])
2: return Win

procedure QSOLVE, (G, Iy 1p, m—p)
ifG=0vn,<1 then return ()

Wl_p —V
while W;_, # 0 do (G, W1—,) - RECQSOLVE(G, h, |n1—p/2],1p)

(g7 Wl—p) A RECQSOLVE(Q7 ha 771—1% np)
while W;_, # () do (G, W1_,) - RECQSOLVE(G, h, |n1—p/2],1mp)

return V

© e @ g w

10: procedure RECQSOLVE(G, h, n1—p, 7p)
11: Nyp, + {’U eV | IP)(U) = h}
12: A+ ATTRE (G, Ny, Pp)

pers
13: Wi —p QSOLVElfp(g’V\A/% h — 1a M-p, 77p)
14: B« ATTR . E(G, Wi_,, Py)

15: return (G|y\ g, Wi—p)

(i) first, it tries to remove all dominions of size at most |V| /2 by halving the precision
parameter 77—, in each iteration of the first while-loop (Algorithm 7.2); (ii) then, it
tries once with the full precision parameter to remove any remaining dominion of size
more than |V|/2 (Algorithm 7.2); (iii) finally, it again tries to remove all dominions of
size at most |V'| /2 by halving the precision parameter 7;_, in each iteration of the last
while-loop (Algorithm 7.2). This idea was first introduced by Lehtinen et al. [171, 137]
to obtain a quasi-polynomial time algorithm for solving standard parity games. We
adapt this idea to augmented parity games with persistent live group assumptions by
using the procedures ATTRpers and ATTRlDers to compute the attractor sets in augmented
reachability games.

Complexity Analysis of SOLVEPERS

We begin by proving that Algorithm 7.2 runs in quasi-polynomial time.

Theorem 7.3. Given an augmented parity game G with n vertices, SOLVEPERS(G) runs
in time n©@Uogn)

Proof. Given precision parameters g and 1, with [logng|+|logni| = I, let R(h,l) denote
the number of non-trivial executions of the procedures QSOLVE, and QSOLVE, i.e., those
that do not terminate at the return statement in Algorithm 7.2, that occur within one
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execution of QSOLVE,(G,h,no,m). It is straightforward that R(0,l) = R(h,0) = 0.
Furthermore, each execution of QSOLVE,_,, within QSOLVE, (except for the final call
of the while loops in Algorithm 7.2) removes at least one vertex from G. Hence, there
can be at most n such calls with halved precision and one call with full precision (in
Algorithm 7.2). Moreover, in each call with halved precision, the value of |logni—p]
(and thus 1) decreases by one. Therefore, for h,l > 1, we have the following inequality:

R(h,))<1+n-R(h—1,1—1)+R(h—1,1). (7.19)

Let us prove the following claim using induction on the pair (h,1).

Claim 7.1. For all h,1 > 0, it holds that

R(h,1) < - (hl”> Y

Proof. For base cases, if h = 0 or [ = 0, then R(h,l) = 0 and the inequality holds
trivially. Suppose the claim holds for (h — 1,0 — 1) and (h — 1,1), where h,l > 1.
Then, by (7.19), we have

R(h,))<1+n-R(h—1,1—1)+ R(h—1,1)

<1in (a1 h+4+1-2 1) 4l h+1-1 1
-1 l
h+1-1 h+1-1
<nl. -1
< (7))
h+1

This completes the proof of the claim. <

The above claim implies R(h,l) < n'- (h +1)!. Since the procedure SOLVEPERS begins
with [ = 2|logn] and h = 2d, this bound is

R(Qd, QU()g nJ) < n2[10gﬂj . (2d + QUOg nJ)2UognJ
_ pOogn) | (d + log n)@(logn) _ ,Ollogn)

Furthermore, each execution of QSOLVE,, (excluding the running time of recursive calls)

takes polynomial time, as the procedures ATTRBers and ATTRIl)erS run in polynomial time
by Theorem 7.2. Therefore, the overall running time of SOLVEPERS is n©(og™), O

Correctness of SOLVEPERS

We now prove the correctness of Algorithm 7.2, i.e., that it correctly computes the win-
ning region in augmented parity games. As mentioned before, the algorithm is mainly
based on properties of dominions. Hence, let us first formally define dominions in aug-
mented games.
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Definition 7.15. Given a game (G, ®), aset U C V is said to be a dominion for Player p
if they can enforce every play from U to stay inside U in addition to being winning for
them, i.e., there exists a Player p strategy 7 such that every w-play from U satisfies QU
and is winning for Player p. Dominions for augmented games (G, ®, Py) are defined w.r.t.
the equivalent game (G, Apgrs(FPr) = D).

With this definition, it is easy to see that winning region is the largest dominion for
Player 0. Before proving the correctness of the algorithm, let us prove some important
properties of dominions that will be useful in the proof.

Lemma 7.8. Given an augmented game G = (G = (V, E), ®, P;) with a dominion S for
Player p, the following holds for every set X C V:

a) for A = attih..s(G, X, P;), the set S\ A is a dominion for Player p in the augmented
(a) j2 g
game Ga = Gly\a;

(b) if SNX =0, then for B = ATTR._P(G, X, P,), the set S is a dominion for Player p

pers
in the augmented game Gp = Gly\ .

Proof. As S is a dominion for Player p in G, there exists a Player p strategy m, such that
every m,-play from S satisfies [0S and is winning for Player p. Now, we prove each part
of the lemma separately.

(a) By definition of attractor set, every Player p vertex v € V' \ A has no successor in
A and hence, m, is well-defined in G4. Furthermore, since S is a dominion for Player p
in G, every mp-play from S\ A in G4 always stays in S\ A and is winning for Player p
w.r.t. G (and hence also w.r.t. G4 by Lemma 7.7). This implies that S\ A is a dominion
for Player p in G4.

(b) It is enough to show that S C V' \ B, since this implies every m,-play from S is
also a m,-play in Gp that stays inside S and is winning for Player p. Suppose there is
some vertex v € S N B. This means, every mp-play from v stays inside S. Furthermore,
by the definition of attractor set, there exists a Player 1 — p strategy mi—, such that
every mi_p-play from v reaches X. As SN X = (), this is a contradiction, and hence,
SCV\B. O

Using Lemma 7.8, we can now prove the correctness of Algorithm 7.2, i.e., the proce-
dure SOLVEPERS correctly computes the winning region for Player 0 in augmented parity
games. This follows directly from the following theorem as Player 0 winning region is
the largest dominion for Player 0.

Theorem 7.4. Let G be an augmented parity game with at most h priorities. Suppose
the procedure QSOLVEP(Q, h,np, m—p) returns the set W,, where p = h mod 2, then we
have the following:

(a) for every Player p dominion S with |S| < ny, it holds that S C W,; and
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(b) for every Player 1 — p dominion S with |S| < m_p, it holds that SN W, = 0.

Proof. Let us prove using induction on h. For the base case, if h = 0, then p = 0 and
in each execution of RECQSOLVE within QSOLVE,, it holds that Nj; = V (computed
in Algorithm 7.2), A = V (computed in Algorithm 7.2), and W;_, = 0 (computed in
Algorithm 7.2). Thus, gsolve, returns W, = V. As there is no Player 1—p (i.e., Player 1)
dominions in this case, both properties of the theorem hold trivially.

Now, for the inductive case, suppose the theorem holds for all augmented parity games
with at most h — 1 priorities, where h > 1. For each variable, let us denote its value
within the i-th iteration of the procedure RECQSOLVE within QSOLVE,, by appending a
superscript ¢ to it, e.g., G*, Wi_,, etc. Suppose the procedure QSOLVE, makes m such
iterations, and let us denote the values after the final iteration by appending a superscript
m + 1 to them. We prove each property of the theorem separately.

(a) Let S be a Player p dominion with [S| < n,. If S = (), then the first property
holds trivially. Suppose S # (). As we assumed that there are no self-loops in the game
graph, every dominion has at least two vertices. Therefore, 1, > |S| > 2, and hence,
the procedure QSOLVE,, does not return at Algorithm 7.2. So, we need to show that
S CW,=ymtL

We show a stronger claim that for every i € [1;m + 1], it holds that S is a dominion
for Player p in the augmented game G' = g|v\ pi—1, which implies S C V*. Let us prove
this claim using an internal induction on i. For the base case, if i = 1, then G! = G and
the claim holds trivially.

Now, for the inductive case, suppose the claim holds for i, i.e., S is a dominion for
Player p in G°. Then, by Lemma 7.8(a), the set S* = S\ A’ is a dominion for Player p in
the augmented game $° = gilvi\ 4i- Furthermore, since $° has at most h—1 priorities and
|S?| < |S| < np, the external inductive hypothesis on QSowvE; (9", h—1,—,n,) (called
in Algorithm 7.2) implies that S% N Wli_p = (). Then, SN Wf_p =0 as Wf_p C Vi A
Hence, by Lemma 7.8(b), the set S is a dominion for Player p in the augmented game
Gl = gi|V¢\B¢. This completes the proof of the claim and hence, the first property.

(b) Let S be a Player 1 — p dominion with |S| < m_,. If n, < 1, then the procedure
QSOLVE, returns W), = () at Algorithm 7.2 and the second property holds trivially.
Suppose 7, > 2. Let S* = SN V" for each ¢ € [1;m + 1], then we need to show that
Smtl = SN w, =0.

We show this by proving several claims leading to it. Let us start by first showing
the following claim by induction on .

Claim 7.2. For every i € [1;m + 1], the set S* is a dominion for Player 1 — p in the
augmented game G°.

Proof. For the base case, if i = 1, then G! = G and the claim holds trivially. Now, for
the inductive case, suppose the claim holds for i, i.e., S* is a dominion for Player 1—p
in G*. Then, by construction, G+ = gi"/i\Bi and St = S%\ B! where B’ =
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ATTR;);Z;(Gi, Wf;p, P}) (computed in Algorithm 7.2). Hence, by Lemma 7.8(a), the

set S is a dominion for Player 1 — p in G, This completes the proof of the
claim. 4

Now, for i € [1;m], let Z* C S*\ N} denote the set of vertices from which Player 1 —p
can win without seeing the highest priority h (which is even if p = 0 and odd otherwise),
i.e., there exists a Player 1 — p strategy 7’ such that every m'-play from Z° satisfies
0O(S*\ N}) and is winning for Player 1 — p w.r.t. G*. Let us prove the following claim.

Claim 7.3. If S" # 0, then Z' # (.

Proof. Suppose S* # () and Z* = (). By Claim 7.2, there exists a Player 1—p strategy
7 such that every m-play from S’ satisfies [0.5° and is winning for Player 1 — p. As
Z' = (), m-plays from S’ cannot satisfy CJ(S? \ N}l) So, from every vertex in S°,
Player p has a strategy to eventually reach N,iZ against m. In particular, starting
from some vertex vy € S?, Player p can force reaching N,i against m. Suppose the
next vertex after visiting N/ is v1. As vy € Z¢, Player p can again force reaching
N ,Zl against 7 from v;. Continuing this way, Player p can force visiting N ,fb infinitely
often against 7 starting from wvy. This implies that every m-play from vy visits the
highest priority h infinitely often, and hence, is winning for Player p, which is a
contradiction. Therefore, Z* # . <

Let us also show that Z? is a dominion for Player 1 — p in $°.

Claim 7.4. For every i € [1;m], the set Z' is a dominion for Player 1 — p in the
augmented game $' = gi"/i\Ai.

Proof. By definition of Z?, there exists a Player 1 — p strategy n such that every
mi-play from Z° satisfies (S \ N,Zl) and is winning for Player 1 — p w.r.t. G*. This
implies, if a 7'-play from Z’ reaches a vertex v, then v € Z¢ as w-plays from v also
satisfy O(S" \ Nj) and are winning for Player 1 — p. Hence, every mi-play from Z
stays inside Z¢. This means that Z* is a dominion for Player 1—p in G*. Furthermore,
as Z'N Nj =0, by Lemma 7.8(b), Z* is also a dominion for Player 1 — p in $°. <

Let the procedure RECQSOLVE is called k — 1 times at Algorithm 7.2 before the k-th
call to RECQSOLVE with full precision at Algorithm 7.2. We now prove the final claim
leading to the second property.

Claim 7.5. Z™ C Wi .
Proof.  First, recall that in each call to RECQSOLVE within QSOLVE,, the set
Wf_p is computed by calling QSOL\/El_p(ﬁi,h — 1,77§_p,17p) (in 'Algor‘ithm 7.2),
where nffp = m-p and ny_, = [m-p/2] for i # k. Hence, as Z* C §* C S and
S| < mi—p, by the external inductive hypothesis on QSOLVE; (£, h — 1, ni_p, p)
and by Claim 7.4, the following holds for every i € [1;m]:

if | 7] < nll',p or i =k, then Z* C Wf,p. (7.20)
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Now, if k& = m, then the claim holds directly from (7.20). Suppose k& < m. By
(7.20), we only need to show that |Z™| < |m_,/2]. As Z™ C S™ C Sk it is
enough to show that |S¥*!| < |ni_,/2].

If S¥=1 = (), then this holds trivially as S*¥*1 C S*¥=1. Suppose S¥=1 £ (.
Then, by Claim 7.3, Z¥~1 # (). Furthermore, by the termination condition of the
while-loop in Algorithm 7.2, we have Wlkjpl = (). Hence, by (7.20), it must be that
| ZE7Y| > [mop/2). As W) =0, we have GF = GF=1, Sk = §F=1 and ZF = Zk-1.
As ZF C Wlk_p by (7.20), we have S¥*1 = §*\ B¥ C Sk\Wlk_p C Sk\ ZF. Therefore,
we have [SF| < |S*| — | Z%| < mi—p — (lm—p/2] + 1) = [m—p/2]. This completes
the proof of the claim. <

By the termination condition of the while-loop in Algorithm 7.2, we have W™ o 0.
Hence, by Claim 7.5, we have Z™ = (). Then, by Claim 7.3, we have S™ = (), and hence,
Smtl = () ag S+ C S™. This completes the proof of the second property. O

Combining Theorems 7.3 and 7.4, we obtain the main result of this section.

Corollary 7.2. Augmented parity games can be solved in quasi-polynomial time in the
number of vertices.

7.6 Synthesis Details: Low-Level

This section illustrates an efficient and flexible numerical method to design CLFs which
can then be used to design low-level controllers via Lemma 7.1.

7.6.1 Synthesis of Low-Level Controllers from cRWAs

It is well-known that the problem of synthesizing CLFs (in the sense of Section 7.4.2)
for general nonlinear control systems (as in Definition 7.1) over a generic state space
X C R"™ solving a generic cRWA problem Q = (k,R,.A) is numerically intractable [39].
For this reason, particular characteristics of the system and its dynamics need to be
exploited for tractability. In this section, we therefore restrict the discussion to systems
with affine dynamics, as mature computational solutions exist for this systems class. In
particular, we present a novel approach to controller synthesis for cRWA problems over
affine dynamical systems, by means of semidefinite optimization, considering a class of
quadratic control Lyapunov functions.

While this only gives a construction for the top-down interface in Section 7.4.2 for
affine dynamical systems, we note that our overall hybrid controller synthesis approach
discussed in Section 7.4 and summarized in Figure 7.2 can be applied to any dynamical
system for which the generated cRWA problem can be solved. In particular, recent
optimization-based approaches for enforcing logical constraints on more general nonlinear
systems [221, 120, 68| can be utilized. We leave the integration of these methods into
our synthesis framework for future work.
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Assumption 7.1. The control system S = (X, U, f) has affine dynamics of the form
f(x,u) = Ax + Bu +g, (7.21)

for some A € R™*"= B € R"**™ and g € R™. Moreover, we suppose that the input
space is a convex polytope, i.e. U = H(yy, Hy) := {z € R™ HJ(:L' —yy) < 1}, for
some yy and Hy of appropriate dimensions.

In addition, we restrict the shape of the state-space regions linked to state propositions
APg.

Assumption 7.2. Given a state proposition 7 € APg its corresponding state-space
region is either ellipsoidal of the type E(2,5) = {z € R™ : (z—2)'S(z —2) < 1}
or a convex polytope H(y, H) = {x € R™ : H'(z —y) < 1}, where S € R%*" is a
symmetric positive semidefinite matrix, z,y € R™ are vectors and H € R"=*™

Under these assumptions, instead of searching for control Lyapunov functions all over
the set of € functions, we restrict our search to quadratic functions of the form

w(z) = (x —x.) Pz — x.), (7.22)

where z. € X is the center of w and P € R"*" P » (.

Inspired by the results by He et al. [116], we present a method to design a CLF w(x)
in the form of (7.22) associated with a cRWA problem Q = (k,R,.A) (as in Definition 7.6)
in three steps:

(A) Find x. such that R C ¢(z.) and ANL(z.) = 0.
(B) Find a safe set S C X such that z. € S and AN{(x) =0 for all z € S.
(C) Construct a CLF w such that its basin of attraction is safe, i.e., X,, CS.

These steps must be performed with awareness of the context x and the changes that it
causes in the continuous state space. First, (A) is a necessary condition for the existence
of a CLF that generates a feasible controller for 2. However, given that the set differ-
ence between the convex regions where R and A hold is potentially non-convex, checking
whether such z. exists is a very difficult problem. To avoid resorting to global optimiza-
tion strategies such as branch-and-bound algorithms, we introduce another assumption.

Assumption 7.3. Given a cRWA problem Q = (k, R, A), for all z € X such that
R C {(z) we have ¢ E£4, where £4 C 2% is an ellipsoidal region associated with a
proposition in A.

Assumption 7.3 requires that any ellipsoidal set that is to be avoided in 2 does not
intersect the region associated to R, i.e. the region to be reached. In practice, if it is not
the case, one can replace ellipsoidal obstacles by polytopic over-approximations.
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Lemma 7.9. A point z. satisfying (A) exists if the following optimization problem is
feasible:

. € X CR™  s.t. (7.23)

1 °
Y Ei(2, S,) € Er, L . Srl} - 0, (7.24)
Y H;(y,, Hy) € Pr,  H(z.—y) <1, (7.25)
V Hy.(ya, Ha) € Pa. IH (e — ya)|loo > 1, (7.26)
Ju, € U C R™ Ax.+ Bu.+ g =0, (7.27)

where Ex and Pr are respectively the set of ellipsoids and polytopes associated with propo-
sitions in R while P4 is the set of polytopic sets associated with propositions in A.

Proof. Applying the Schur Complement Lemma [42, p. 7], (7.24) becomes exactly the
definition of an ellipsoid E(z,,S;). The condition (7.26) ensures that A N ¢(x.) = 0.
Finally, (7.27) enforces that x. is a stationary point for the system under a constant
input u.. This last condition can be handled directly by semidefinite programs whenever
U is also a polytope, i.e., U = H(yy, Hy). O

To find a safe set S as required in (B), we shall search for the largest ellipsoid E(x., Ps)
centered at z. and shaped through Ps € R"=*"=,

Lemma 7.10. The ellipsoid S = E(x., Ps) satisfies (B) if the following semidefinite
program is feasible:

in  tr(P 1. 7.28

p in r(Fs) s (7.28)

V Ei(20,P,) € Ea, PS+.B"P“ _PS%_(S@P“Z“ - 0, (7.29)
V H,;(ya, Ha) € P4, 3h € cols(H,) a(h)Ps = hh', (7.30)

where §; = x Pste + Biz) Paza — 1 — B; and a(h) = (1 4+ h' (ys — x.))? and cols(H,)
denotes the set of column vectors of H,.

Proof. Note that (7.29) is an application of the S-procedure [42, p. 23], ensuring that
x ¢ E(zq, P,) for all x such that = € E(x., Ps). On the other hand, (7.30) ensures that
all polytopes in P4 have at least one hyperplane on their boundaries that separates them
from the safe set S. Indeed, we can prove the following statement:

For given polytope H(y, H) and ellipsoid E(z,S), if there is h € cols(H) such that
(1+hT(y—2))28 = hh', we have H(y, H) NE(z,S) = 0.

Indeed, since H(y, H) and E(z,S) are convex sets, the intersection H(y, H) NE(z,S) is
empty if there exists one column h € R™* of H such that

h'(z—y)>1, YzeE(z,>5S). (7.31)
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This inequality defines a separating hyperplane between E(z,S) and H(y, H), since
h'(x—y) < 1forall x € H(y, H), by definition. Since z € E(z, S) we have h' (z—y) > 1,
and we can rewrite (7.31) as (1+h " (y—2))"'hT (z—2) < 1, forallz € E(z,5). Also, since
z € R™ is the center of E(z,.S), this ellipsoid is contained also in the hyperplane defined
by (1+h"(y—2))"'h"(z—2) > —1, and thus we have |(1+h" (y—2)) "' (z—2)| < 1,
for all x € E(z,S). Thus (7.31) is equivalent to

(=2 (L+hT(y—2)"*mh" (z —2) <1

for all 2 € E(z,5). This, by definition, holds if and only if (1 +h'(y — 2))2S = hh',
concluding the proof. O

Finally, having the safe set S = E(z., Ps) fully determined, we can proceed with
constructing the CLF and extracting a low-level controller from them, as required by
(C). We summarize our sufficient conditions in the following statement.

Lemma 7.11. Suppose that the following semidefinite program, for a given decay rate
0 >0, is feasible:

ax  tr(Z . 7.32
2 r(Z) s (7.32)
Z <Pgt (7.33)
AZ+ZAT+BY +Y'BT < -26Z (7.34)

Z Y Thy

V hy € cols(Hy) o (1+(yv—uo)Thy)?

- 0. (7.35)

Then, defining P = Z~' and K = Y P, for the CLF defined by w(x) := (z—z.)" P(z—x.)
and the map u(x) := K(x — x.) + ug it holds that

(i) u(z) € U for all x € X,
(ii) (Vw(x), f(z,u(x))) < —dw(x), for all x € X,.
In particular, the function w satisfies conditions in (C).

Proof. First, (7.33) ensures safety as, inverting both sides of the inequality implies that
Xw(l) = E(z.,P) C S. Then (7.34) ensures the descent condition (7.4). Condition
(7.35) implies that u(z) € U = H(hy, Hy) for all z € X,,(1). To show that, consider
a hy € cols(Hy) and multiplying the first line and column of the matrix in (7.35)
by P and apply the Schur Complement Lemma. The result is the equivalent matrix
inequality (1 + h;(yU —ue))?P - KThUhZK. Multiplying it to the right by (x — z.)
and to the left by (x — 2.)" while using the assumption that z € X, (1) = E(z,, P)
yvields (1 + ki (yo — ue))? = (x — zc) T K Thyh{, K (x — x.), which can also be rewritten
as |hf(K(x — z.) — yu + uc)| < 1. By definition, this inequality being fulfilled for all
hyr € cols(Hy) is equivalent to u(z) € H(yy, Hy ). O
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Putting Lemmas 7.9 to 7.11 together, it can be seen that the map u(x) constructed in
Lemma 7.11 is a low-level controller satisfying Lemma 7.1, and hence also Proposition 7.2.

After providing all details on the synthesis of a hybrid controller solving Problem 7.1,
we now discuss two additional issues in the correctness of this controller, which are not
captured by Proposition 7.3.

7.6.2 Existence of Solutions

In our statement of Problem 7.1 and in the control technique formalized and summarized
in Theorem 7.1 we state that any (trace of) trajectory of the closed loop system (7.17)
satisfies the considered LTL specification. However, we did not provide a well-posedness
result establishing existence of solutions for (7.17), for any initial condition and any
external logical perturbation. Indeed, it is known that such systems with state-dependent
piecewise-defined control input may exhibit pathological behaviors, such as chattering
and sliding modes [74, 110, 111].

In what follows, we thus prove the existence of solutions, in the case studied in Sec-
tion 7.6.1.

Proposition 7.4. Consider a control system S = (X, U, f) with labelling function £,
an LTL specification ® over the predicates APg U AP, the final game G¥' and a winning
strategy 7 - VOF — VlF. Suppose that Assumptions 7.1 to 7.8 hold, and that the set of
required CLFs 20 is build following the procedure introduced in Section 7.6.1. For every
x € Xyin, there exists a trajectory Exney : Ry — X to (7.17) starting at z, in the sense
of Definition 7.3.

Proof. First, we recall that by Assumptions 7.2 and 7.3 and by construction, any state
proposition AP; is associated to a compact (ellipsoidal or polyhedral) subset of X. The
closed loop (7.17), under Assumption 7.1 can be compactly rewritten as

& =G(t, ) = Az + Bhe(z,v(t)) + g,

with he(z, {Cy}) = Ku( —Zew) +uow, for all z € R™ and all C,, € AP¢, for some Ky, Tey
and wg, of appropriate dimensions, recall Lemma 7.11. Thus, the time-varying vector
field G : Ry x X — R™ is discontinuous in ¢, and recalling Definition 7.12, the disconti-
nuity points are contained in the sequence of discontinuity points of £ (&, ne v(+)) UT(-).
We have to show that this sequence has no accumulation point, thus ruling out the
so-called Zeno phenomenon [110]. Since T € ® by assumption is piece wise constant,
we have to check the behavior of discontinuities of £ (&, nev(+)), given a fixed context
k C APp. By construction, these discontinuities can occur only if & ner(+) lies at the
boundaries of the regions of attraction of the CLFs w € 20, with w associated to a cRWA
with context k, i.e. the CLFs that can be activated at that instant of time. For the
boundaries of these region of attractions, the vector field G satisfies a tranversability
condition

n(z) ' G(t,z) <0,
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where n(z) is the normal vector to the ellipsoid X, in z, i.e. the vector field is “pointing
inward” the set X,,. This follows by (ii) in Lemma 7.11. This fact, also called patchy
vector field property is a sufficient condition to ensure existence of solutions (in the sense
of Definition 7.3), as proven by Ancona and Bressan [17, Proposition 3.1|, to which
we refer for the details. The completeness of solutions, i.e. the fact that any solution
is well-defined on the whole positive real line R, follows by the fact that, as proven
in Theorem 7.1, by Definition 7.12, a winning play p always stays in Winf". This implies,
&2.ne, v (t) also belongs to Xy for all t € Ry, concluding the proof. O

For a more detailed discussion regarding (properties of) solutions of discontinuous
differential equations and hybrid systems, we refer to related papers [74, 110, 111].

7.6.3 Preventing Instability

As said, since the external environment can change at any instant of time, the closed
loop system (7.17) exhibits hybrid behavior. This may lead to undesired phenomena on
infinite horizons, as we highlight in the following simple example.

Example 7.7. Consider a control system of the form S := (R"=, U, f), and two compact
target sets 71, T2 C R™ such that 71 N 73 = (), and consider APg = {77, T2}. We consider
the following desired mode-target game specification |26]:

p:=(O0OM; = &0OT) A (OOMz = &OTe) (7.36)

where M1, My € APy are the input atomic propositions representing the modes activated
by the external environment. Suppose we have global CLFs wq,wy : R — R with
respect to the target 71, 72, in the sense of Definition 7.2, and consider low-level controller
u; : R™ — R™ gatisfying (7.5) globally in R™ \ X, (c), for any ¢ € {1,2}. This provides
a winning strategy for the game arising from (7.36): we activate the low-level controller
u; when the mode M; is active. Now consider the disturbance function T : Ry — APy
modeling the environment behavior. Then the resulting hybrid closed-loop system can
be written as

(t) = g(z(t), T (1)) (7.37)

where g(z, M;) = f(x,u;(z)) for i € {1,2}. Systems of the form (7.37) are known
as switched systems, and have been intensively studied in recent years (see standard
books [141, 110] for an overview). It is well-known that, even if the targets Ti, T2
are asymptotically stable for the corresponding subsystems, the external disturbance
T : Ry — APp can produce unbounded solutions for some initial condition x € R™*,
which is undesired in many contexts [141, Chapter 1]. |

There are many possible approaches to overcome the instability problem discussed in
Example 7.7. Here, we informally highlight two of them.

First, consider a control system S = (X,U, f) and an LTL specification ® over
APg U APp. Suppose that the problem is global i.e., X = R". Consider a large enough
compact set C C R™ such that X C int(C) for all X € APg. Consider its boundary 9C,
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add JC € APg (intuitively, a large enough “wall”), and consider a “new” specification @’
defined by ® = ® A O0-0C. Thus, paying the price of considering a more “convoluted”
specification, we force, on the logical level, the trajectories of S to stay in the compact
set C.

Second, suppose that the environment, while being unpredictable, does satisfy some
assumptions on the frequency of its decisions. More formally, suppose there exists a dwell-
time T > 0, such that, if t € Ry is a discontinuity point of the disturbance function Y (i.e.
an instant at which the external environment changes), we suppose that Y(s) = Y(¢),
Vs € [t,t + 7). It is well-known that, if all the subsystems are asymptotically stable, a
large enough dwell-time will ensure boundedness of solution of the switched system (7.37).
The technical details are not reported here, we refer to standard books [141, Section 3.2].

While the above-mentioned approaches can provide a simple stability guarantee to
the hybrid system arising from our design method, we point out that the formal study
of stability /instability phenomena induced by LTL-based control is a largely open future
research direction.

7.7 Experimental Results

In this section, we demonstrate the proposed techniques on an example. We consider the
mode-target based example introduced in Section 7.1 in a 2-D space. The state space
for the example is constrained to the box [0,10] x [0,10], and the three target regions
T1, T2, and T3 are ellipsoidal balls of radius 0.2 located at co-ordinates (3,4), (3,6),
and (5,5), respectively. The sliding door is a vertical line from (4,0) to (4,10). The
considered dynamical model for the motion of the robot is of the form introduced in
Assumption 7.1, with a 2-dimensional input space.

We used our proposed techniques to solve Problem 7.1 for this example. All computa-
tions were done on a MacBook Pro 2.5GHz with 16GB RAM. We started by constructing
the initial game G! from specification ®, as given in Example 7.1. The initial game G'
has 51 vertices and 182 edges, which was constructed in 0.042 seconds. Next, we com-
puted a strategy template for the initial game, and then, we translated this strategy
template into several reach-while-avoid problems which took 0.007 seconds. Next, we
constructed the plant model G¢ with 159 vertices and 1704 edges in 6.13 seconds. Next,
we constructed the final augmented game G with 826 vertices and 17604 edges in 0.652
seconds. Finally, we solved the final game to compute a winning strategy in 112.495
seconds which is used as a hybrid controller in the state space. In total, our algorithm
took 120 seconds to solve Problem 7.1 for this example.

Furthermore, we also conducted a simulation® of this example that uses the hybrid
controller computed by our algorithm. A screenshot from the simulation video at 16.30s
is shown in Figure 7.8. The left part of the figures describes the continuous state-space,
where we have three targets, i.e., 71 as an red colored dot (blurred), 73 as a green colored
dot (blurred), and 73 as a blue colored dot, the robot as a black dot in motion, and

SLink: https://cloud.mpi-sws.org/index.php/s/Yrf2dDzspTkYm88
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Figure 7.8: A screenshot from the simulation video

two basins of attraction per each target represented by the ellipsoids around the target.
The smaller ellipsoids, i.e., green, red, blue colored ones around 7s, 71, 73, respectively,
are basins of attractions for the corresponding targets when the door is closed whereas
the bigger gray ones are basins of attractions for the corresponding targets when the
door is open. Moreover, this left part also describes the current state of the system.
As we can see, the highlighted blue-colored target 73 indicates that currently mode M
is active, the thick black line in the middle indicates that the door is closed, and the
movement of the black dot from location of 75 towards 77 indicates that the robot is
currently moving from target 75 to 7;. Furthermore, the upper-right part of the figure
describes the current state of the play in the final augmented game. Currently, the play
in the game is looping between vertex 25 and vertex 144. The label of the edge from
environment player’s vertex (i.e., vertex 25) indicates that the robot is currently inside
the intersection of the basins of attraction X; and X5, and currently the door is closed
and mode M3 is active. Furthermore, the label of the edge from controller player’s vertex
(i.e., vertex 144) indicates that currently low-level controller associated with C; is being
applied persistently. Intuitively, as mode Mgj is active, the robot needs to reach target
T3, and since the door is closed, the robot first need to visit target 77 in order to open
the door. Specifically, in the video, the trajectory from 16.00s to 17.00s where the mode
M3 remains consistently active can be described as follows: initially, at 16.00s, the robot
was positioned at target T, with the door closed. Subsequently, the robot moves towards
target 71, as depicted in the screenshot shown in Figure 7.8. At 16.60s, the robot reaches
T1, resulting in the door opening. Following that, the robot proceeds towards target 73
and successfully arrives at the target by 17.00s.

Returning to Figure 7.8, the lower-right part of the figure presents the time-responses
of the two components of the control input, namely u; and ug, which emerge from the
hybrid controller defined in Section 7.4.5.
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7.8 Related Work

Existing approaches tackling the outlined integrated controller synthesis problem, can
roughly be divided into three different research lines. First, discretization-based ab-
straction techniques can be used to incorporate low-level dynamics into the high-level
logical games (see e.g., standard literature [210, 184| for an overview and tool pa-
pers [188, 51, 117, 125, 140] for tool support). These approaches are able to handle
the full problem class we tackle, but are known to suffer heavily from the curse of di-
mensionality and from conservatism introduced by the abstraction. Second, both the
specification and the dynamics of the system can be mapped into a large optimization
problem that searches for an optimal control law ensuring that both the logical speci-
fication and the dynamical constrains are satisfied (see e.g. survey paper by Belta and
Sadra [30]). These methods, however, scale poorly with the number of logical constrains
and cannot handle external environment inputs. Third, a constrained system can be
generated, which searches for certificates on the lower level dynamical system to en-
force a temporal specification (see e.g. the book by Sanfelice and Ricardo [193, Chapter
12] for an overview). This approach is usually restricted to particular classes of logical
specifications and non-linear dynamics.

Within this work, we mainly follow the third approach utilizing certificates, in par-
ticular control Lyapunov functions, to realize reach-while-avoid objectives. What distin-
guishes our work from existing ones [191, 120, 116, 221] is the presence of logical inputs
operated by the external environment. In the absence of these, the resulting synthesis
problem reduces to a temporal logic planning problem, which does not require a reactive
strategy on the higher layer, i.e., a single plan can be computed and executed in an
open-loop fashion. Our approach produces closed-loop controllers in both layers instead.

While recent methods combining certificates with high-granularity abstractions [170]
also produce closed-loop solutions, there, environment inputs can only be handled at
transition points between abstract states. In our example, the robot would need to
complete one motion (reaching a particular target) before it can receive a new objective,
leading to an unsatisfying closed-loop behavior.

In addition, our new game solving formalism is also related to other work in the
reactive synthesis community. While strategy templates have been very recently intro-
duced [14, 11] forming the basis of the results presented in Chapter 3, progress group
annotations appeared previously [209] for a restricted class of temporal specifications and
only induced by uncontrolled dynamics. Further, the work by Rayna and Rupak [80] also
tackles the problem of reactive control for dynamical systems via parity games, but only
presents sufficient conditions for the existence of certificates and controllers, while our
method is fully constructive.
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Chapter 8

Universal Safety Controller with
Learned Prophecies

While Chapter 7 focuses on the synthesis of logical controllers for continuous dynamical
systems, where the plant models are constructed from the continuous dynamics, this
chapter focuses on the controller synthesis problem at discrete level, where the plant
model is already given. Specifically, we study the problem of synthesizing logical con-
trollers from a specification and a plant model as given in Problem 2.1. As discussed
previously, the standard approach to solving such problems involves constructing the
product of the plant model and the logical game derived from the specification, then
solving the resulting game to obtain a correct controller. However, in many practical
scenarios, the plant model may be very large or partially unknown, causing traditional
synthesis techniques that require complete state-space exploration to scale poorly or fail
entirely. This chapter addresses this challenge by leveraging assumptions about plant
behavior to synthesize controllers that generalize across diverse plants.

Our approach builds on the notion of wuniversal controllers [96], which can be syn-
thesized without explicit knowledge of the given plant. In such controllers, each action
is paired with an assumption, called a prophecy, that characterizes the possible future
behaviors of a plant. These prophecies enable the controller to adapt its behavior based
on the actual plant with which it is composed at runtime. Since prophecies describe
branching-time properties of the plant (e.g., the existence of certain paths contingent
on the controller’s actions that satisfy essential properties), existing work [96] represents
them using tree automata [87]. However, tree automata are often complex to compute
and computationally expensive to verify against plants during synthesis. To address
this limitation, we propose a learning-based approach that approximates prophecies us-
ing computation tree logic (CTL) formulas learned from a small set of sample plants.
As CTL formula are easier to understand and there exist efficient algorithms for their
verification against plants [70], these approximations substantially reduce the computa-
tional complexity of universal controller synthesis while preserving generalizability across
a broad range of plants.

To this end, we first revisit the notion of universal controllers and their synthesis
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in Section 8.1. We then introduce the initial step of our learning-based framework in
Section 8.2, defining under- and over-approximations of prophecies and their refinement
from sample plants. Subsequently, we present our synthesis framework using standard
CTL learning algorithms in Section 8.3. Finally, we demonstrate the generalizability and
scalability of our approach through experimental results obtained with our prototype
tool UCLEARN in Section 8.4, followed by a discussion of related work in Section 8.5.

8.1 Universal Controller Synthesis

In this section, we revisit the notion of universal controllers and their synthesis from
existing work [96]. In contrast to traditional controller synthesis, which requires explicit
state-space exploration of a given plant, we consider a synthesis framework that abstracts
away from explicit plants by reasoning over sets of possible plants, called prophecies. A
prophecy captures assumptions about future plant behavior. Rather than solving the
synthesis problem for each plant individually, we synthesize a controller that conditions its
behavior on verified prophecies for the given plant. This leads to the notion of a prophecy-
annotated controller! (prophecy controller for short), which conditions controller behavior
on prophecies.

Definition 8.1. A prophecy 6 C Plants? is a set of plants. A prophecy-annotated
controller U over an alphabet 3 and a set of prophecies F is a tuple (S, so, 7, k), where
S is a finite set of states, so € S is the initial state, 7 : § x % — S is the transition
function, and  : S x 29¢ — F is the prophecy annotation.

Note that, similar to w-automata (as defined in Section 2.2.3), the transition function
7 is defined over all possible alphabets; hence, U x M is well-defined for any implementa-
tion M as per Section 2.4. Furthermore, each controller output from a state is associated
with a prophecy that must hold for that output to be valid. For an explicit plant, we
compute a consistent controller by verifying the prophecies at each state.

Definition 8.2. Given a prophecy controller U = (5, 9,7, %) and a plant My, a con-
troller M. = (S5°,s§,7°,0°) is said to be consistent with U w.r.t. My, denoted by
Mc = U | M, if for all (s,sP,s°) € reachable(d x (M. || Mp)), it holds that
My (sP) € K(s,0°(5%)).

We are interested in prophecy controllers that are correct when combined with a
consistent controller for a plant.

Definition 8.3. Given a specification ¢, a prophecy controller i/ is correct for a plant
My, if it holds that M. = U || My implies My, || M. |= ¢.

!Note that Finkbeiner et al. [96] refers to prophecy-annotated controllers as universal controllers.
We call a prophecy-annotated controller universal if and only if it is correct and most permissive for all
plants.

2Recall that Plants is the set of all plants.
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It is possible that no controller M. exists that is consistent with the prophecy con-
troller U for a given plant M. In that case, we say U is incompatible with My, denoted
by U || Mp = 0. If all correct controllers for an (admissible) plant are consistent with
the universal controller, we call such a universal controller most permissive.

Definition 8.4. Given a specification ¢, a prophecy controller U is most permissive for
a plant My, if it holds that My || M. = ¢ implies M = U || M.

8.1.1 Universal Controllers

The goal of universal controller synthesis is to construct a prophecy controller that is cor-
rect and most permissive for every plant. This ensures that it produces correct controllers
for all admissible plants (i.e., plants for which a correct controller exists) and is incom-
patible with all inadmissible plants. However, a trivial solution to this problem would
be a prophecy controller that includes all plants in the prophecies from safe states and
excludes all plants in the prophecies from unsafe states. This occurs because every plant
(including inadmissible ones) would satisfy the prophecies as long as the composition
remains in the safe region, and would become incompatible only upon reaching an unsafe
state. To avoid such trivial solutions, we require that if a plant satisfies a prophecy from
a state, it must be compatible with the controller from that state. Formally, a prophecy
controller U = (S, so, 7, k) is said to be forward-complete if for every plant My, whenever
My € k(s,a) for some s € S and o € 29 it holds that U(s) || My # 0. With this

definition, we can now define a universal controller.

Definition 8.5. A wuniversal controller U for a specification ¢ is a forward-complete
prophecy controller that is correct and most permissive for every plant.

Finkbeiner et al. [96] present a procedure to synthesize a universal safety controller
(USC), i.e., a universal controller for safety LTL specifications. The procedure is based
on the safety automaton of the specification and formulates the correct safe prophecies as
tree automata [112]. Furthermore, it guarantees that the USC uses the same transition
structure as its safety automaton [96].

Lemma 8.1 (|96, Theorem 3|). Given a safety LTL specification with an equivalent
automaton A = (Q,qo, %, 9,9), there exists an USCU = (Q, qo,0, k) such that for all
states ¢ € @ and propositions o C O,

k(q,a) = {Mp | IM. € Contrs. out(Mc,€) = a A Runs(A, ¢, Mp || M) C Q},

i.e., the set of plants for which there exists a controller outputting o from state q such
that all runs of A from q on the composition are accepting. Furthermore, every prophecy
k(g, ) can be recognized by a tree automaton.

With this lemma, USCs can be constructed by adding the prophecy annotations
to the safety automaton. Hence, from now on, we refer to USCs (or any prophecy
controller) as its automaton with prophecy annotations, i.e., Y = (A, k). Furthermore,
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as in existing work [96], this chapter only considers safety LTL specifications for logical
controller synthesis. Formalizing universal controllers for more general specifications is
left for future work.

8.2 Approximations of Universal Controllers

The synthesis procedure of a USC [96] computes the exact set of correct prophecies,
ensuring correctness and most permissiveness for all plants. In practice, however, we
typically work with a restricted class of plants, and building the (often complex) USC is
not practical. In this work, we consider approximations of the USC that maintain both
under- and over-approximations of the prophecies. These approximations can be used to
generate positive and negative examples for learning the prophecies.

8.2.1 Approximations

Our goal is to construct prophecy controllers that provide both sound under- and over-
approximations of the USC’s prophecies. We formalize this notion below.

Definition 8.6. Given a USC U = (A, k) for a safety LTL specification, an approzi-
mation is a tuple W = (A, k,R), where k and % are prophecy annotations such that:
k(q,a) C k(q, ) C R(q, «) for all states ¢ and propositions a C O.

Here, k is an under-approximation and % is an over-approximation of the prophecy
annotations x of the USC U/. We refer to under-approximation and over-approximation
as W = (A,k) and W = (A, &), respectively. Note that the above definition does not
require the approximations to be correct or most permissive for all plants. Nevertheless,
it is straightforward to see that the under-approximation remains correct for every plant,
while the over-approximation is most permissive for every plant.

Lemma 8.2. For an approximation W = (A, k,R), its under-approzimation W = (A, K)
is correct and its over-approximation W = (A, R) is most permissive for all plants.

8.2.2 Refinements

While Lemma 8.2 guarantees that any under-approximation is correct and any over-
approximation is most permissive, such approximations are not immediately useful in
practice. For example, a trivial approximation sets k to the empty set and ¥ to the set of
all plants, which yields no useful insight about the actual plants. In practical scenarios,
approximations become valuable when the synthesis procedure targets a specific class of
plants: For every new plant for which we synthesize a solution, we can refine the approx-
imation W. This incrementally increases the precision, targeting an approximation that
is correct and permissive for this exact class of plants. In this scenario, we assume that
the general structure of the synthesis problem remains consistent, while specific aspects,
such as the arrangement of obstacles, vary between plants. For example, a refinement
of the approximation in our introductory example (see Figure 1.8) could be that some
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Algorithm 8.1 REFINE(W, M,)

Input: An approximation W = (A, k, &) with A = (@, q0,%,6,9), and a plant M, =
(SP, sb, TP, oP).
Output: A refined approximation W' = (A, k', ®).

1: G+ (Q x SP,(qo, ), 0, ) + Ax M, > Compose
2: Win < SOLVE(G) > Winning states in the game
3: for all g € ), sP € SP, a C O, do > All outputs
4: if 8'((q, sP), U B) € Win for every 3 € 29 then

5: £(q, @) + K(q, o) U{Myp(sP)} > Add plant
6 else

7 F(q, o)  F(q, ) \ {Mp(sP)} > Remove plant
8: return (A, k,R)

processor becomes unavailable under some circumstances. Once this plant is observed,
the approximations are refined to check exactly for this behavior. While the controller
strategies remain largely consistent across different plants, the associated prophecies may
vary. To address this, we apply refinements to update an existing approximation so that
it remains correct and most permissive for the current plant. To guarantee that each
refinement increases the precision of the approximation, we formalize the following nec-
essary conditions.

Definition 8.7. Given an approximation W = (A, s, %) and a plant My, a refinement
is another approximation W' = (A, ¥/, %) such that:

(i) k(q,a) C K'(q,) and ' (q, ) C K(q, ) for all states ¢ and propositions o C O,
ii) W and W are correct and most permissive for :
i) W' and W d p for M,

The definition of refinement implies that the new approximation W' is correct or
permissive for at least one more plant. We claim that, in practice, every refinement steps
captures a multitude of new plants.

8.2.3 Computing Refinements

We continue by providing algorithms for the computation of refinements. The goal
of the refinement is to incorporate the information of the plant My into the prophecy
approximations. We do so by extracting all the sub-plants of the given plant and updating
each prophecy annotation by adding or removing them based on their correctness.

The overall algorithm for refining an approximation is presented in Algorithm 8.1.
The algorithm takes an approximation W = (A,k,%) and a plant M; as input and
returns a refined approximation W = (A, k/,%'). The first step is the construction of
the game G that ranges over the composition of the specification automaton 4 and
the plant Mp. We solve this game to obtain the winning region and the states of the
winning region Win. Next, based on the winning states, it iterates over all states ¢ €
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Q@ and propositions & € O, to update the prophecy annotations ' and %. If for a
sub-plant My (sP), i.e., the implementation of the plant at state sP, the output « is
a correct choice from state ¢, then the sub-plant is added to the under-approximation
£/(gq, ). Otherwise, if it is not a correct choice, the sub-plant is removed from the over-
approximation &' (g, ). This ensures that the refined approximation W' is more precise
than the original approximation W, and it is correct and most permissive for the plant

M.

Theorem 8.1. Given an approzimation VW and a plant My, the procedure REFINE(W, M)
returns a refinement.

Proof. First, let us recall the properties of the USC. Let U = (A = (Q, qo,9,2), k) be
the USC returned by Lemma 8.1. By the definition of safe prophecies, we know that
k(q, ) = {Mp | IM. € Contrs.out(M.,€) = a A Runs(A,q, My || Mc) € Q} for all
states ¢ € @ and propositions @ C O.. This means that x(q,«) contains all plant for
which there exists a controller M. that outputs « initially from state ¢ and ensures that
the run of the composition of the plant and the controller is safe, i.e., it stays in the safe
regions as in ).

Now, let W = (A, k,k) and W' = (A, /,%) be the prophecy controllers before and
after the refinement, respectively. By construction, we know that the winning states
Win in the game G computed in Algorithm 8.1 of Algorithm 8.1 are the states for which
there exists a controller that ensures the run in the composition game is safe. Therefore,
k(q, ) contains all plant for which there exists a controller that outputs « initially from
state ¢ and ensures that the run of their composition from ¢ moves to a winning state.
This means that k(g, ) contains all plant for which « ensures going to a winning state
from state q. Hence, Algorithm 8.1 of Algorithm 8.1 ensure that £'(¢q,«) includes such
plants whereas %'(q, ) excludes plants that do not ensure going to a winning state. Thus,
by construction, W is an approximation of U.

As Algorithm 8.1 of Algorithm 8.1 only add plants to £’ and remove plants from
%', we have that k(q,«) C £/'(¢,a) and %' (q,a) C R(q, «) as required by property (i) of
refinements. Furthermore, as /(q, a) contains all sub-plants of M which ensures going
to a winning state from state g for the output a, it is correct for the plant My. Similarly,
as (g, &) contains all sub-plants of My, which does not ensure going to a winning state
from state ¢ for the output «, it is most permissive for the plant M. Thus, property (ii)
of refinements holds, and hence, W' is a refinement of W. O

One can start with a trivial approximation (e.g., K = () and & = Plants) and itera-
tively refine it with the information from the plants encountered in practice. Due to the
monotonicity of the refinement, this also ensures that, at each step, both the under- and
over-approximation preserve the solutions of previous computation steps.

8.3 Synthesis with Learned Prophecies

We are now ready to present our approach for approximating USCs by learning prophecies
from plants. The overview of our approach is illustrated in Figure 8.1. The general idea
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Figure 8.1: An overview of our approach for approximating USCs by learning prophecies.

is that an approximation is initially learned from the specification and a set of nominal
plants, and then continuously refined based on new plants.

As shown in the upper part of Figure 8.1, we initialize the process by translating
the safety LTL formula to an automaton, and setting x = (), i.e., the controller output
is guaranteed to be correct for the empty set, and K = Plants, i.e., the output is
not guaranteed to be incorrect for all plants. Then, we learn an initial approximation
by refining it with respect to a given set of nominal plants (shown on the top right of
Figure 8.1) using the learning procedure LEARNAPPROX (detailed in Section 8.3.1). With
this, we approximate USC with a prophecy controller U.

The main refinement loop, framed in red in Figure 8.1, applies the current prophecy
controller U to a new plant and uses the result to improve the approximation WW. We first
concretize the prophecy controller to an explicit controller for the new plant by choosing
the outputs on which the prophecy conditions are satisfied. We then verify if the explicit
controller is correct for the plant: if yes, W already covers the plant and there is no
need to refine, and hence, we output the explicit controller. If the controller is incorrect,
we refine the approximation and obtain positive and negative samples based on the new
under- and over-approximations. A CTL learning algorithm (LEARNCTL) then finds a
formula that separates the new sets of positive/negative samples, which is used to update
the prophecy annotations in the prophecy controller. This process repeats if we receive
another plant.

In this section, we give details and intuition behind the main components of our
approach: learning CTL formulas for prophecies in Section 8.3.1, obtaining explicit con-
trollers from prophecy controllers in Section 8.3.2, and finally the synthesis procedure in
Section 8.3.3.
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Algorithm 8.2 LEARNAPPROX(W, Set)
Input: An approximation W = (A, k, &) with A = (Q, g0, %, 0,2), and a set of plants
Set C Plants.

Output: A prophecy controller U.
1: for all M, € Set do

2 W 4= REFINE(W, M,) > Refine the approximation
3: for allge @, a C O, do

4 Pos « k(q,a) > Positive samples
5: Neg < Plants \ (g, ) > Negative samples
6 ¢ < LEARNCTL(Pos, Neg) > Learn a CTL formula
7 k(q, @) < L(9) > Set prophecy annotation
8: return (A, k)

8.3.1 Learning CTL Formulas for Approximations

Prophecies of universal controllers, and their over- and under-approximation, are sets of
plants. The procedure of Lemma 8.1, therefore, uses tree automata for prophecies that
accept plants iff the considered output is correct for this plant. While tree automata
represent prophecies precisely, and thereby preserve correctness and most permissiveness,
they are computationally hard to compute, solve, and especially hard to understand. We
choose a more lightweight formalism for categorizing trees: CTL formulas. While CTL
formulas are not as expressive as tree automata [24], they are concise, human-readable,
and easy to verify.

Our algorithmic solution to constructing CTL formulas for prophecies is learning. The
key idea is to use the set of plants in the under-approximation as positive samples and the
complement of the set of plants in the over-approximation as negative samples. From
these samples, we use standard CTL learning techniques [40] to learn a CTL formula
that accepts the positive samples and rejects the negative samples. This learned formula
can then be used as the prophecy annotations in the resulting prophecy controller. The
learning process is summarized in Algorithm 8.2.

As the algorithm returns a prophecy annotation that classifies the plants in the under-
approximation as positive samples and the plants not in the over-approximation as neg-
ative samples, by Theorem 8.1 and property (ii) of refinements, the resulting prophecy
controller is guaranteed to be correct and most permissive for every plant in the set. We
formalize this result in the following.

Corollary 8.1. Given an approzimation W = (A, k,Rk) and a plant set Set C Plants,
the procedure LEARNAPPROX(W, Set) returns a prophecy controller U = (A, k) such that:
k(q,a) C k(q,a) C R(q, ) for all states q and propositions o € O¢. Furthermore, U is
correct and most permissive for every plant in Set.
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Algorithm 8.3 cOMPOSE(U, M)
Input: A prophecy controller U = (A, k) with A = (Q, o, %,9,Q), and a plant M, =

(S, s0,T,0).
Output: An explicit controller M..
L s < (qo, s0); S" = {sp}; 7'« []; o' ] > Initialize
2: queue < Queue(s() > Initialize the queue

3: while (g, s) < queue.pop() do
4: for all o C O, do

5: if My(s) € k(g,a) then > If prophecy is satisfied
6: o (q,s) + « > Set the label
7: for all g C I. do

8: q" + d(q,aUp)

9: §" ¢ 71(s, (U B) N Ip)

10 ((,5), 8) + (¢">5")

11: if (¢",s") ¢ S’ then

12: S S"u{(¢", ")}

13: queue.push((q”,s"))

14: break > Found a valid output

15: return (5, s, 7, 0')

8.3.2 Composition with Prophecy Controller

The goal of Algorithm 8.2 is to obtain a prophecy controller that correctly approximates
the USC restricted to the class of plants similar to the ones in the set Set, i.e., the
prophecy controller that is correct and most permissive for this class of plants. Once the
prophecy controller is learned, we can compose the learned prophecy controller with a
concrete plant to obtain an explicit controller for the given plant, as long as the plant
is contained in the learned prophecies. The composition algorithm is presented in Algo-
rithm 8.3.

The algorithm implements an on-the-fly exploration of the state space of the composi-
tion of prophecy controller and plant, and only adds transitions that satisfy the prophecy
annotations. For every visited state and every possible output, it checks whether the
prophecy annotation is satisfied by the plant. If satisfied, the output is added as a label
to the current state, and transitions to the next states are added for each possible input
of the controller. Once all states have been explored, the algorithm returns the explicit
controller.

Note that checking whether the prophecy is satisfied by a plant is done by model
checking the corresponding CTL formula against the plant, which can be done in poly-
nomial time [70]. This allows us to efficiently check the prophecies and compose the
controller with the plant on-the-fly.
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Algorithm 8.4 SYNTHESIZE(W,U, Mp)

Input: An approximation W, its learned prophecy controller Y = (A, k) with A =
(@, 90,%,6,1), and a plant M.
Output: A correct controller M. for M.

1: M¢ < COMPOSE(U, My) > Compose controller

2: if Runs(A,qo, Mp || M) C Q then > Check correctness

3: return M. > Return correct controller

4: else

5 U < LEARNAPPROX(W, {Mp}) > Refine and re-learn

6: return COMPOSE(U, My) > Return new controller
0

ds9m {busyla busys,

overload}

Figure 8.2: A plant for the load balancer example that only signals busy when processors
are overloaded. We use * to represent edges that are taken whenever no other edge guard
is satisfied.

8.3.3 Synthesis via Learning and Refinement

Although Algorithm 8.3 can be used to synthesize an explicit controller for a given plant
using a learned prophecy controller, its correctness is not immediately guaranteed: If the
plant is not contained in the learned prophecies, the constructed controller might not
be correct. To overcome this limitation, we add an additional model-checking step to
verify whether the synthesized controller is correct for the given plant. If it is, we return
the synthesized controller, otherwise, we refine the approximation using this plant and
repeat the learning process to obtain a new prophecy controller that includes this plant.
This overall synthesis procedure is summarized in Algorithm 8.4 and its correctness, as
formalized below, follows from Theorem 8.1 and Corollary 8.1.

Corollary 8.2. Given an approzimation W and its learned prophecy controller U for
a safety LTL specification ¢, and a plant My, the procedure SYNTHESIZE(W,U, My)
returns a controller M such that My || M¢ F ¢.
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Figure 8.3: A refined prophecy controller for the load balancer example, where the CTL
prophecy ®; is given by VO(overload = asgn;) for i € {1,2}.

Example 8.1. To illustrate the overall synthesis procedure, we revisit the example
in Section 1.2.5. Recall that the specification ¢ = O(task — O(asgn; V asgnsy)) A
O-overload in (1.1) states that there should never be an overload, i.e., the controller
should never assign a task to a processor that is already busy with another task. For this
specification, we considered the nominal plant M, as in Figure 1.7. By using the proce-
dure LEARNAPPROX(W, {M,}) on this plant with an initial (coarse) approximation, we
obtain the prophecy controller ¢/ in Figure 1.8, where prophecies are represented as CTL
formulas. As discussed in Section 1.2.5, this prophecy controller is not only correct for
the plant My but also generalizes to larger plants that have sufficient CPU availability
and signal busy, whenever cpu; is busy.

Suppose we obtain a new plant that does not signal the busy status in the same way,
e.g., a plant that only signals busy once the CPUs are overloaded. For instance, consider
the plant M; as in Figure 8.2. If we use the procedure COMPOSE(U, M;) to synthesize a
controller for this plant, we obtain an explicit controller that is not correct for this plant,
as the prophecies are based on the assumption that the plant signals busy whenever a
CPU is busy. Hence, we need to refine the approximation using this plant and re-learn
the prophecy controller by calling LEARNAPPROX(W, {My}).

Figure 8.3 shows the refined prophecy controller after learning the new plant. Here,
at states o and ¢, the prophecy annotations for outputs asgn, and asgn, are represented
by the CTL formulas ®; := VO(overload = asgn;), respectively, stating that if there is
an overload in the next step, then the controller must have assigned the task to cpu;.
The controller can only assign a task to a CPU if it is guaranteed that the overload in
the next step can only be caused by the other CPU. Therefore, the refined prophecy
controller is correct for the new plant M;, and can be used to synthesize controllers for
plants that implement similar behavior. _|
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Figure 8.4: Experimental results showing scalability on the grid world (left) and lily
(middle), and overall comparison (right).

8.4 Experimental Evaluation

We implemented the algorithms presented in Sections 8.2 and 8.3 in an F#-based pro-
totype tool called UCLEARN to assess the effectiveness of our method. The prototype
utilizes sPOT [156] for LTL and automata operations, OINK [218| for game solving, and
the algorithm by Bordais et al. [40] for CTL learning. Additionally, we use UNICON [96]
to compare our approach with the USC synthesis algorithm and the standard reactive
synthesis algorithm.

As a baseline, we tested the running example from Example 8.1 using UCLEARN, and
the resulting prophecy controller with CTL prophecies are shown in Figures 1.8 and 8.3.
This example illustrates that the learned prophecies are both simple and interpretable.

We further evaluated the prototype using a diverse set of benchmarks, including
standard reactive synthesis benchmarks from SYNTCOMP [119] and a set of benchmarks
based on a robot grids, which are detailed below. All experiments were performed on
an Apple M1 Pro 8-core CPU and 16GB of RAM. The presented execution times are
averages over three runs.

Scalability in Grid World. In this benchmark, the goal is to control a robot nav-
igating an n x n grid. The plant encodes the grid structures with obstacles and the
robot’s position. The robot can move in four directions (up, down, left, right), and the
controller’s task is to ensure that the robot can move in the grid while avoiding obstacles,
encoded as a simple LTL formula: O-collision. We evaluate the performance of each
approach on increasing grid sizes, and show the ratio of execution times between the
existing approaches and UCLEARN in Figure 8.4 (left). The results indicate that our
approach is much more scalable and over an order of magnitude faster than the other
approaches. This is not surprising as UNICON requires capturing all realizations of the
plant, while UCLEARN only needs to capture the realizations that are similar to a given
set of plants. Furthermore, it is worth noting that the approximation was learned from
a single plant with grid size 2 and consists of CTL formulas of size at most 2. This
demonstrates that our approach is capable of learning a suitable approximation from a
small benchmark and that the resulting formulas are human-readable.
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Scalability in Lily. This benchmark, taken from SYNTCOMP [119], requires the
controller to grant or cancel a request from a user within 3 time steps and ensure that no
two requests are granted consecutively. This is encoded as the LTL formula: O(request —
O(grant V cancel V O(grant V cancel V O(grant V cancel)))) AO(grant — O —grant). We
evaluate all approaches on this benchmark with plants encoding increasing complexity
of requests, and the results are shown in Figure 8.4 (middle). As with the grid world
benchmark, the approximation is learned from a single plant with parameter 2, and the
learning approach is up to 8 times faster than the standard approach.

Adaptability in SYNTCOMP. In addition to demonstrating the scalability of our
approach, we also evaluate its adaptability to different plants. We use the above bench-
marks and a set of safety benchmarks from SYNTCOMP, each consisting of an assump-
tion and a guarantee. For such benchmarks, we obtain a plant satisfying the assumption
and learn an approximation for the guarantee. This learned approximation is then used
to obtain a controller for a plant of similar size satisfying the assumption. The results of
this evaluation are shown in Figure 8.4 (right). The plot also compares the time required
to compose the (already learned /constructed) prophecy controller with the plant, labeled
as the composition time, for both UCLEARN and UNICON. These results indicate that
UCLEARN adapts to changes in the plant model much faster than both the standard
approach and UNICON. This is due to the fact that the CTL formulas learned from the
plant are concise and small (with a size of at most 4), making them easily reusable for
similar plants.

8.5 Related Work

The generalization and adaptability of the universal controller stem from its permis-
stveness—its ability to represent a set of controller strategies rather than a single one.
Permissiveness has been widely studied in supervisory control [54] and reactive synthe-
sis [32, 41, 102, 128, 14], though typically under a fixed plant model with limited adapt-
ability. Other works consider strategies correct for sets of plants—e.g., dominant [77, 99|
and admissible [33, 29] strategies, or restricted plant classes [11, 44]—but they yield a
single strategy correct for all plants. In contrast, our method synthesizes a controller
that adapts its strategy to the given plant model.

Temporal logic specification learning has been well studied [167, 182, 217, 180], but
these works focus on inferring specifications from samples, not using them for control.
Learning has been applied to LTL synthesis without plant models [133, 25|, whereas
we learn CTL formulas that characterize plant behavior. We also leverage prophecy
variables [6, 34| to anticipate future plant actions during universal controller synthesis,
following the framework introduced by Finkbeiner et al. [96].
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Chapter 9

Robust Computation Tree Logic

Unlike Chapters 7 and 8, which focus on synthesizing logical controllers by constructing
or utilizing assumptions about the plant model, this chapter investigates the robustness
of logical controllers when these assumptions are violated, thereby enabling systems
to operate reliably in more permissive environments. Specifically, we consider settings
where these assumptions are explicitly encoded within the logical specifications. While
the literature offers numerous approaches to robust control [36, 38, 186, 213|, most focus
on linear-time properties, preventing their applicability to branching-time properties that
can express more complex plant behaviors (e.g., the ability to reach location A from B
in one time step, as discussed in Section 1.2.6, or the CTL prophecies from Chapter 8).
We overcome this limitation by introducing a novel robust semantics for branching-time
temporal logics, specifically CTL and CTL*.

Our notion of robustness draws inspiration from the robust semantics for LTL intro-
duced by Tabuada and Neider [213]. The central idea is to interpret temporal operators
in a multivalued fashion, distinguishing between different levels of temporal property
violations. This multivalued semantics enables the specifications to be more robust with
respect to the assumptions: small violations in the assumptions lead only to small viola-
tions in the specifications. Moreover, the computational complexity of various problems
remains within the same asymptotic bounds, yielding robustness at no additional cost.

The remainder of this chapter is organized as follows. We begin by reviewing the
classical CTL semantics in Section 9.1 using a mapping-based formulation that facili-
tates our robust semantics definition. In Section 9.2, we introduce the robust extension
of CTL, termed robust CTL, along with its multivalued semantics, expressiveness results,
and complexity analysis for model-checking and synthesis problems. Next, we extend our
semantics to CTL* by first revisiting the classical CTL* semantics in Section 9.3, then
presenting its robust counterpart, robust CTL* in Section 9.4, together with expressive-
ness and complexity results. Finally, we discuss related work in Section 9.5.
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9.1 Review of CTL Semantics

In this section, slightly deviating from the usual approach, we re-define the CTL seman-
tics using a mapping Vo, that maps a state/path and a CTL formula to a truth value
in B = {0,1}. Also, some of our definitions are non-standard in order to be closer to
the robust semantics introduced later. However, let us stress that the definition below
is equivalent to the usual semantics of CTL as defined in Section 2.3.2, i.e., for a state s
and a CTL state formula ®, we have Vorr, (s, ®) = 1 if and only if s = ® according to
the usual semantics, and the same holds for paths and CTL path formulas.
Given a state s and state formulas ®, ¥, CTL semantics is defined as follows:

0 if L(s); and
Verw(s,p) = {1 ifi Z LES;,
VCTL(S, oV \If) = maX{VCTL(s, (I)), VCTL(S, \If)},
VCTL(S, D A \I/) = min{VCTL(s, (I)), VCTL(Sa \I/)},
VCTL(Su —|(I)) =1- VCTL(S, (I)),
1 if VCTL(S, (I)) S VCTL(S, \I/); and

Vi 5,0 =VU) =

ot ) {VCTL(S,\II) otherwise,

VorL(s,3p) = max  Vorw(p, ¢),
pEpaths(s)

Verw(s, Vo) = min - Vorw(p, ¢).
pEpaths(s)

Similarly, for a path p, the CTL semantics of path formulas is defined as given below:

Vern(p, O ®) = Vorn(p[l], @),
Vern(p, O @ aXVCTL( [i], @),

) =

)=
VerL(p,O®) = min VCTL( [i], @),
Verr (,0, ®U ‘11) = max mln{VCTL (P[]] \Ij)7 Orgiigj Verr (p[i], Q))}’
) =

Vern(p, PWVU) = mlnmaX{VCTL( [7], (I))’0H<1?<Xj Vern(pli], ¥)}.

9.2 Robust Computation Tree Logic

In this section, we robustify CTL by generalizing the ideas underlying robust LTL [213]
to CTL, obtaining the logic rCTL. We describe the syntax and semantics of rCTL and
discuss the relation and differences between rCTL and other temporal logics.

As discussed in the robot example in the introduction, we want to capture the notion
of robustness in CTL by ensuring that a small violation in environment assumptions
leads to a small violation of system guarantees. To achieve that, we introduce a robust
semantics for CTL. Following arguments given by Tabuada and Neider [213], we first
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motivate the semantics of rCTL using an example. Consider the CTL path formula Op,
where p is an atomic proposition. The formula can be satisfied in only one way, namely
when p holds at every step, i.e., state, of the path. In contrast, the formula can be
violated in several ways. Intuitively, Op is violated in the worst manner when p fails to
hold at every step. Then, we would prefer a case where p holds for finitely many steps.
Even better would be the case when p holds at infinitely many steps. Finally, among all
possible ways (p can be violated, we would prefer the situation where p fails to hold
for at most finitely many steps. Our robust semantics is designed to distinguish between
satisfaction and these four different degrees of violation of Op. However, as convincing
as this argument might be, a question persists: in which sense can we regard these five
alternatives as canonical?

We answer this question by interpreting the satisfaction of Op as a counting problem.
Recall that the semantics of Op for a path p is given by Vorr, (p, dp) = min;>o Ve (pli], p).
Now, observe that the truth value of the CTL formula Op for a path p only depends on the
number of occurrences of 0’s and 1’s in the infinite word oo = Ve (p[0], p) Vern(p[l],p) - - - €
B“ but not on their order. From this perspective, (p is violated in the worst manner
when p fails to hold at every step, which corresponds to the number of occurrences of 1
in a being zero. The next degree of violation of Op in which p holds at finitely many
steps corresponds to having a finite number of 1’s. Similarly, the next degree of violation
corresponds to having an infinite number of 1’s and an infinite number of 0’s. Among all
the ways in which Op is violated, the most preferred way corresponds to having finitely
many 0’s. Finally, the satisfaction of Op corresponds to having zero 0’s. Note that the
position where 0’s and 1’s occur is irrelevant for our argument. Furthermore, note that
by successively applying permutations that swap position ¢ with position ¢ 4+ 1 and leave
all the remaining elements of N unaltered, one can transform any « € B“ into words
of one of the following five forms: 1¢,0¥1¢, (01)~, 1¥0%, 0. Tt is not hard to verify that
the five cases of violations of [p that we discussed above amount to the words of the
five forms given above. Thus, we conclude the need for five truth values to describe five
different ways of counting 0’s and 1’s that correspond to five different canonical forms of
violations of O p.

According to our motivating example [p, the desired semantics should have one truth
value corresponding to true and four truth values corresponding to the different shades
of false. For notational convenience, we denote these truth values by b = (b1, be, b3, by)
with b; € B. Intuitively, for the formula Op, b; captures whether p holds at every step,
ba captures whether p fails to hold at most finitely many steps, bs captures whether
p holds at infinitely many steps, and by captures whether p holds at least once. Note
that these cases are monotonic, i.e., b; = 1 implies b;;.; = 1. Hence, we obtain the
set B4 = {0000,0001,0011,0111,1111} of truth values. The value 1111 corresponds to
true, and the others correspond to different shades of false as explained above. The truth
values are ordered naturally as 0000 < 0001 < 0011 < 0111 < 1111.

It remains to explain how the semantics of Boolean connectives are defined for these
truth values. The notion of a triangular-norm summarizes all the desirable properties
of a many-valued conjunction (see P. Hajek [114] for details), and it is natural to model
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conjunction and disjunction in B4 by min and max, respectively. Moreover, as in intu-
itionistic logic, we define the implication, denoted by a — b on the level of truth values,
such that ¢ < a — b if and only if ¢ A a < b for every ¢ € By. This leads to

1111 if a < b; and
a—b=
b otherwise.

However, the negation, denoted by @ on the level of truth values, defined by a — 0000
as in intuitionistic logic, is not compatible with our interpretation that all elements
in By \ {1111} represent different shades of false and, thus, their negation should be
1111. To make this point clear, we present in Table 9.1 the intuitionistic negation in
B4 and the desired negation compatible with the interpretation of the truth values in
B4. What is then the algebraic structure on B4 that supports the desired negation,

Table 9.1: Desired negation vs. intuitionistic negation in Bj.

Desired Intuitionistic

Value . .
negation negation

1111 0000 0000

0111 1111 0000

0011 1111 0000

0001 1111 0000

0000 1111 1111

dual to the intuitionistic negation? This very same problem was investigated by Priest
and Graham [181], and the answer is da Costa algebras. Therefore, following the ideas
introduced by rLTL, we use da Costa algebras|181] to define the negation:

__J0000 ifa=1111; and
] 1111  otherwise.

In other words, “true” (1111) gets mapped to “false” (0000), while “shades of false” get
mapped to “true”.

It should be mentioned that working with a five-valued semantics has its price. As in
intuitionistic logic, @ may not be equal to a as evidenced by taking a = 0111. Although
it is still true that @ — a. Interestingly, we can think of double negation as quantization
in the sense that true is mapped to true and all the shades of false are mapped to 0000
(false). Hence, double negation quantizes the five different truth values into two truth
values (true and false) in a manner that is compatible with our interpretation of truth
values.

Remark 9.1. Although there are alternative ways to define negation that preserves its
duality, i.e., @ = a, our notion of negation (as in original rLTL work [213]) has been
proven useful in many applications (see, e.g., Anevlavis et al. [20]).
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9.2.1 Syntax

The syntax of rCTL matches that of CTL, save for dotting temporal operators for visual
distinction. Hence, formulas of rCTL are also classified into state and path formulas.
rCTL state formulas over AP are formed according to the grammar

QPu=p|PVD|PAD| D | D= ]| Tp| Ve,

where p € AP and ¢ is a path formula. rCTL path formulas are formed according to the
grammar

0:=00 | OGP |HP | PUD| DWW .

Note that we include implication, conjunction, and weak until as part of the syntax,
instead of derived operators. This is needed as we will see later, they can no longer
be derived in rCTL. Furthermore, as illustrated before, it is instructive to include the
operators eventually and always explicitly. Hence, we include them in the syntax as well.

The size of a formula is defined as the number of its syntactically distinct subformulas.
Here, the set of subformulas of a state formula ® is defined as for CTL (see Baier and
Katoen [24] for details) and denoted by Sub(®).

9.2.2 Semantics

Similar to the semantics of CTL, we define the semantics of rCTL by a mapping V/, called
valuation, that maps an rCTL formula and a state/path to an element of B4. For an
atomic proposition p € AP, it is defined classically:

0000 if p € L(s); and

Visp) = {1111 it pe L(s).

Following the semantics of rLLTL, we define the semantics for Boolean connectives in
rCTL using da Costa algebras, as follows:

Vs,V V) =max{V(s, ®),V(s,¥)},
Vs, ANVU) =min{V (s, ®),V(s,¥)},
V(s,=®) =V (s, @),
Vs, =) =V(s,®) = V(s, V).

For existential path quantification, we want V' (s, 3¢) > b if there exists a path p starting
in s such that V(p,¢) > b. Similarly, we want V (s,V¢) > b if for all paths p starting in
s it holds that V(p, ¢) > b. This leads to

Vi(s,3dp) = max V(p,p),
( (P) pEpaths(s) (p <P)

V(s,Yo) = min V(p,p).
pEpaths(s)
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For path formulas, we formalize the intuition above in the semantics of the temporal
operators. For 1 < /¢ < 4, let V; denote the ¢-th bit of the valuation V. Then, using the
counting interpretation as discussed earlier, we define the semantics for by V (p, 0 P) =
(b1, b2,b3,bs), where

b1 = Iiﬂzlgl Vl(p[z]a 90)7
bz = maxmin Va(pli], ¢),
by = min max Vs(pli], ¢),

by = max Va(plil, ¢)-

The semantics of ¢ ® mimics the classical semantics in that the truth value of & ®
on p is the maximal truth value of ® that is assumed at any position of p. Analogously,
the semantics for temporal operators ® and U also mimics the classical semantics as
follows:

V(p, o> Q) = max V(pli], @),

Vip,0®) = V(p[1], ®),
Vip,2U W) = max min{V (p[j], ¥), Jin. V(pli], ®)}.

Finally, using the counting interpretation as above, the semantics for W is defined

by V(p, (I)W\I/) = (bl, bQ, bg, 54), where
by = Ijnzl%)l maX{Vl(p[]], ®), Onglzang Vi (p[z], \Il)}v
by = maxmin max{Va(pls], ®), max Va(pli], ¥)},

bs = minmaxmax{Vs(p[j], ), max Vs(plil, ¥)},

by = r;lggcmaX{W(p[J], ), (nax Va(pli], ©)}.
Example 9.1. Having defined the rCTL semantics, let us recall the example of the
specification for a robot given in Section 1.2.6: ®. = ®,. The environment assumption
on the plant model is &, = V(A = 30O B), which states that from every reachable
state, if the robot is in room A, then there exists a path where it can move to room B in
one time step. The system guarantee is ®; = VOT', which states that the robot should
be able to perform task T in all reachable states at all times. The robust version of this
formula is

® =VE(A=3IOB)= VAT

Let us demonstrate how this formula captures the robustness property as discussed in
Section 1.2.6. Consider the case where ® evaluates to 1111 in a given Kripke structure.
Then the following hold:
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e If the robot can always move from room A to room B in one time step, then in
any path, (A = 30O B) holds at every state. Hence, V(A = 3O B) evaluates to
1111. Then by the semantics of =, the formula YET also must evaluate to 1111.
That means, in any path, T" also holds at every state. Therefore, from any state of
a path, the robot can always perform task 7. Hence, the desired behavior of the
system is retained when the environment assumption holds with no violation.

e If the office workers obstruct the robot for a finite amount of time, in which case,
for any path, A = 3O B holds eventually at every state. Hence, V(A = 3O B)
evaluates to 0111. Then, by the rCTL semantics, V[OT evaluates to 0111 or higher.
Hence, in any path, 7" also needs to eventually hold at every state. That means, in
any path, the robot would be able to perform task T" after a finite amount of time.

e Similarly, if A = 30O B holds at infinitely many states (resp. some state) in every
path, then T needs to hold at infinitely many states (resp. some state) in every
path.

Hence, whenever the formula ® evaluates to 1111, its semantics captures the intended
robustness property by which a weakening of the assumption V(A = 3O B) leads to a
weakening of the guarantee V[T

Now, a natural question arises: does the formula still provide useful information when
its value is lower than 1111. It follows from the semantics of implication that ® evaluates
to b < 1111 only when V(A = 30 B) evaluates to a higher value than b, whereas VT
evaluates to b. So, the desired system guarantee is not satisfied. However, the value
of ® still describes which weakened guarantee follows from the environment assumption.
This can be seen as another measure of robustness: despite V1T not following from
VE(A = 3O B), the system’s behavior is not arbitrary, a value of b is still guaranteed
for VOT. _

9.2.3 Expressiveness of rCTL

In this section, we compare the expressiveness of rCTL with three other temporal logics:
CTL, LTL, and rLTL. We show that the five truth values of rCTL make it more expressive
than CTL. More precisely, there are properties that one can express in rCTL but not
in CTL. However, the expressiveness of rCTL and LTL are incomparable, and the same
also holds for rCTL and rLTL.

We compare the expressiveness of two classes of logics by comparing the expressiveness
of their formulas. For logics £ and £', we say L is as expressive as £’ if for every formula
in £’ there is an equivalent formula in £. Moreover, we say L is more expressive than
L' if L is as expressive as £’ but the converse is not true. Furthermore, we say £ and £’
have incomparable expressiveness if neither of £ and £’ is as expressive as the other one.

Now the question is what it means for two formulas to be equivalent. Intuitively
speaking, equivalent means “express the same thing”. Formally, we define the equivalence
of two formulas using their satisfaction sets. For a given Kripke structure, and a state
formula @, we define the satisfaction set Sat(®,b) of an rCTL formula ® and with value
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b € B4 to be the set of states s such that V (s, ®) > b. Since the satisfaction sets of an
rCTL (state) formula are always associated with a truth value in By, we always associate
a truth value with an rCTL formula when comparing its expressiveness.

For two rCTL state formulas ®1, ®o and two truth values b1, bs € By, we say that &
with truth value b; is equivalent to ®5 with truth value by if for every Kripke structure it
holds that Sat(®q,b1) = Sat(Pg, b2). Similarly, an rCTL formula ®; with truth value b;
is equivalent to a CTL formula @ if for every Kripke structure it holds that Sat(®1,b;) =
Satcrr (P2), where Satcorr(+) denotes the satisfaction sets for CTL formulas.

For an LTL (or rLTL) formula ¢ (which is evaluated over paths), we define its sat-
isfaction set to contain all states s such that p satisfies ¢ for every path p € paths(s).
Hence, an LTL or rLTL formula is equivalent to an rCTL formula, if they have the same
satisfaction sets for all Kripke structures.

We begin by comparing the semantics of CTL and rCTL. First, we want to show
that the CTL semantics is captured by the first bit of the rCTL semantics (recall that V;
denotes the first bit of the rCTL valuation function). Due to the non-standard semantics
of implication in robust logics, this does only work for CTL formulas without implications.
This is of course not a restriction, as in classical semantics, implication can be derived
from disjunction and negation.

Lemma 9.1. For any CTL state formula ® containing no implication, let ®, be the
rCTL state formula obtained by dotting all temporal operators in ®. Then for any
state s, it holds that Vorr(s, ®) = Vi(s, ®,). Consequently, it holds that Satcrn(®) =
Sat(®,, 1111).

Proof. Applying the definition of the rCTL semantics, we have the following:
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0 if p& L(s); and
Vi(s,p) = e )
1 ifp e L(s),
0 if Vi(s,®) = 1; and
V(s = 40 B =
1 otherwise,
Vi(s,®V ¥) = max{Vi(s, ®), Vi(s,V)},
Vi(s,® A U) = min{Vi(s, ®), Vi(s, V)},

Vi(s,3p) = max Vi(p, ),

pEpaths(s)
Vi(s,Ve) = min Vi(p,¢),

pEpaths(s)
Vi(p,©®) = Vi(p[l], ®),
Vilp, & @) = max Vi (pls], )

Vi(p, 2 U V¥) = maxmm{Vl( [],\I/),Omzlgjvl( pli], @)},

) =
) =
Vi(p,E®) = manl( 7], @)
) =
Vi(p, o WVU) = mlnmax{Vl( 7], (I))’org?ng Vi(pli], ¥)}.
Applying these equalities inductively proves that V; is indeed equal to the valuation
Verr. O

Hence, rCTL is at least as expressive as CTL. However, the converse is not true,
e., there exist rCTL formulas that have no equivalent CTL formula. For example,
consider the rCTL formula & = V[Ep with truth value 0111. For a state s, we have
s € Sat(®,0111) if and only if for each p € paths(s), there exists j such that p € L(p]i]) for
all ¢ > j, which is equivalent to each path p € paths(s) satisfying the LTL formula & Op.
However, the formula &Op can not be expressed in CTL (see Baier and Katoen [24] for
details). Therefore, there is no CTL formula ¥ such that Sat(®,0111) = Satcrr (V). In
total, we obtain the following result.

Theorem 9.1. rCTL is more expressive than CTL.

It is known that the expressiveness of LTL and CTL is incomparable. For example, the
CTL formula V< VOp has no equivalent LTL formula, and the LTL formulas O(p AOp)
has no equivalent CTL formula (see Baier and Katoen [24] for details). The same holds
for the expressiveness of LTL and rCTL. We just saw that the first bit of the rCTL
semantics captures the CTL semantics (for a formula with no implication). Hence, it
follows that for the rCTL formula V< VEp (with value 1111), there is no equivalent
LTL formula. Furthermore, one can see that the five-valued semantics does not help
in expressing ¢ = O(p A Op). Intuitively, a Kripke structure satisfies the formula ¢ if
all paths contain a pair of consecutive states where p holds. Similarly to the proof of
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inexpressibility of ¢ in CTL, it can be shown that this property is inexpressible in rCTL
as well, as all path formulas are guarded with an existential or universal operator. One
can express “all paths contain a state such that p holds at that state and at all (or some)
of its successor” in rCTL, which is not the same as the property we want. Overall, we
obtain the following result.

Theorem 9.2. rCTL and LTL have incomparable expressiveness.

In the work on rLTL [213], Tabuada and Neider showed that LTL and rLTL are
equally expressive. Hence, a direct corollary of Theorem 9.2 is the following.

Corollary 9.1. vCTL and rLTL have incomparable expressiveness.

9.2.4 rCTL Model Checking

The classical CTL model checking problem asks whether the computation tree (the tree
induced by all its executions) of a given system, satisfies a given CTL specification.
However, in the context of rCTL, this question is more involved due to rCTL’s many-
valued semantics. A natural generalization is whether the computation tree satisfies a
given property with at least a given value by € By. As usual, we model systems by
Kripke structures. So, the rCTL model checking problem is: for a given Kripke structure
K =(S,1I,R,L), an rCTL formula ® and a truth value by € By, does V (s, ®) > by hold
for all initial states s € I?

Our rCTL model checking procedure is shown as pseudocode in Algorithm 9.1. It is
similar to the standard CTL model checking algorithm in which it recursively computes
the satisfaction sets Sat(W¥,b) for each subformula ¥ € Sub(®) and each truth value
b € By. To check whether the Kripke structure satisfies @, it is then enough to check
whether all initial states belong to Sat(®,by). Note that Sat(¥,0000) = S since every
state satisfies any rCTL formula ¥ with truth value 0000.

Algorithm 9.1 The rCTL model checking algorithm.

Input: Kripke structure K, rCTL formula @, and a truth value by € By
1: for all ¥ € Sub(®) in increasing size do
2: Sat(¥,0000) = S
3: for all b = 1111 to 0001 do
4: Compute Sat(¥,b) as characterized in Table 9.2

5: return I C Sat(®P, by)

The key idea of Algorithm 9.1 is to recursively compute the satisfaction sets using a
dynamic programming technique. More precisely, the satisfaction sets are computed by
induction over the structure of ® as characterized in Table 9.2. This characterization is
explained in the next paragraphs and proven correct in Lemma 9.2. Since Sat(W¥, 0000) =
S for any rCTL formula W, Table 9.2 only shows the cases for b > 0000.

To simplify the following presentation of the characterization, we split the discussion
into three categories: atomic propositions, Boolean connectives, and temporal operators.
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Table 9.2: Characterization of the satisfaction sets for rCTL formulas.

Symbol

-) for rCTL formulas ®, ¥ and value b € B4 \ {0000}

p € AP Sat(p,b) ={seS|peL(s)}

\

Sat(® V ¥, b) = Sat(P,b) U Sat(¥,b)

A

Sat(® A U, b) = Sat(®,b) N Sat(¥,d)

—_

Sat(~®,b) = S\ Sat(®, 1111)

Sat(® = ¥, 1111) = (), Sat(¥,b) U (S \ Sat(P, b))
Sat(® = W,b) = Sat(® = ¥, 1111) U Sat(¥,d) for any b < 0111

Sat(VO®,b) = {s € S | post(s) C Sat(P,b)}

Sat(3O @, b) = Ifp T.F7 (T, Sat(®,b), 5)
Sat(V<& ®,b) = Ifp T.F (T, Sat(®, b), )

Sat(3@®,1111) = gfp T.F3(T, 0, Sat(®, 1111))
Sat(3E@®, 0111
Sat(3@®,0011
Sat(3@®, 0001

Ifp Ty .gfp To.G=(Ty, T, ), Sat(®, 0111))
= gfp To.Ifp T1.G7 (T, Tz, 0, Sat(®, 0011))

at(-,
(
(©
(
(
(
(
Sat(FO ®@,b) = {s € S| post(s) N Sat(P,b) # 0}
(
(
(
(
(
(
( Ifp T.F(T, Sat(®, 0001), )

)
)=
)=
)=

Sat(VE®,1111) = gfp T.F" (T, ), Sat(®, 1111))
Sat(VE®,0111) = Ifp T1.gfp T5.G" (T1, Tz, ), Sat (P, 0111))
Sat(VE®,0011) = gfp Tb.1fp T1.G" (Ty, T3, 0, Sat(®, 0011))
Sat(VE@®,0001) = Ifp T.F" (T, Sat(®,0001), S)

(
Sat(3(@ W V), 1111) = gfp T.F? (T, Sat(¥, 1111), Sat(®, 1111))
Sat(3(®W ¥),0111) = Ifp T} .gfp To.G(
Sat(3(® W ¥),0011) = gfp Ty.Ifp T1.G7(
Sat(3(® W ), 0001) = Ifp T.F3(T, Sat(¥,0001) U Sat(®, 0001), 5)

( )

( ) =

( ) =

( ) =
Sat(3(@ U W), b) = IfpT.F3(T, Sat(¥,b), Sat(®, b))
Sat(V(® U W), b) = IfpT.F (T, Sat(¥, b), Sat(P, b))

( 1

( 0

( 0

(

Sat(V(® W V), 1111) = gfp T.F" (T, Sat(¥, 1111), Sat(®, 1111))
Sat(V(® W W),0111) = Ifp T1.gfp To.G¥ (T, Ty, Sat(¥, 0111), Sat (P, 0111))
Sat(V(® W ¥),0011) =

Sat(V(® W ), 0001) = Ifp T.F" (T, Sat(¥,0001) U Sat(®, 0001), 5)
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Ty, Ty, Sat (¥, 0011), Sat(®, 0011))

(
= gfp Ty.Ifp T1.GY (T, T, Sat (¥, 0011), Sat (P, 0011))



Atomic Propositions. The valuation for atomic propositions is defined classically, as
in the case of CTL. Hence, the satisfaction set Sat(p, b) of an atomic proposition p € AP
with a value b > 0000 is the set of all states whose label contains p.

Boolean Connectives. The computation of the satisfaction sets for the Boolean con-
nectives closely follows the semantic definition based on the da Costa algebra. Con-
junction and disjunction are implemented using the usual intersection and union of sets,
respectively. The set Sat(—®,b) is the complement of all states on which ® evaluates
to 1111 (recall that we assume b > 0000). Finally, the implementation of the implica-
tion is more involved. By definition, the set Sat(® = W, 1111) is the set of states s
for which V (s, ®) is less than V (s, ¥); in set notation, this is expressed by the intersec-
tion of the sets Sat(W,b) U (S \ Sat(®,b)) for each b € By. For any other truth value
b <0111, Sat(® = ¥,b) consists of all states where the implication evaluates to 1111 or
U evaluates to at least b.

Temporal Operators. Now let us explain the characterization of the satisfaction sets
for formulas with temporal operators. As the formulas can start with an existential or a
universal operator, we discuss the satisfaction sets for them individually.

A state s satisfies the formula 3O ® with a value of at least b if one of its successors
satisfies ® with a value of at least b. Hence, the set Sat(IO ®,b) is the set of states s
such that one of its successors is in Sat(®,b). Dually, the set Sat(VO ®,b) is the set of
states s such that all of its successors are in Sat(®,b).

As for CTL, we use fixed point equations over sets of states to compute satisfaction
sets for rCTL formulas with the remaining temporal operators. So, let us first briefly
describe some notation and useful properties of fixed point equations over sets of states.
A function F' that maps a set of states to another set of states is monotonic if 77 C T5
implies F'(T1) C F(T3) for all sets T, T» of states. All monotonic functions have unique
least and greatest fixed points [215]. Hence, given a monotonic function F' (with variable
T), we write IfpT.F(T) and gfp T.F(T) to denote the least fixed point and the greatest
fixed point of F, respectively. All functions we consider in the following are monotonic.

We begin with formulas of the form 3¢ ®. By definition, a state s satisfies 3 @
with a value of at least b if there exists a path from s containing a state that satisfies
® with a value of at least b. Since we are now dealing with paths, we can apply the
expansion laws of rLTL [213]. In this particular case, we obtain the following statement:
a state s satisfies 3¢ @ with a value of at least b if and only if s satisfies ® with a
value of at least b or one of its immediate successors satisfies 3¢ @ with a value of
at least b. Hence, as in CTL, Sat(3< P, b) is the smallest subset T of S satisfying
Sat(®,b) U{s € S| post(s) NT # (0} C T. To capture this via fixed point operators, we
define the function

F3(T, Sy, 89) = S1U{s €Sy | post(s)NT # (}.

So, FH(T, S, 52) contains all states in Sp as well as all states in Sy that have a successor
in T. Note that this definition is more general than what we need it here, which will
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be useful for other temporal operators. But by fixing S; = Sat(®,b) and Sz = S, we
capture the expansion law of 3<¢. Thus, consider the map

T +— F3(T,Sat(®,b), S)

mapping sets of states to sets of states. We will prove that its fixed point Ifp T.F3(T, Sat(®, b), S)
is indeed the satisfaction set of 3 .

Dually, a state s satisfies the formula V< ® with a value of at least b if every path
starting from s contains a state satisfying ® with value at least b. Using analogous argu-
ments, one can show that the set Sat(V <> ®, b) is the least fixed point Ifp T.F (T, Sat(®, b), S),
where FY is defined as

FY(T, 8),5) = S; U{s € Sy | post(s) C T}.

Next, we consider formulas of the form [ ®. The characterization of the set
Sat(3IE P, b) is more complex, and we discuss each truth value separately. Firstly, a
state s satisfies A1 P with value 1111 if there exists a path from s on which every state
satisfies ® with value 1111. By again applying an expansion law similar to that of CTL,
this statement is equivalent to s satisfying ® with value 1111 and one of its successors
satisfying IE® with value 1111. Hence, the set Sat(IE P, 1111) equals the greatest fixed
point gfp T.F3(T, (), Sat(®, 1111)).

Next, a state s satisfies IL1P with a value of at least 0111 if there exists a path from
s on which eventually every state satisfies ® with a value of at least 0111. A set of states
with such a property can be expressed using nested fixed points as usual (see Arnold
and Niwinski [23] for details). We will prove that the set Sat(3E®,0111) is equal to the
nested fixed point

Ifp T1.gfp To.G7 (T4, Tb, 0, Sat(®, 0111)),

where G7 is defined as
G2 (T, Ty, 51,52) = S1U{s €S |post(s)NT1 # 0} U{s € Sy | post(s) N Ty # 0}.

Intuitively, the inner greatest fixed point in this nested fixed point represents the property
of a path that all states on that path satisfy ® with a value of at least 0111 (similar to
the case of IE P and truth value 1111 just discussed). Then, the outer least fixed point
ensures that there exists a path that has a suffix with that property (similar to the case
of 3¢S @ discussed above).

Similarly, a state s satisfies I P with a value of at least 0011 if there exists a path
from s on which there exist infinitely many states satisfying ® with a value of at least
0011. Note that the property that a path contains infinitely many states satisfying ®
(with a value b) is the dual of the property that a path contains finitely many states
satisfying ® (with a value b). Hence, similar to the last case, it holds that

Sat(IE P, 0011) = gfp To.Ifp T1.G7 (11, T, 0, Sat (P, 0011)).

Finally, a state s satisfies 361 ® with a value of at least 0001 if there exists a path from
s containing a state that satisfies ® with a value of at least 0001, which is equivalent to
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satisfying 3¢ ® with a value of at least 0001. Hence, Sat(3E®,0001) is the least fixed
point Ifp T.F3(T, Sat(®,0001), S), as in the case of 3 .

Analogously, one can characterize V[ ® using the fixed points of the functions F
and GY, where

Gv(Tl,Tg, S1,52) =S1U{s €S |post(s) CT1} U{s € Sy | post(s) C Ta}.

As the semantics of U mimics the classical semantics, its characterization is gener-
alized from that of ¢, as for CTL. Hence, its characterization can be obtained using
the functions F> and FY. We describe the case 3® U ¥, and the case V® U U is again
similar. A state s satisfies 3® U ¥ with a value of at least b if there exists a path from
s containing a state that satisfies ¥ with a value of at least b and every state before
that in the path satisfies ® with a value of at least b. By applying the expansion law of
rLTL [213], this statement is equivalent to s satisfying ¥ with a value of at least b or it
satisfying ® with a value of at least b and one of its successors satisfying 3® U ¥ with
a value of at least b. Hence, as in CTL, Sat(3® U ¥ b) is the smallest subset T" of S
satisfying Sat(W,b) U {s € Sat(®,b) | post(s)NT # 0} C T. This is captured by the map

T +— F3(T, Sat(¥,b), Sat(®, b)).
Therefore, the least fixed point
Ifp T.F3(T, Sat (¥, b), Sat(®, b))

of the map is the satisfaction set of 3@ O W.

Finally, the semantics of ® W W is also defined using the counting interpretation
described in Section 9.2, similarly to the semantics of J®. However, note that the
satisfaction sets for [J® are characterized only using the satisfaction sets for ®, whereas
the satisfaction sets for ® W ¥ must be characterized using the satisfaction sets of both
formulas ® and W. Hence, the characterization for W can be obtained using the similar
fixed points as for [ but using the satisfaction sets of both formulas ¢ and V.

Example 9.2. Before proving that the characterization in Table 9.2 is correct, let us
illustrate it on a simple Kripke structure, depicted in Figure 9.1. Continuing the example
presented in Example 9.1, this Kripke structure demonstrates a scenario, where the robot
can only perform its task in room B. Initially, the robot is in room B (and hence, it
can perform its task), captured by the initial state so (with label {T', B}) of the Kripke
structure. From there, the robot can move towards room A by transitioning to state sy
or state so (both with label {A}). In one case, the robot can never return to room B,
captured by self-loop in state s, and in the other case, it can move between both rooms,
captured by transitions between states so and s3.

For this Kripke structure, we now compute, for each state, the maximal truth values
with which the state satisfies the subformulas of ® = V(A = 30 B) = VHT. If this
value is b for some state s and some subformula ¥, then we have s € Sat(¥,?’) for all
b <band s ¢ Sat(¥,V) for all b > b. Furthermore, as Sat(¥,0000) = S for any formula
U, the maximal valuation is 0000 in a state s whenever s ¢ Sat(¥,b) for any b > 0000.
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OO e O O

{T. B} {4} {T', B} {4}

T: 1111 0000 1111 0000

A: 0000 1111 0000 1111

B: 1111 0000 1111 0000

3O B: 0000 1111 0000 0000

A=30B: 1111 1111 1111 0000
VEH(A=30B): 1111 1111 0001 0000

v@aT: 0011 0011 0001 0000
VE(A=30B)=VvQOT: 0011 0011 1111 1111

Figure 9.1: A Kripke structure that tracks a possible interaction between a robot and
office workers. Within each state, we mention its identifier. Below each state, we mention
its label and below that, we mention the maximal valuation that holds in the state for
each subformula of ® = V(A = 30B) = VHT.

These maximal valuations are indicated below the corresponding state in Figure 9.1.

In Figure 9.1, observe that T holds with a value of 1111 in states so and sz, and
with a value of 0000 in states s; and so. This is because only the labels of states sy and
s3 contain T. This is consistent with our characterization of satisfiable set for atomic
propositions, presented in Table 9.2:

Sat(T,b) = {so, s3} for b > 0000.

Similarly, A holds with a value of 1111 only in states s; and s2; and B holds with a value
of 1111 only in states sy and s3, as reflected by the characterization sets:

Sat(A,b) = {s1,s2} and Sat(B,b) = {so, s3} for b > 0000.

Next, observe the formula 3O B holds with a value of 1111 in state so and with a
value of 0000 in all other states. This is because, post(s2) contains a state where B holds
with a value of 1111, namely, the state s3. In contrast, post(sg), post(si), and post(ss)
do not contain any states where B holds with a value larger than 0000. This is reflected
in our characterization of the next operator: for any b > 0000, we have

Sat(3@ B,b) = {s € S| post(s)NSat(B,b) # 0} = {s € S| post(s)N{so, s3} # 0} = {s2}.

Furthermore, the formula A = 3® B holds with a value of 1111 in states sg, s2, and
s3, and with a value of 0000 in state s;. This is because, in states sg, s2, and s3, the
maximal valuation of A is equal to that of 3® B; and in state s1, the maximal valuation
of 3® B is 0000 which is less than that of A. This is captured in our characterization of
implication:
Sat(A = 30 B,1111) = {s € S | ,(Sat(FO B,b) U S \ Sat(A,b))} = {so, s2,s3}, and
Sat(A = 3O B,b) = Sat(4A = IO B, 1111) U Sat(3O B, b) = {so, s2, s3} for 0000 < b < 1111.
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Now, the formula V(A = 3O B) holds in states sy and s3. This is because the
only path from ss or s3 is the one that loops between so and sz, and in both of these
states, the formula A = 3© B holds with a value of 1111. This is exactly captured in
our characterization for the always operator:

Sat(VE(A = 30 B), 1111) = gfp T.F" (T, 0, Sat(A = 30 B, 1111))
= gfp TFV(Ta ma {807 52, 33}) = {827 33}'
Furthermore, the formula V(A = 3© B) holds with a value of 0001 in state so, and with
a value of 0000 in state s1. This is because, from state sg, there is a path, i.e., so(s1)%, that
eventually always visits a state where A = 3© B holds with a value of 0000. Similarly,
from state s1, there is only one path, i.e., (s1)“, that only visits states where A = 3O B
holds with a value of 0000. Again, this is captured in our characterization for the always
operator:
Sat(VE(A = 30 B),0011) = gfp T1.Ifp T1.G" (T1, T», 0, Sat(A = 30 B,0011))
= gfp T.Ifp T1.G" (11, T2, 0, {50, 52, 3}) = {82, s3};
Sat(VE(A = 3O B),0001) = Ifp T.F" (T, Sat(A = 30 B,0001), S)
= |fp T.FV(T, {80, 592, 83}, S) = {80, S92, 83}.

Analogously, the formula VT holds with a value of 0011 in states sg and s3 as the
only path from s or s3 is the one that loops between so and s3 visiting a state where T
holds with a value of 1111 infinitely often. Furthermore, the formula V7 holds with a
value of 0001 in state sg and with a value of 0000 in state s; as there exists a path from
so (resp. s1) that eventually always (resp. always) visits a state where T" holds with a
value of 0000. This is captured in our characterization for the always operator:

Sat(VET,0111) = Ifp Ty.gfp T5.G" (T1, Tb, 0, Sat (T, 0011))

= Ifp T1.gfp T.G (1, Ts, 0, {50, 53}) =
Sat(YET,0011) = gfp Tb.lfp T1.G” Ty, T2, 0, Sat (T, 0011))

= gfp TQ.lfp Tl.Gv(Tl, T2, @ {So, 53}) = {82, 53}
Sat(YEIT,0001) = Ifp T.F" (T, Sat(T,0001), S)

= prT.FV(T, {s0, s3}, S) = {so, s2, s3}.

Finally, the formula ® = V(A = 30 B) = VAT holds with a value of 1111 in
states so and s; as the maximal valuation VYT is equal to that of VE(A = IO B) in
these states. In states sy and sg, the formula ® holds with a value of 0011 as the maximal
valuation VT is 0011 which is less than that of V(A = 3O B). This is captured in
our characterization of implication:

Sat(®,1111) = {s € S| N, (Sat(VET,b) U S \ Sat(VE(A = IO B), b))} = {s0,51};
Sat(®,0111) = Sat(P,1111) U Sat(VET,0111) = {sg, s1};
Sat(®,0011) = Sat(®,1111) U Sat(VET,0001) = {so, s1, S2, 53 }-
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We note that the intuition and the computation of the nested fixed points can be found
in Arnold and Niwinski [23]. _

Lemma 9.2. The characterization of the satisfaction sets in Table 9.2 is correct.

Proof. Let K = (5,1, R, L) be a given Kripke structure and b € B4 \ {0000}. Now, we
show that every equation in Table 9.2 using a case-by-case analysis.

e s c Sat(p,b) <= V(s,p) >b> 0000
— V(s,p) =1111
<= pe L(s).

s € Sat(® Vv ¥, b) V(eve)>b
max{V (s, ®),V(s,¥)} > b
V(s,®) >bor V(s,¥)>b

s € Sat(®,b) or s € Sat(¥,d)

s € Sat(®,b) U Sat(¥,b).

V@A) > b

min{V (s, ®),V(s,¥)} > b
V(s,®) >band V(s,¥) >

s € Sat(®,b) and s € Sat(¥,b)
s € Sat(P,b) N Sat(¥,d).

s € Sat(® A ¥, b)

rrerr 1ev1d

s € Sat(—=®,b) <— V(s,~P) > b > 0001
— V(s ®) = 1111
= V(s,®) #1111
<= s€ 5\ Sat(P,1111).

s € Sat(® = ¥, 1111) < (V(s,®) — V(s,¥)) = 1111
= V(s,®) <V(s,¥)
<= Vb eBy: s ¢ Sat(P,b) \ Sat(¥,d)
< VbeBy: s e (S)\Sat(P,b)) USat(¥,b)
> se()Sat(T,b) U (S\ Sat(,b)).
b
Similarly, for some b < 0111,
s € Sat(® = ¥, b) < (V(s,®) = V(s,V)) >b
— V(s,®) < V(s,¥)or V(s,¥)=0
<= s € Sat(® = ¥, 1111) U Sat(V, b).
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e s€Sat(30P,b) dp € paths(s): V(p,
Jp € paths(s): V(p[1],
35’ € post(s): V(s

)
post(s) N Sat(®,b) # 0

1o

and

s € Sat(VOP,b) Vp € paths(s): V( >
Vp € paths(s): V(p[l], ®) >
Vs' € post(s): V(s',®) > b
post(s) C Sat(®,b).

1o

It remains to consider the temporal operators eventually, always, until, and release. Here,
we need to prove that the fixed-point characterizations presented are correct. For most
cases, the technical core of the arguments are standard characterizations of safety (a
state formula holds at every state of a given path), co-Biichi (a state formula holds
almost always on a given path), Biichi (a state formula holds infinitely often on a given
path), and reachability (a state formula holds in at least one state of a given path)
conditions. We present several cases in detail and refer for the other ones to the book by
Arnold and Niwinski [23] for more details.

e s€Sat(I(PU W), b)
<= dp € paths(s): V(p,2UT) > b

= ElpE paths(s), i >0,Vi<j: V(p[j],¥) >bAV(p[i],®) > b
— (V( >b)V (V(s,®) >bA3s" €post(s): V(s',I(@UT)) > b)

< s€ Sat(\I/,b) U {s’ € Sat(®,b) | post(s’) N Sat(3(® U W, b)) # 0}.
Hence, Sat(3(® U W), b) is a fixed point of the function T+ F3 (T, Sat(V¥, b), Sat(®, b)).
Now, we only need to show that it is indeed the least fixed point. Suppose T"is
another fixed point of that function. If so € Sat(3(® U ¥),b), then there exists a
path p = sgsis2--- and some j > 0 such that V(s;, ¥) > b and V(s;,®) > b for
all 0 <17 < j. Then:

- S5 € Sat(¥,b) C T

- sj—1 € T, since s; € post(sj—1) NT" and sj—1 € Sat(P,b);

- sj_o € T, since sj_1 € post(sj—2) NT" and s;_o € Sat(P,b);
Applying this argument repeatedly yields so € T".

So, Sat(I(P YU W), b) C T". Therefore, Sat(I(® U ¥),b) is the least fixed point of
T + F3(T,Sat(¥,b),Sat(®,b)). Similarly, it can be shown that Sat(V(® U ¥), b)
is the least fixed point of T+ F(T,Sat(¥,b), Sat(®,b)).

e In the following, we use true as syntactic sugar for some tautology, e.g., p V —p.
Then, & @ is equivalent to true U & and we have Sat(true,b) = S. Hence,
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Sat(3S @, b) = Sat(I(true U @))
= Ifp T.F (T, Sat(®, b), Sat(true, b))
= Ifp T.F3(T, Sat(®,b), S).
Similarly, we have Sat(V<>®,b) = Ifp T.F" (T, Sat(®,b), S), as claimed.

s € Sat(3@ P, 1111)
<= dp € paths(s): V(p,OP) = 1111
<= dp € paths(s),Vi > 0: V(p[i], ) = 1111
<> s € Sat(®,1111) A (post(s) N Sat(3E P, 1111) # ()
< s € Sat(®,1111) N {s" | post(s’) N Sat(3EP, 1111) # 0}

Hence, Sat(3E P, 1111) is a fixed point of the function T+ F3(T, (), Sat(®, 1111)).
Now, we only need to show that it is indeed the greatest fixed point. Now, suppose

T’ is another fixed point. If sy € T”, then

— since sg € T', there exists a state s; € post(sg) NT";
— since s1 € T, there exists a state sy € post(sg) NT";

Applying this argument iteratively yields that there exists a path sgsy - -+ starting
from s such that V(s;, ®) = 1111 for each ¢ > 0. Hence, sy € Sat(3E P, 1111),
which implies 77 C Sat(3E®,1111). Therefore, Sat(IEP,1111) is the greatest
fixed point of T+ F3(T, (), Sat(®, 1111)).
Similarly, the following holds
s € Sat(3@®, 0111)

<= dp € paths(s), V(p,@P) > 0111

<= dp € paths(s),3j > 0,Vi > j: Va(p[i],®) =1

<= p visits Sat(®,0111) eventually always.
Moreover, s € Sat(3EP,0011)

<= dp € paths(s), V(p,@P) > 0011

<= dp € paths(s),Vj > 0,30 > j: V3(p[i],®) =1

<= p visits Sat(®,0011) infinitely often.

A path visiting a set eventually always or infinitely often can be written in terms
of nested fixed points as claimed (see Arnold and Niwinski [23] for details).

Finally, s € Sat(3E®,0001)
<= dp € paths(s), V(p,@P) > 0001.
<= Jp € paths(s),3i > 0: Vy(p[i],®) =1
<= s € Sat(3H P,0001).
Hence, Sat(3@®, 0001) = Ifp T.F7 (T, Sat(®,0001), S), as claimed.

Analogously, one can show the claimed results for V[ ®.
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e For the operator W, the claim can be shown using arguments similar to those for
. O

Algorithm 9.1 computes 5-|sub(®)| satisfaction sets following the subformula ordering.
Using the standard fixed point iterations [75], the nested fixed points of depth two can be
computed in time O(NK) on a Kripke structure with N vertices and K transitions [64].
So, we obtain the following.

Theorem 9.3. Given an rCTL formula ® and a Kripke structure with N states and K
transitions, the rCTL model checking problem can be solved in time O(NK|®|).

Note that the CTL model checking algorithm also takes polynomial time in the size of
the formula and the number of transitions of the Kripke structure [70]. Hence, both model
checking problems are in PTIME. Moreover, a lower bound of the rCTL model checking
problem can be derived from the PTIME lower bound of CTL model checking [198] and
Lemma 9.1. In total, we obtain the following result, showing that the CTL and rCTL
model checking problems have the same asymptotic complexity.

Corollary 9.2. The model checking problem for rCTL is PTIME-complete.

9.2.5 rCTL and the Modal p-calculus

In the previous section, we have seen that one can solve the rCTL model checking problem
by computing least and greatest fixed points. In this section, we show that every rCTL
formula can be translated into an equivalent formula of the modal p-calculus [129], i.e.,
modal logic with least and greatest fixed points. This is not necessarily surprising, as
most temporal logics can be translated into the modal p-calculus [71]. However, the
result is very useful to settle the complexity of satisfiability and synthesis, which we
achieve by reductions to satisfiability and synthesis for the modal p-calculus.

We begin by reviewing the basic definitions of the modal p-calculus. It consists of
state formulas only, which are constructed from atomic propositions with Boolean con-
nectives, the temporal operators 30 and VO, as well as the least (1) and the greatest (v)
fixed point operator.

Formally, given a set AP of atomic propositions and a set PV of atomic proposition
variables, p-calculus formulas are given by the grammar

O =p|ly | VD | PAD | D | P = D | FOp | VOp | uy.® | vy,

where p € AP and y € PV. As usual, we require that in subformulas of the form uy.® and
vy.P, every free occurrence of y in ® is under the scope of an even number of negations.
For further details, we refer the reader to standard literature on this topic, e.g., Gréadel,
Thomas, and Wilke [112].

Unlike temporal logics, the semantics of the p-calculus is naturally defined using
satisfaction sets. Given a Kripke structure K = (S, I, R, L), the satisfaction sets are
defined with respect to a variable function v: PV — 29 that maps each atomic proposition
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Table 9.3: Characterization of the satisfaction sets for p-calculus formulas.

Symbol  Sat?(-) for p-calculus formulas , ¥
pE€AP  Saty(p)={s€S|pe L(s)}
% Sat,,(® vV W) = Sat;,(®) U Sat,, (V)
A Sat,,(® A ¥) = Sat;,(®) N Sat,, (V)
- Sat,,(~®) = S\ Sat,(®)
= Sat,,(® = W) = Sat;,(-®) U Sat;, (V)
3O Sat,(30®) = {s € S | post(s) N Sat,, () # 0}
VO Sat), (VO ®) = {s € S| post(s) C Sat,(®)}
yePy  Satl(y) = u(y)
py  Sat!(uy.®) = IfpT.Sat* ()

vy Sat), (vy.®) = gfpT. Satv[y_)T]( D)

variable to a set of states. Moreover, for a subset 7' C S, let v[y — T'] denote the variable
function that maps y to T" while preserving the value of v for every other input.

Given a variable function v and a p-calculus formula @, let Sat),(®) denote the set of
states satisfying ® with respect to v. These sets are defined recursively using the least
and greatest fixed points, as shown in Table 9.3. The functions the fixed point operators
are applied to are monotonic since every occurrence of a fixed point variable is under an
even number of negations. Hence, the fixed points all exist.

For yi-calculus sentences, i.e., formulas without free variables, the satisfaction sets Sat,,
are independent of v. Hence, we drop the parameter v from the notation whenever pos-
sible.

We now show that, like other temporal logics, rCTL can also be translated into
the modal p-calculus. As before, we say an rCTL formula ® with a truth value b €
B4 is equivalent to a p-calculus sentence @' if for every Kripke structure it holds that
Sat(®,b) = Sat,(®'). Then we have the following result.

Theorem 9.4. For every rCTL formula and truth value, there is an equivalent p-calculus
sentence of linear size.

Proof. We show that there exists a mapping ¢ that assigns to every rCTL formula &
and truth value b € B, an equivalent p-calculus formula ¢(®, ). We define this mapping
recursively, starting with the atomic rCTL formulas. In the following proof, we use true
as syntactic sugar for an arbitrary tautology of the p-calculus, e.g., p V —p.

First of all, for any rCTL formula ® with truth value 0000, a trivial equivalent u-
calculus formula is ¢(®,0000) = true. Furthermore, comparing the characterization of
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the satisfaction sets of rCTL and the p-calculus (Tables 9.2 and 9.3), one can see that for
a Boolean combination of rCTL formulas ® and ¥ with any truth value b € B4\ {0000},
the following recursive translations indeed results in an equivalent p-calculus formula:

t(p,b) = p for each p € AP,
H® VU, b) = (D, b) V £(T, b),
H® AW, b) = £(D,b) A (W, b),
t(~®,b) = —t(®, 1111).

Moreover, we have

H® = U, 1111) = A\ t(¥,b) v ~1(®,b),
b

(P = V,b) =t(P = V,1111) V(¥,b)

for any b < 0111.
The rCTL formulas with the next operator are captured by applying the p-calculus
operators 30 and YO as follows for b € B4 \ {0000}:

t(FOP,b) =3F0Ot(P,b),

t(VO®,b) =VOi(P,b).
For rCTL formulas with other temporal operators, the satisfaction sets (in Table 9.2)
are defined using fixed points of functions F7, F¥, G7, and G". Hence, we first give
p-calculus formulas that capture these functions. Note that if the sets 7', 57, 59 are the

satisfaction sets of the rCTL formulas ®;, &1, 5 with truth values by, b1, ba, respectively,
then it holds that

F3(T,S1,85) = S1U{s €Sy | post(s) NT # 0}
=S U(San{se S|post(s)NT #0})
= Sat(q)l, bl) U (Sat(q)g, bg) N Sat(fl@@t, bt))

Now, suppose that the p-calculus formula t(®q,b1) is equivalent to the rCTL formula
®; with truth value b1, and the p-calculus formula ¢(®9,b2) is equivalent to the rCTL
formula ®5 with truth value by. Then, we have

F3(T,Sat(®1,b1),Sat(P2,b2)) = Satt¥>TI(¢(®1,b1) vV (t(P2,b2) A 3Oy)).

Therefore, for p-calculus formulas ®} and @, the function F' 3 can be represented by the
following p-calculus formula containing y as a free variable:

F(y, @), @) = ) V (¥ A30y).

Hence, using Table 9.2, one can see that an equivalent p-calculus formula for the rCTL
formula 3¢ @ with truth value b € B4 \ {0000} is the following:

t(3O®,b) = py.F, (y,t(®,b), true).
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Similarly, the functions F¥, G2, and GV can be represented by the following p-calculus
formulas:

Fi(y, @), @) = ) V (95 AVOy),
Gﬂ(y17y27@i7q)/2) - ElOyl \% q)ll \ (q)/2 A ElOyZ)a

Now, for an rCTL formula with temporal operators <, [, U, and W, we obtain an
equivalent p-calculus formula of linear size from the characterization of satisfaction sets
given in Table 9.2 by replacing the functions and the satisfaction sets of subformulas
with corresponding p-calculus formulas. O

While it is true that every CTL formula can be transformed into an equivalent
alternation-free (with alternation depth 1, as defined in [43]) p-calculus formula, it’s
important to note that the constructed p-calculus formulas for rCTL formulas typically
have an alternation depth of at most 2. This limitation arises from the presence of two-
depth alternation for some rCTL operators, such as I with value 0011 as illustrated
in Table 9.2. Furthermore, as the model checking problem for p-calculus formulas with
alternation depth d can be solved in time O(n®*!) [87, 43|, one can also solve rCTL
model checking in cubic time by reducing it to p-calculus model checking.

Let us conclude by mentioning that the converse of Theorem 9.4 does not hold: rCTL
is strictly less expressive than the modal p-calculus. This follows from a stronger result
to be presented in Section 9.4.3.

9.2.6 rCTL Satisfiability

This section considers the satisfiability problem for rCTL, which is: given an rCTL for-
mula ® and a truth value by € By, does there exist a Kripke structure K = (S, I, R, L)
such that I C Sat(®,bp)? The next theorem settles the complexity of the rCTL satisfia-
bility problem.

Theorem 9.5. The satisfiability problem for rCTL is EXPTIME-complete.

Proof. The upper bound is obtained by translating a given rCTL formula and a given
truth value into an equivalent p-calculus formula of linear size (see Theorem 9.4) and
then checking the resulting formula for satisfiability. Since the satisfiability problem for
the p-calculus (defined as expected) is EXPTIME-complete [88], rCTL satisfiability is in
EXPTIME as well.

The matching lower bound already holds for CTL satisfiability (again defined as
expected) [86], which, due to Lemma 9.1, reduces to rCTL satisfiability. O

Moreover, since every satisfiable formula of the p-calculus has a model of exponential
size [208], the same is true for rCTL.

Corollary 9.3. FEvery satisfiable rCTL formula has a model of exponential size.
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There are satisfiable CTL formulas that have only models of at least exponential
size [142].1 Thus, the upper bound in Corollary 9.3 is tight.

Also, note that the asymptotic complexity of the rCTL satisfiability problem and the
size of a model matches that of CTL.

9.2.7 rCTL Synthesis

We now turn to the problem of rCTL synthesis. As there is no explicit plant model
involved (i.e., the assumption is explicitly encoded into the specification), we consider
the reactive synthesis problem with rCTL specifications as given in Problem 2.2. Recall
that in this setting, the set of atomic propositions AP is partitioned into input propositions
I and output propositions O. An implementation (of the controller) is a Moore machine
M over the inputs I and outputs O, which induces a Kripke structure X as explained
in Section 2.4.

We say that an implementation M realizes an rCTL formula ® with at least value by €
By if V(s,®) > by for all initial states s of K. Further, an rCTL formula is realizable
with at least value b if there is an implementation that realizes it with at least by. The
rCTL synthesis problem is: given an rCTL formula ¢ and a truth value by € By, is ®
realizable with at least by? The next theorem settles its complexity.

Theorem 9.6. The rCTL synthesis problem is EXPTIME-complete.

Proof. The upper bound is obtained by translating a given rCTL formula and a given
truth value into an equivalent p-calculus formula of linear size (see Theorem 9.4) and
then checking the resulting formula for realizability (which is defined as expected). Since
the synthesis problem for the p-calculus is EXPTIME-complete [136], rCTL synthesis is
in EXPTIME as well.

The matching lower bound already holds for CTL synthesis [134], which, due to
Lemma 9.1, reduces to rCTL synthesis. O

As every realizable formula of the p-calculus is realized by an implementation of
exponential size, which can be computed in exponential time [134], the same is true for

rCTL.

Corollary 9.4. If an rCTL-formula ¢ is realizable with at least by, then one can compute,
in exponential time, an exponentially-sized implementation realizing @ with at least by.

There are realizable CTL formulas that are only realized by implementations of ex-
ponential size: this follows from the exponential lower bound on the size of model (see
the discussion below Corollary 9.3) and the fact that satisfiability can be reduced to
synthesis [134]. Hence, the upper bound in Corollary 9.4 is tight.

Finally, note that Theorem 9.6 and Corollary 9.4 imply that the rCTL synthesis
problem again has the same asymptotic complexity as the one for CTL.

Note that the exponential lower bound is shown with respect to the length of the formula, i.e., the
number of nodes of the syntax tree of the formula. In contrast, we measure the size of a formula by
the number of distinct subformulas, i.e., the number of distinct subtrees of the syntax tree. Thus, our
complexity measure might be smaller, which only strengthens the lower bound.
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9.3 Review of CTL* Semantics

Similar to CTL semantics defined in Section 9.1, we re-define the semantics of CTL*
using a valuation function Vopp+, which is equivalent to the one defined in Section 2.3.3.

Let K be a Kripke structure, ®, ¥ two CTL* state formulas, and ¢, 1 two CTL* path
formulas. For a state s, the CTL* semantics Vorpp#(s, @) is defined as the CTL semantics
(see Section 9.1). For a path p, the semantics is analogous to the LTL semantics via a
valuation function Vpp*:

= Voo (p[0], @),

= max{Vorr+(p, ¢), VorL(p, ¥) },

= min{Verr+(p, ¢), Vorrs(p, ¥)}-
=1— Vorux(p, ¢)-

1 if Vorrs(p, @) < Verrs(p, ¢); and
Vo (p,¢)  otherwise,

Verns(p, @
Vet (p, o Vo
Vet (p, o A

Vet (p, —¢

\_/\_/\_/v

Verrs(p, o = ) = {

VCTL*( [1 730)

Verrs(p, O y
max Verrx(pli-], @)

Verur(p, <>90;

Vorrs(p,0¢) = min ch(p[ 1¢),
) =
) =

Verr(p, e U) = maxmln{VCTL*(p[J 151, &?}% Verex(pli-], )},

Vorus(p, ¢ W) = mlnmaX{VCTL*(p[J 1, 9), » max Vorus(pli-], ¥) 1,

9.4 Robust CTL*

In this section, we present the robust version of CTL*, named robust CTL*, which
combines the features of rCTL and rLTL. We show that rCTL* is more expressive than
both. In addition, we present an rCTL* model checking algorithm and address the rCTL*
satisfiability and synthesis problems.

9.4.1 Syntax

Like CTL*, robust CTL* allows path quantifiers 3 and V to be arbitrarily nested with
temporal operators. The syntax of rCTL* state formulas is the same as in rCTL and
CTL*. Moreover, rCTL* path formulas are similar to rLTL formulas, with the only
difference being the use of arbitrary rCTL* state formulas as atoms. Consequently,
rCTL* state formulas over AP are formed according to the grammar

O:=p|OVD|[DAD| =D | D= |3y | Ve,
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where p € AP and ¢ is a path formula. rCTL* path formulas are formed according to
the grammar

p =@ | oVyY | oAy | 2o | =9 |0p | Oy |[By | Uy | oW1

Again, the set of subformulas of a state formula ® is denoted by Sub(®) and the size
of a formula is defined as the number of its syntactically different subformulas.

9.4.2 Semantics

As in CTL*, the semantics for rCTL* state and path formulas are analogous to the rCTL
and rLTL semantics, respectively. In what follows, let IC be a Kripke structure, ®, ¥ two
rCTL* state formulas, and ¢, ¥ two rCTL* path formulas.

For a state s, the rCTL* semantics V (s, ®) is then the same as the rCTL semantics
(see Section 9.2.2).

For a path p, the semantics is analogous to the rLTL semantics (cf. Tabuada and
Neider [213]) via a valuation function V' (note that, for notational convenience, we use
the letter V' both the rCTL and the rCTL* valuation function).

V(p, ®) = V(p[0], @),
Vi(p, e V) = max{V(p, ), V(p,¥)},
V(p, o Ap) = min{V (p, ), V(p, )}

Vips—p) =V(p,p).

Vip,o =) =V(p,p) = V(p,9).
Vi(p,0p) =V(p[l.],¢).
Vip, &) = maxV(pli-] ¢).
V(p,E¢p) = (b1, b, b3, by) where

b = H1>161V1( [ "]7(10)7
b2:1'§1>ag(rzn>1‘;’lv2( [ ]7()0)7

b3 = Erggr?%x‘/?)( [ ]7()0)7

by = rggg%( pli-],¢),
Vip,pUy) = ryggmin{‘/(p[j--],w),oggjV(p[i--],w)},
V(pa SOWQZ)) = (bla b27 b37 b4) where
b1 = minmax{Vi(p[j.], ¢), maX.Vl(p[i--],w},
Jj=0 0<i<y

by = maxmin max{Va(p[j. ], ¢), max Va(pli-.], )},

b3 = rlggglggmax{‘@( pli-1 @), max Va(pli- ], )},

by = I}lzaécmax{‘Q(p[j..L (p)’ongl?ng Va(pli.], )}

209



Before studying the properties of rCTL*, let us illustrate the difference between rCTL
and rCTL* using an example.

Example 9.3. Continuing our running example, we illustrate how the rCTL* formula
V({@(A = 30 B) = ©T) is different from the rCTL formula V(A = 30 B) = VAT
from Examples 9.1 and 9.2. Recall that A = 3O B states that the robot can reach from
room A to room B in one time step, and 1" states that the robot can perform the task.
Assume V(E(A = 3O B) = [T) evaluates to 1111. Then the formula (A = 30 B) =
BT must evaluate to 1111 for each path. Hence, the following holds:

e If A= 3O B holds at every state in a path p, then V(p,E(A = 3O B)) evaluates
to 1111. Hence, by the rCTL* semantics, V(p,[dT) must also evaluate to 1111.
That means, T also holds at every state in p. Hence, in any path, if the robot can
reach from room A to room B in one time step (i.e., never obstructed by office
workers), then the robot can perform the task from every state in that path.

e Similarly, if A = 3O B holds eventually always for some path p, then V(p,(A =
3O B)) evaluates to 0111. Then, by the rCTL* semantics, V (p,[T') evaluates to
0111 or higher. Hence, T also needs to hold eventually always in p. Therefore, in
any path, if office workers obstruct the robot for a finite amount of time, then the
robot can perform the task 71" after a finite amount of time.

e Similarly, if A = 3O B holds at infinitely (finitely) many states in some path p,
then 7" needs to hold at infinitely (finitely) many states in p.

As we can see, the rCTL* formula V((A = 3O B) = [T) captures the robustness
property for every path separately, whereas the rCTL formula VE(A = 30 B) = VAT
captures the robustness property jointly for all paths starting from a state.

To understand the difference, let us consider the Kripke structure K with initial
state sp as shown in Figure 9.1. Let us recall from Example 9.2 that the rCTL for-
mula V(A = 30 B) = VAT evaluates at state so to 1111. Below, let us give a
reasoning based on the valuation of the sub-formulas A = 3O B and 1. Recall that
the set of states satisfying the formula A = IO B with value 1111 is {so, s2,s3} and
the set of states satisfying the formula 7" with value 1111 is {sg,s3}. As the remaining
states satisfy the corresponding sub-formulas with a value of 0000, let us only focus on
the states where the sub-formulas hold (with a value of 1111).

There are only two paths starting from sp, i.e., p1 = so(s283)” and p2 = sp(s1)“.
Since A = 3O B holds at every state in the path p;, we have V(p;,0(A = 3O B)) =
1111. Moreover, since A = 3O B holds only at the first state in the path po, we have
V(ps,E(A = 3O B)) = 0001. Hence,

V(s0,VE(A = 3OB)) = ié?%%} V(pi,E(A =3O B)) = 0001.

Similarly, since T holds at infinitely many states of p; and only at the first state of pa, we
have V' (p1,17") = 0011 and V (p2,07) = 0001. Hence, V (s9,VT) = 0001. Therefore,
it holds that V(so, V(A = 3O B) = VOT) = 1111 according to the rCTL semantics.
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Now, let us consider the rCTL* formula V((A = 30B) = ©T). As we have
V(p1,ET) = 0011 < V(p1,E(A = 3O B)), it holds that V(p1,[(A = 30 B) = AT) =
0011. Similarly, we have V(p2,d(A = 3O B) = ET) = 1111. Hence, according to the
rCTL* semantics, we have

V(so,V(O(A=30B)=010T)) =0011.

Therefore, at state sg, the rCTL formula V(A = 3O B) = VET evaluates to a
different value (i.e. 1111) than the rCTL* formula V(A (A = 30 B) = @T). This is
the case because both of the paths do not satisfy (A = 3O B) = AT with value 1111
individually, but collectively, the state sy satisfies VO (A = 3O B) = VET. |

9.4.3 Expressiveness of rCTL*

The satisfaction sets and the equivalence between two formulas in rCTL* are defined as
for rCTL. As we can see, rCTL* is an extension of both rCTL and rLTL. Therefore, it
subsumes both rCTL and rLTL (and hence, it also subsumes CTL and LTL). Further-
more, by Corollary 9.1, there exist rCTL formulas that are not expressible in rLTL and
vice versa. In total, we obtain the following result.

Theorem 9.7. rCTL* is more expressive than rLTL, rCTL, CTL, and LTL.

Using the same idea as in Lemma 9.1, one can recover the CTL* semantics of a formula
with no implication from the first component of the rCTL* semantics. Conversely, using
the same arguments as for the analogous result for rLTL [213, Proposition 5|, one can
translate each rCTL* formula into four CTL* formulas that captures the four components
of the rCTL* semantics. Hence, we obtain the following result.

Theorem 9.8. CTL* and rCTL* are equally expressive.

Proof. For any CTL* formula ® containing no implication, let ®, be the rCTL* formula
obtained by dotting all temporal operators in ®. Then for any state s, it holds that
Veru(s,®) = Vi(s,®,), which is shown as the analogous result for CTL and rCTL
(see the proof of Lemma 9.1). Consequently, it holds that Satcpp+(®) = Sat(®,, 1111).
Furthermore, as ® = W is equivalent to ¥ V —-® in CTL*, every CTL* formula can be
rewritten as a formula containing no implication. Therefore, for every CTL* formula,
there is an equivalent rCTL* formula with respect to the truth value 1111.

For the other direction, we define a mapping t that assigns to every rCTL* state
formula ® and truth value b an equivalent CTL* formula ¢(®,b). Furthermore, ¢ maps
every rCTL* path formula ¢ and a truth value b to (¢, b) such that for every path p,

Verr(p, t(p,b)) = 1 if and only if V(p, ) > b.

Again, for b = 0000, we can define t(®,b) = true for every state formula ®, where true
is an arbitrary tautology of CTL*, e.g., p V —p.
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In the following, we assume b > 0000. Then, for state formulas ® and ¥, the mapping
t is defined inductively as follows:
t(p,b) = p for any p € AP,
tP VW, b) =t(P,b) VE(V,b),
LD AW, D) =t(P,b) ANt(V,D),
t(—~®,b) = —t(P,1111).

Moreover, we define

(O =0, 1111) = A\ #T,0) v -t(2,b),
b>0000

and
t(P = U, b) =t(P = U, 1111) vV ¢(U,b)

for each b < 0111.

For Boolean combinations of path formulas, the mapping ¢ can be defined analogously
as for state formulas. For path formulas ¢ and ¢ with temporal operators, ¢ is defined
as follows:

t(Jp,b) = 3t(p, b),
t(Vip,b) = Vit(p, b),
t([©p,b) = Ot(p,b),
t(Sp,b) = Ot(1,b),
t@, 1111) = Ot (e, 1111),

OOt(p,0111),
I:|<>t(<p, 0011),
O 1(1p,0001),

(

(
t(@e, 0011
t(E ¢, 0001

b)
b)
b) =
b)
)
(&, 0111)
)
)
b)
)
)=
)=

toUh,b) =t(p,b) Ut(e),b),
t(o W p, 1111) = t(p, 1111) W t(1, 1111),
t(o W1, 0111) = SOt (g, 0111) V S (1), 0111),
(o W1p,0011) = O (g, 0011) V S £(xh, 0011),

t(e W1,0001) = O t(p, 0001) VS t(p,0001).
A structural induction shows that the translation ¢ has the desired property. ]

Although we do not require the result, let us just mention that Theorem 9.8 also gives
a translation of rCTL* into the modal u-calculus: rCTL* can be translated into CTL*,
which can be translated into the modal p-calculus [71]|. Conversely, the modal p-calculus
is strictly more expressive than CTL* (see, e.g., Demri, Goranko, and Lange 79, Chapter
10]). Hence, it is also strictly more expressive than rCTL* (due to Theorem 9.8) and
rCTL (which is a fragment of rCTL*).
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9.4.4 rCTL* Model Checking

The model checking problem for rCTL* is analogous to that of rCTL: for a given Kripke
structure K = (S, I, R, L), an rCTL* formula ® and a truth value by € By, does V (s, ®) >
bp hold for all initial states s € I? One way of solving the rCTL* model checking problem
is by applying the translation from rCTL* into CTL* (see Theorem 9.8) and then apply
a CTL* model checking algorithm.

Here, we will present an alternative approach via a combination of rCTL and rLTL
model checking. This approach is analogous to the classical CTL* model checking algo-
rithm, which is a combination of CTL and LTL model checking. In practice, the choice
for one algorithm over the other depends on whether one wants to apply an CTL* model
checker or an rLTL model checker.

As in rCTL, for the rCTL* model checking, we use the characterization of the satis-
faction sets. Sat(®,b) can be computed using Table 9.2 for every state formula ® which is
either an atomic proposition or can be expressed as a Boolean combination (conjunction,
negation, etc.) of two subformulas. Otherwise, we use an rLTL model checking algorithm
to compute Sat(®P,b) for a state formula starting with a path quantifier.

Let us first go through the basic concepts of rLTL and its model checking algorithm.
As we have described earlier, rCTL* is an extension of rLTL. Both rCTL* path formulas
and rLTL formulas are defined using almost the same syntax, with the only difference
being the use of state formulas as atoms in rCTL*. Moreover, the valuation V for rLTL
formulas is defined the same way as it is defined for rCTL* path formulas. The rLTL
model checking problem is: given a Kripke structure K, an rLTL formula ¢, and a truth
value by € By, determine whether for all initial states s and all p € paths(s), it holds that
V(p,) > bp.2 To solve the rLTL model checking problem, Tabuada and Neider [213]
have provided an algorithm to compute a generalized Biichi automaton recognizing all
traces over the alphabet 2*F satisfying a given formula with a value b € B for a given set
B C By, as formalized below.

Lemma 9.3 (Tabuada and Neider [213]). Given an rLTL formula ¢, and a set of truth
values B C By, one can construct a generalized Biichi automaton A, g with O(591) states
and O(|p]) accepting sets that recognizes all paths p such that V(p, ) € B.

One can now solve the rLTL model checking problem by first translating X into a
Biichi automaton Ax accepting exactly the traces labeling the paths of X starting in an
initial state. Then, one determines whether L(Ax) N L(Ay (peByjb<ty}) IS empty.

Coming back to computing Sat(®,b) for ® starting with a path quantifier, let us
consider ® = V. Observe that s € Sat(Vp,b) if and only if V(s,Vy) > b. Further,
V(s,V¢) > b if and only if V(p,¢) > b for all p € paths(s). The basic idea is now
to replace all maximal proper state subformulas ¥ of ¢ by fresh atomic propositions
ag and use the rLTL model checking algorithm to compute all the states from which
all paths satisfy the rLTL formula ¢ with value at least b. However, we need to make
a minor modification in the construction of the Biichi automaton of Lemma 9.3 such

2 Actually, the original definition by Tabuada and Neider is slightly more general [213].
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that for each ay, it holds that V(s,aw) > b whenever s € Sat(¥,b) and V(s,ay) < b
whenever s ¢ Sat(W,b). This can be done by initializing these atomic propositions with
the required truth value.

Similarly, we can compute Sat(Jp,b) by the rLTL model checking algorithm using
the observation that s ¢ Sat(3y, b) if and only if V(p, p) < b for all p € paths(s).

Now, one can solve the rCTL* model checking problem using Algorithm 9.1. However,
the time complexity of the algorithm is not the same as in rCTL since the computation
of Sat uses the rLTL model checking algorithm, which takes exponential time in the size
of the formula and the Kripke structure (Tabuada and Neider [213]). Hence, the time
complexity of the rCTL* model checking algorithm is dominated by the time complexity
of the rLTL model checking algorithm.

Altogether, our algorithm runs in polynomial space (as rLTL model checking is in
PSPACE [213]). A matching lower bound already holds for CTL* [89].

Theorem 9.9. The rCTL* model checking problem is PSPACE-complete.

The CTL* model checking problem is also PSPACE-complete [89]. Hence, both the
CTL* and the rCTL* model checking problem have the same asymptotic complexity.

9.4.5 rCTL* Satisfiability

This section considers the satisfiability problem for rCTL*, which is: for a given rCTL*
formula ® and truth value by € By, does there exist a Kripke structure K = (S, I, R, L)
such that I C Sat(®,b)?

Theorem 9.10. The satisfiability problem for rCTL* is 2EXPTIME-complete.

Proof. Both the upper and the lower bound follow immediately from Theorem 9.8 and the
fact that CTL* satisfiability (which is defined as expected) is 2EXPTIME-complete [88].
The linear translation from rCTL* to CTL* yields the upper bound while the linear
translation from CTL* to rCTL* yields the lower bound. O

Furthermore, as every satisfiable CTL* formula has a model of doubly-exponential
size (see, e.g., Demri, Goranko, and Lange [79, Chapter 15]), the same is true for rCTL*.

Corollary 9.5. Every satisfiable rCTL* formula has a model of doubly-exponential size.

There are satisfiable CTL* formulas that have only models of doubly-exponential
size (see, e.g., Demri, Goranko, and Lange [79, Chapter 15]). Hence, the upper bound in
Corollary 9.5 is tight.

Also, note again that the asymptotic complexity of the rCTL* satisfiability problem
and the size of a model matches that of CTL*.
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9.4.6 rCTL* Synthesis

The notions of an implementation realizing an rCTL formula with at last value by and an
rCTL formula being realizable can be generalized to rCTL*. Then, the rCTL* synthesis
problem is defined analogously to the rCTL synthesis problem: given an rCTL* formula ®
and a truth value by € By, is ® realizable with value at least by?

Theorem 9.11. The rCTL* synthesis problem is 2EXPTIME-complete.

Proof. The lower bound again follows immediately from CTL* synthesis (again defined
as expected) being 2EXPTIME-complete [134] and the fact that the CTL* semantics is
a special case of rCTL* (see Theorem 9.8).

Here, the upper bound follows from the converse translation, i.e., given an rCTL*
formula ® and a truth value by € By, Theorem 9.8 allows us to construct (in linear time)
a CTL* formula t(®,by) that is equivalent to ® with respect to by: an implementation
realizes ® with at least by if and only if it realizes ¢(®,byg). As CTL* synthesis is in
2EXPTIME [134], we obtain the desired upper bound. O

As every realizable CTL* formula is realized by an implementation of doubly-exponential
size [134], which can be computed in doubly-exponential time, the same is true for rCTL*.

Corollary 9.6. If an rCTL* formula ® is realizable with a value at least by, then one
can compute, in doubly-exponential time, a doubly-exponentially-sized implementation
realizing @ with at least by.

There are realizable LTL formulas (and therefore CTL* formulas, as LTL is a fragment
of CTL*) that are only realized by implementations with at least doubly-exponentially
many states [179]. Hence, the doubly-exponential upper bound in Corollary 9.6 is tight.

Perhaps unsurprisingly at this point, the asymptotic complexity of the rCTL* syn-
thesis problem and the tight bound on the size of an implementation realizing an rCTL*
specification match those of CTL*.

9.5 Related Work

Numerous efforts have sought to formalize robustness in cyber-physical systems using
formal methods. This section summarizes the most relevant frameworks.

Bloem et al. [36] introduced a unified framework combining two quantitative notions
of robustness: (i) safety robustness, which bounds the ratio between violated assumptions
and guarantees by a parameter k (so-called k-robustness) based on designer-provided
error functions, and (ii) liveness robustness, which compares the number of violated as-
sumptions and guarantees in specifications of the form A,.;COp; = /\je ;<o0g;.
While our semantics distinguishes between different violation patterns, it does not dif-
ferentiate between one or multiple violated assumptions, and we do not separate safety
and liveness properties.

In follow-up work, Bloem et al. [38] proposed a distinct robust synthesis framework
based on whether a system still satisfies guarantees when inputs are hidden, misread, or
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when assumptions fail finitely or infinitely often. Our semantics similarly allows weaker
guarantees under weaker assumptions but distinguishes only between zero, finite, and
infinite violations rather than counting them, making direct comparison infeasible.

Rodionova et al. [186] connected LTL/MTL semantics to Linear Time-Invariant fil-
tering, interpreting logical operations as max/min and using filtering kernels to express
weaker or stronger semantics. Here, designers must manually select kernels to capture
robustness, unlike our approach, which requires only the desired specification.

In software systems, Zhang et al. [222]| define robustness as the largest set of envi-
ronmental deviations under which a system still satisfies a property. While they focus
on computing such sets, some temporal deviations could be captured by our semantics.
Related works by Chaudhuri et al. [67] and Majumdar et al. [149] study continuity of
program behaviors—robustness in the Turing model, not applicable to reactive systems
as considered here.

Several works examine robustness for real-valued, continuous-time signals [90, 81,
8, 7, 155], defining “time robustness” as the time needed for a formula’s truth value to
change. While conceptually similar to our temporal interpretation, these notions rely on
quantitative signal values, whereas our semantics operates over discrete time and Boolean
signals. Hence, these works are orthogonal and complementary to ours.

Almagor et al. |9] introduced multi-valued extensions of LTL, called LTL[F] and
LTL#*¢[D], where satisfaction values in [0, 1] quantify quality. Although related to our
use of many-valued semantics, their approach depends on user-defined functions F or
D, and the choice of connectives (e.g., Godel conjunction) is not justified. In contrast,
our semantics intrinsically defines robustness and explicitly motivates all logical design
choices.

Finally, our work builds on rLTL [213], which has inspired subsequent research on
model checking [18, 19, 20|, runtime monitoring [153, 153|, and synthesis [165], as well
as robust variants of Prompt-LTL, LDL, probabilistic, and alternating-time logics [168,
169, 226, 157].
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Chapter 10

Conclusion and Future Outlook

In this thesis, we developed a collection of frameworks and algorithms to compute or
utilize permissive assumptions—on the environment, on other system components, or on
the plant model—in order to make logical control synthesis more flexible, scalable, and
robust. This chapter summarizes the main contributions of each chapter and outlines
possible directions for future research.

In Chapter 3, we introduced adequately permissive assumptions (APAs) on the envi-
ronment for two-player graph games. While existing approaches compute assumptions
that are sufficient (i.e., under which the controller can ensure the specification) and im-
plementable (i.e., realizable by the environment), they are often overly restrictive. In
contrast, APAs additionally ensure permissiveness, meaning they preserve all coopera-
tively winning behaviors of the environment. We showed that APAs can be represented
using simple local edge constraints and provided a polynomial-time algorithm to compute
them for parity games. Our evaluation on standard benchmarks demonstrated the effec-
tiveness of APAs compared to existing methods for computing environment assumptions.

In Chapters 4 and 5, we extended the concept of permissive assumptions to multi-
player graph games where each player has its own objective. For such games, we for-
malized a permissive assume-guarantee contract for each player encoded as a contracted
specification that allows each player to satisfy their specification locally while ensuring
the global satisfaction of all players’ objectives. In Chapter 4, we considered the setting
with rational players that prioritize satisfying their own objective while attempting to
falsify the objectives of others when possible. Using APAs to over-approximate acciden-
tal cooperation among players, we developed a negotiation-based semi-algorithm that
computes rationally contracted specifications. Additionally, we proposed an efficient but
incomplete variant of this semi-algorithm that relies on an over-approximation of APAs.

In Chapter 5, we considered the setting with cooperative players that aim to jointly
satisfy their objectives. We extended the concept of APAs to contracted strategy masks
(CSMs) that represent permissive cooperative behaviors of all players. Utilizing CSMs,
we developed a polynomial-time negotiation-based algorithm that computes cooperatively
contracted specifications. Unlike the rational setting, the cooperative negotiation algo-
rithm is both sound and complete. We demonstrated the effectiveness of our approach
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on several standard benchmarks for reactive synthesis.

In Chapter 6, we applied the concept of permissive contract represented by CSMs to
the domain of human-robot interaction (HRI). We proposed a novel framework in which a
robot pursuing an LTL task dynamically adapts its behavior to the human’s action within
the limits of the permissive contract. The robot provides feedback to the human only
when necessary to ensure the satisfaction of the assumptions encoded in the contract.
We validated our framework both in simulation on Overcooked-Al benchmarks and on a
Franka robotic arm, demonstrating the effectiveness of our approach in generating flexible
and adaptive robot behaviors.

In Chapter 7, marking the beginning of Part B, we shifted focus from assumptions
on other logical components to assumptions on the physical plant model. We introduced
persistent live groups, a new class of assumptions that capture rich liveness properties
of low-level continuous controllers without requiring explicit state-space discretization.
By integrating these assumptions into the plant model to be utilized in the high-level
synthesis games, we developed a new two-layered framework to synthesize feedback con-
trollers for continuous system that satisfy LTL specifications. This framework allows
the hybrid controller to seamlessly switch between low-level continuous controllers based
on the current context, ensuring correctness and immediate reaction to environmental
changes. Our algorithm rewrites the general problem into a parity game augmented with
persistent live groups, which we solve using a new quasi-polynomial time algorithm.

In Chapter 8, we addressed the challenge of scalability to large plant models in logical
controller synthesis. We introduced a learning-based framework for universal controller
synthesis. Such universal controllers are synthesized independently of specific plant mod-
els, where decisions are conditioned on prophecies—assumptions on the behaviors of plant
models—that enable correct controller behavior across a range of plants. While previous
work on universal controllers relied on complex automata-based prophecies, our approach
learns concise and human-readable prophecies expressed in CTL from a set of represen-
tative nominal plants. Our experiments showed that this learning-based approach out-
performs existing universal synthesis methods whenever the learned prophecies capture
the essential structure of the plant class.

Finally, in Chapter 9, we introduced robust CTL (rCTL) and robust CTL* (rCTL*)
to reason about specifications under partial violations of branching-time assumptions.
Inspired by robust LTL, our semantics use multi-valued semantics to capture different
degree of violation. We showed that rCTL is strictly more expressive than CTL, while
rCTL* is as expressive as CTL*. We proved that robustness comes at no additional com-
plexity cost: model checking, satisfiability, and synthesis remain as hard as for classical
CTL and CTL*.

Future Work

Negotiation framework for partial-observation settings. Our negotiation-based
approaches in Chapters 4 and 5 assume that all players have perfect information about
the game state. An interesting direction for future research is to extend our negotiation
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framework to partial observation settings, where each player has only limited knowledge
about the current state of the game. While Section 5.4 provides initial ideas on how
to utilize computed contract in partial observation settings, a comprehensive framework
that integrates partial observation into the negotiation process itself remains an open
challenge. This extension would significantly enhance the applicability of our negotiation-
based synthesis methods to real-world multi-agent systems, including human-robot in-
teraction, where agents often operate under uncertainty and incomplete information.

Seamless reactivity of logical control for probabilistic systems. Chapter 7 in-
troduced a two-layered framework for synthesizing feedback controllers for continuous
systems that enable seamless switching between low-level continuous controllers based
on the current context. A promising direction for future research is to extend this frame-
work to probabilistic systems, where the plant dynamics are subject to stochastic dis-
turbances or uncertainties. Incorporating probabilistic models into the synthesis process
would enable the design of controllers that can provide probabilistic guarantees on the
satisfaction of LTL specifications.

Universal live controller with learned prophecies. While Chapter 8 focused on
universal controllers for safety specifications, extending this framework to handle liveness
specifications presents an exciting avenue for future research. Capturing liveness with
prophecies is challenging, as liveness requires ensuring that certain events eventually
occur across all admissible plant behaviors. Successfully addressing this challenge would
broaden the applicability of universal controllers to general LTL synthesis problems.

Quality as dual of robustness in branching-time logics. Tabuada and Neider [213]
described quality as the dual of robustness. To illustrate this point, consider the CTL
formula O @ = O W, According to the motto “more is better” we would prefer the con-
troller to guarantee the stronger property 0< ¥ whenever the environment satisfies the
stronger property < V. And similarly, &GO® should lead to SOW and O should
lead to V. This raises the natural question of whether an extension of CTL or CTL*
can simultaneously capture both robustness and quality.
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